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Abstract 
In this paper, we have studied the effect on spherical shell of dielectric material 
analytically in fractional dimensional space. Here, the spherical shell has been 
considered as nanoparticle. The exact solution has been obtained in non integer 
dimensional space from the laplacian differential equation. This is a boundary 
value problem that is solved by separation variable method taking low frequency 
 = 𝟎 Electric potential and cross section of the spherical shell is obtained in 
fractional dimensional space for the three regions, namely outside the spherical 
shell, between shell and hollow sphere and inside the sphere. Also the induced 
dipole moment is derived. This general solution reduces to the classical results by 
setting fractional parameter 𝜶 = 𝟑 which takes its value 𝟐 < 𝜶 ≤ 𝟑. 
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INTRODUCTION
The novel concept of fractional-dimensional space 
(FD space) is a much valuable in numerous discipline 
of physics discussed by several researchers [1-26]. This 
concept is also used to described the complexity of 
these structures. The solution of the electrostatic 
research problems [11-16], which have also been 
examined in the fractional dimensional space 2α≤3 
.We have investigated the problem of a spherical shell 
of dielectric  material [16] and have been solved in 
fractional dimensional space analytically [17]. The key 
emphasis is to utilze the Laplacian equation to track 
down the electric potential and generated dipole 
moment as well as cross section in fractional 
dimensional space. We have obtained a complete 
solutions  for nanoparticle by using four boundary 
conditions while others [16-21] have used only results 
for various materials. 
 
 

Materials and methods  
We consider here a spherical shell filled with dielectric 
material as nanoparticle which is placed in fractional 
space. To study the cross section, we consider a 
spherical shell of inner radius a and the outer radius 
b. The inner core is made of material of permittivity 
and the spherical shell has been placed in a fractional 
space. We have to obtain the electric potential and  
the electric field produced due to the spherical shell 
filled with the dielectric material in NID Space, but 
most particularly in the cavity ra, as functions of 
permittivity. Thus the potential  satisfies the 
Laplacian equation in FDS having fractional α-
dimension in spherical polar coordinate systems 
which is defined as [16] 
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(1) 
where the fractional parameter 𝛼 lies in the range   
𝟐 < 𝜶 ≤ 𝟑 
In this case, the laplace equation for the potential 
independent of angle  can be expressed as: 
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  (2)   
Eq(3) is separable and suppose  

 ( , ) ( ) ( )r R r     (3) 
The obtained angular and radial differential 
equations [16] are  
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    (5) 
Therefore, the solutions of Ψ(r,θ) in α-dimensional 
fractional space, that can expressed as [16]  

  

Ψ(𝑟, 𝜃) = ∑

∞

𝑙=0

(𝑎𝑙𝑟𝑙 +
𝑏𝑙

𝑟𝑙+𝛼−2
) 𝐶𝑙

𝛼
2

−1
(cos𝜃) 

 (6) 
where al and bl are unknown coefficients, which 

can be determined from the boundary conditions on 
Ψ(r,θ). 

We construct here the solution for three different 
regions by satisfying the boundary conditions at r=a 
and r=b  

For the outer region r˃b, the potential must be of 
the form,  

  

Ψ(𝑟, 𝜃) = −𝐸0𝑟cos𝜃 + ∑

∞

𝑙=0

𝐴𝑙

𝑟𝑙+𝛼−2
𝐶𝑙

𝛼
2

−1
(cos𝜃) 

 (7) 

where 𝑯 = 𝑯𝟎 is the uniform field, at large 
distance. 

 
 
 
For the inner regions 𝒂 < 𝒓, the potential can be 

written as  

Ψ(𝑟, 𝜃) = ∑

∞
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2
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 (8) 
For 𝑟 < 𝑎,  

Ψ(𝑟, 𝜃) = ∑

∞

𝑙=0

𝐷𝑙𝑟𝑙𝐶𝑙

𝛼
2

−1
(cos𝜃) 

 (9) 
All the coefficients with l1 vanish. Then we can 
construct the solutions for different regions such as 

 
Ψ𝑒(𝑟, 𝜃) = [−𝐻0𝑟 + 𝐴𝑟−(𝛼−1)](𝛼 − 2)(cos𝜃),   𝑟

> 𝑏 
 (10) 
  
Ψ(𝑟, 𝜃) = [𝐵𝑟 + 𝐶𝑟−(𝛼−1)](𝛼 − 2)(cos𝜃),   𝑎 < 𝑟

< 𝑏 
 (11) 

Ψ(𝑟, 𝜃) = 𝐷𝑟(𝛼 − 2)(cos𝜃),   𝑟 < 𝑎. 
 (12) 
The boundary conditions imposed at r=a and r=b 
such that Hθ abd Br be continuous. For l=1, the 
coefficients satisfy the four simultaneous equations.  

Fig. 1.  Concentric Dielectric Sphere Filled with Dielectric 
Materials Placed in FD Space 
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By applying the boundary conditions, we 
determine the following four simplified equations  
 

0A b B C a    (17) 

where α0=E0 bα  

1 1 1 1 0a A k b B a k C a     (18) 

 
where α1 α-1, 2 2/1 and  1 2/3 

𝑎𝛼𝐵 + 𝐶 = 𝑎𝛼𝐷 (19) 
𝑎𝛼𝜅2𝐵 − 𝑎1𝜅2𝐶 = 𝑎𝛼𝐷 (20) 
Solving Eq.(17) and Eq.(18), we find  

𝐶 = −
(𝜅1 + 𝑎1)

𝑎1(1 − 𝜅1)
𝑏𝛼𝐵 −

𝑎0𝛼

𝑎1(1 − 𝜅1)
 

 (21) 
Solving Eq.(19) and Eq.(20), we obtain  

𝐶 =
(𝜅2 − 1)

(𝑎1𝜅2 + 1)
𝑎𝛼𝐵 

 (22) 
Now by comparing Eq.(21) and Eq.(22), we get  

𝐵 = −
𝑎0𝛼(𝜅2𝑎1+1)
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Similarly  
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From Eq.(19) we find  
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Solving for Constant A, by putting the value of 
unknown coefficients B and C in Eq.(18), we find the 
simplified coefficient A:  

𝐴 = 𝑎0
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where α1 α-1and 2 2/1 

By simplification, we obtain  
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 (30) 
Now we easily find the potential for the following 
three regions:  
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 (32) 
Ψ𝑐(𝑟, 𝜃) =

−𝐸0
𝛼2𝜖3𝜖1

(𝜖2+(𝛼−1)𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝛼−1)(𝜖1−𝜖2)(𝜖2−𝜖3)(
𝑎

𝑏
)𝛼

𝑟(𝛼 −

2)(cos𝜃),   𝑟 < 𝑎. (33) 
 
When the size of the core-shell (nanoparticle) is very 
small as compared to the wavelength, then the 
polarizability can be attained from the amplitude of 
the dipole component in the external domain shown 
in Eq. (31) In other words, the polarizability is the 
proportionality factor of dipole moment given by [16-
17]  
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 (34) 
Where 1, 2 aand 3 are named as the permittivity of 
core, shell and the host medium, respectively. By 
choosing α3, it reduces the Eqs (31), (32), (33) to 
ordinary 3D space [18] forms. When a uniform 
electromagnetic field hits the core-shell, the dipole 
moment induces on its surface The potential dip for 
an ideal dipole at a distance r in an unbounded 
medium can be expressed as [20]  

Ψ𝑑𝑖𝑝 =
𝑝. 𝑟

4𝜋𝜖3𝑟3
=

𝑝cos𝜃

4𝜋𝜖3𝑟2
 

 (35) 
here p means the dipole moment, that induces due to 
the electric polarizability of the core-shell 
(nanoparticle), can be shown as as [20]  
𝑝 =

4𝜋𝜖3𝐸0𝑏𝛼 [
(𝜖2−𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝜖1−𝜖3)(𝜖3+(𝛼−1)𝜖2)(

𝑎

𝑏
)𝛼

(𝜖2+(𝛼−1)𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝛼−1)(𝜖1−𝜖2)(𝜖2−𝜖3)(
𝑎

𝑏
)𝛼

]

(36)  
The dipole’s potential can be defined as follows  

Ψ𝑑𝑖𝑝 =

𝐸0 [
(𝜖2−𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝜖1−𝜖3)(𝜖3+(𝛼−1)𝜖2)(

𝑎

𝑏
)𝛼

(𝜖2+(𝛼−1)𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝛼−1)(𝜖1−𝜖2)(𝜖2−𝜖3)(
𝑎

𝑏
)𝛼

(
𝑏

𝑟
)𝛼] 𝑟(𝛼 −

2)(cos𝜃) (37) 
The dipole’s moment p due to the electric 

polarizability of the core-shell [20] and it may be 
specified by the polarizability P0 ,which is related to p 
as  

𝑝 = 𝜖3𝑃0𝐸0 (38) 
The dipole term shown in terms of potential b 

corresponding to the host medium,  and presents the 
polarizability P0 of the spherical shell, that can be 
written as [19]  
𝑃0 =

4𝜋𝑟3 [
(𝜖2−𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝜖1−𝜖3)(𝜖3+(𝛼−1)𝜖2)(

𝑎

𝑏
)𝛼

(𝜖2+(𝛼−1)𝜖3)(𝜖1+(𝛼−1)𝜖2)+(𝛼−1)(𝜖1−𝜖2)(𝜖2−𝜖3)(
𝑎

𝑏
)𝛼

]

(39) 
The scattering cross-section sca is directly 

associated to the squared extent of polarizability, and 
consequently, it may be expressed as  

𝜎𝑠𝑐𝑎 =
𝑘4

6𝜋(𝜖3)2 |𝑃0|2 (40) 

Moreover, the absorption cross-section abs is 
comparative to the imaginary part (Im) of 
polarizability, that is expressed as  

𝜎𝑎𝑏𝑠 =
𝑘

𝜖3
𝐼𝑚(𝑃0) (41) 

 
1. RESULTS AND DISCUSSION 
We have derived an exact solution by solving 
Laplacian equation in fractional space taking wave 
number k=0. Here, we have investigated the effect on 
spherical shell of dielectric material analytically in 
fractional dimensional space. This boundary value 
problem helps us to determine the electric potential 
and cross section of the spherical shell (nanoparticle) 
in fractional dimensional space for the three regions, 
namely outside the spherical 
shell, between shell and core shell Also, the induced 
dipole moment is derived. In this article we have 
calculated a complete mathematical solution while all 
others [17-21] have used its final results Therefore, our 
solution to have scattering width in low frequency 
makes it more general exact solution. This is a general 
solution that can be employed to obtain a solution for 
various materials for the three regions of the dielectric 
shell. 
 
2. CONCLUSION 

We have investigated a close form solution in non 
integer dimensional space for, spherical shell 
(nanoparticle)  and core-shell filled with dielectric 
material. Fractional dynamics plays a vital role in 
illustrating the intricative phenomena. The core-
shell nanoparticles were considered to have 
dimensions smaller than the operating wavelength. 
Under such conditions, the analyses of 
polarizability and the scattering and absorption 
cross-sections. It has been found that a varying FD 
parameter causes the increase of FD space 
parameter generally results in the resonance 
peaks.This general solution can be applied for 
different materials in side and outside the spherical 
shell. For all the investigated cases when 𝜶 = 𝟑 the 
classical results are retrieved. 
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