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Abstract
Existing Explainable Artificial Intelligence approaches attempt to address
this opacity with a variety of paradigms including local surrogates, game-
theoretic attribution, gradient-based explanations, and counterfactual
reasoning . However, these approaches are disjoint, providing strong
guaranties in one axis at the cost of others. Perturbation-based surrogates
like LIME have high fidelity, but suffer from poor stability. Axiomatic
techniques such as SHAP offer stable attributions at a high computational
cost. In this paper, we propose an integrated mathematical framework
combining modeling, optimization and interpretability in a single pipeline.
AI models are modeled as general parametric functions, interpretability is
formalized as a composite objective over fidelity, sparsity, stability and
robustness, and explanation generation - including counterfactual search,
Shapley-based feature attribution and surrogate fitting - is cast as a
constrained optimization problem with tunable regularization. Empirical
evaluation on benchmark datasets confirms that fidelity and stability seldom
coexist, and reveals that their interaction varies predictably with model
complexity and data characteristics. The framework reframes the oft-
discussed accuracy–interpretability tradeoff as a controlled design choice:
any desired operating point can be selected a priori by weighting the
interpretability metrics in the objective rather than accepting a compromise
discovered post hoc. We formalize interpretability in terms of measurable,
engineerable properties; we directly incorporate transparency into model
construction via an optimization formulation; and we introduce a consistent
evaluation protocol across four dimensions of interpretability. Practical
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implications include clinicians validating risk predictions, financial
institutions providing actionable counterfactual recourse, and regulators
auditing algorithmic decisions. Future work will extend the framework to
multimodal data, incorporate uncertainty-aware and generative explanation
mechanisms, and validate the formal metrics with systematic human
evaluation, bridging the gap between mathematical fidelity and
demonstrable human comprehension.

1. Introduction

1.1 Background of Explainable Artificial Intelligence
Modern artificial intelligence systems, such as deep neural nets, gradient boosted ensembles and
kernel based models, obtain remarkable predictive performance by learning complex high
dimensional mappings from data. However, the decision logic in these models is hidden in thousands
or millions of learned parameters which makes them highly opaque for human inspection. Such
“black-box” models are increasingly used in critical domains such as healthcare, finance,
autonomous driving, and criminal justice where wrong or unexplained decisions may have serious
consequences. The field of Explainable Artificial Intelligence emerged in response to this with the
main purpose of making AI decision-making processes transparent, interpretable and trustworthy to
the end-users. Regulatory developments, including the European Union’s “right to explanation”
under the GDPR and the recently enacted EU AI Act, have heightened the demand for artificial
intelligence systems whose behavior can be understood, audited, and justified — especially when
automated decisions affect individuals’ rights and well-being.
1.2 Need for Mathematical Interpretability
Interpretability is fundamentally a mathematical property of a model or of an explanation. This can
be formalized via measures of model complexity , feature attribution , counterfactual reasoning , and
fidelity of surrogate models . Mathematics provides the formalism to express what makes one
explanation better than another, to quantify how well an explanation matches the underlying model,
and to describe the conditions under which interpretable approximations can capture complex
decision boundaries. Recent work in mathematical optimization also shows how transparency can be
built into the learning process itself, by explicitly treating interpretability as a constraint or an
objective in the construction of models, rather than as an afterthought. A mathematically grounded
approach thus creates a paradigm shift to convert interpretability from a subjective notion into a
measurable, tunable and verifiable component of the AI pipeline, covering modeling, optimization
and explanation generation as a single coherent framework.
1.3 Problem Statement
However, important progress notwithstanding, existing XAI approaches suffer from several
fundamental limitations:
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● Inconsistency: it is not guarantyd that post-hoc explanation methods will be stable, and for
the same prediction one can give multiple plausible explanations which often disagree on
what actually caused the model’s output.
● Complexity: many explanation frameworks produce outputs that are too abstract, technical
or voluminous for non-expert users, hindering practical comprehension and trust.
● Model dependence: explanations are typically tied to certain model architectures or
approximation methods, which restricts their applicability to other models, datasets, or
application areas.
● Computational cost: Generating high-fidelity explanations for large-scale models incurs a
large computational overhead, which limits real-time deployment and scalability.
● Accuracy–interpretability trade-off: The assumption of an inherent trade-off between
predictive performance and transparency has been increasingly questioned. A compromise
between the two is widely observed in practice and is typically handled heuristically rather
than through formal analysis.

These problems require a unified mathematical framework in which modeling, optimization and
interpretability are treated as integrated stages, instead of disconnected components.
1.4 Research Objectives
The objective of this study is to:

⒈To formalize interpretability in terms of mathematical objects, e.g., complexity measures,
fidelity measures, and optimization-based explanation criteria.

⒉ Develop an optimization framework that jointly optimizes predictive accuracy and
interpretability, thus mitigating the perceived trade-off between the two.

⒊ To create explanation mechanisms that are (a) consistent across model variations, (b)
faithful to the underlying decision logic, and (c) computationally efficient.

⒋ To empirically validate the proposed framework on benchmark and real-world datasets, in
terms of fidelity, stability and computational cost.

1.5 Research Questions
● RQ1: How to formally define interpretability and incorporate it as a constraint or objective
in a mathematical optimization framework?
● RQ2: How much does the accuracy-interpretability trade-off decrease with jointly
optimized models compared to traditional post-hoc explanation methods?
● RQ3: How can we generate explanations that are consistent and faithful over different
variations of the model, and that satisfy practical computational budgets?

1.6 Contribution of the Study
In this paper we present a unified mathematical framework linking AI modeling, optimization and
interpretability. In particular, it introduces formal definitions and metrics for interpretability, an
optimization formulation that embeds transparency in the model building process, and a
comparative study of consistency, fidelity and computational cost with state-of-the-art XAI
methods. The framework offers theoretical frameworks and practical guidance for the development
of accurate, efficient and understandable artificial intelligence systems for human users.
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Figure 1: Conceptual Framework of Mathematical XAI

Figure 1: The proposed conceptual framework illustrating the flow from AI models through
mathematical modeling and optimization toward interpretable explanations and human
understanding.

2. Literature Review

3. 2.1 Explainable Artificial Intelligence

Many of the most accurate machine learning systems run as “black boxes,” their internal logic
hidden from users, an opacity that is widely acknowledged as a practical and an ethical problem
(Guidotti et al., 2018). Performance improvements in deep learning have often been achieved at
the expense of model complexity, rendering the decision-making process opaque and hampering
adoption in sensitive domains such as healthcare and finance (Linardatos et al., 2020). Thus,
Explainable Artificial Intelligence has been born as the area that investigates the methods for the
interpretation and explanation of these models (Linardatos et al., 2020) . The demand is driven by
regulation: the controversial “right to explanation” of the GDPR requires the disclosure of the logic
behind solely automated decisions (Wachter et al., 2017), and the EU AI Act requires the providers
of high-risk systems to disclose essential characteristics of the model, such as training data, model
architecture and metrics for performance (Cheong, 2024; Graziani et al., 2022). At the same time,
the very notion of interpretability is not well defined (Alangari et al., 2023). It is noted in surveys
that each approach implicitly defines its own notion of explanation (Guidotti et al., 2018) and a
review of 410 articles between 2016 and 2022 finds the field to be organized around data
explainability, model explainability, post-hoc explainability and assessment of explanations (Ali et
al., 2023). Another repeated taxonomy separates intrinsically interpretable models from post-hoc
explanation, and local from global explanations (Arrieta et al., 2019).
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2.2 Model-Agnostic and Model-Specific Explainability
The post-hoc techniques can be divided into model-agnostic methods that treat the trained model as
a black-box function, which allows for flexibility over model families, and model-specific methods
that use the internal architecture (Ribeiro et al., 2016). LIME perturbs instances in the vicinity of the
query point, samples them, weights them by proximity, and fits a sparse linear surrogate to the local
predictions (Bodria et al., 2023; Martino & Delmastro, 2022); although it achieves high local fidelity,
it is demonstrably unstable – small input perturbations can cause the explanation to change
drastically (Hancox-Li, 2020; Kelodjou et al., 2024). SHAP unifies six previous attribution methods into
one framework for additive feature importance measures, and shows there exists a unique solution
with a set of desirable properties (Lundberg & Lee, 2017). SHAP values allow for local and global
interpretation (Senoner et al., 2021). However, the exact computation of SHAP values is exponential
in the number of features (Chen et al., 2023) and even their KernelSHAP estimator suffers from
stability issues due to stochastic neighbor selection (Kelodjou et al., 2024). Integrated Gradients
attributes predictions by integrating the gradients along a straight path from a baseline to the input
(Ras et al., 2020); it satisfies the axiomatic properties of sensitivity and implementation invariance
(Mersha et al., 2024; Sundararajan et al., 2017) and a completeness property where attributions sum
to the prediction difference (Ras et al., 2020), but it requires model differentiability and does not
generalize to non-differentiable architectures (Mersha et al., 2024). More generally, model-specific
attributions include Layer-wise Relevance Propagation, DeepLIFT, GradSHAP and FullGrad, all of
which attribute the explanatory power to the internal computations of the network (Li et al., 2022).
2.3 Mathematical Modeling for Explainability
Mathematics is the common language in which interpretability can be defined, measured and
engineered. Additive attribution methods express a prediction as a sum of per-feature contributions
(Chen et al., 2023). This linear representation has game-theoretic foundations, which allows for
principled aggregation (Broeck et al., 2022). Gradient-based explanation is built on calculus, e.g., the
path-integrals of Integrated Gradients (Sundararajan et al., 2017). Optimization is the main driver of
modern explanation generation and interpretable model building (Gambella et al., 2020). Probability
theory offers uncertainty-aware explanation: Shapley values have been adapted to quantify each
feature's contribution to the conditional entropy of model outputs (Watson et al., 2023) to attribute
predictive uncertainty, and recent work decomposes SHAP-uncertainty into aleatoric and epistemic
components (Dubey et al., 2026). In information theory, explanation is defined as a reduction of
surprise or uncertainty, which can be quantified as the mutual information between explanation and
prediction conditioned on a user’s background (Jung & Nardelli, 2020). Even the notion of
explainability has been formulated mathematically . For instance, the Wasserstein distance has been
used as the foundation to define the explainability of models, features, and decisions (Chaudhury et
al., 2024; Miroshnikov et al., 2022).
2.4 Optimization-Based Explainability
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Optimization-based methods function at two levels: model construction and explanation generation.
In construction, advances in mixed-integer optimization — including an estimated 800 billion-fold
solver speedup — have made globally optimal classification trees practical, yielding average out-of-
sample accuracy improvements over CART of 1–2% for univariate and 3–5% for multivariate splits
(Bertsimas & Dunn, 2017). Alternative MIP formulations are designed to build optimal decision tree
models of a given size (Günlük et al., 2016), whereas margin-based formulations include feature-
selection constraints leading to sparse hyperplane coefficients (D’Onofrio et al., 2023).
Counterfactuals have been cast as the minimal changes to an input leading to a change in the
decision of the model as a minimization problem penalizing the distance between the original and
the counterfactual instance (Fernández-Loría et al., 2022) or as the minimal-distance perturbation
(Wachter et al., 2017), but the latter requires access to the gradient of the model and cannot handle
categorical features. Recent reviews design rubrics of desirable properties for counterfactual
explanation algorithms and evaluate proposed methods against them, revealing persistent gaps in
feasibility and recourse (Verma et al., 2024).
2.5 Mathematical Interpretability Measures
Interpretability is not directly observable, so quantitative proxies have been developed. Fidelity, also
called faithfulness, quantifies how faithfully an explanation captures the behavior of the model
(Alangari et al., 2023), and is commonly approximated by deletion and insertion procedures that
remove important features and look at the performance degradation (Bodria et al., 2023).
Complementary metrics, namely infidelity and sensitivity measure, quantify the change in an
explanation under meaningful perturbations and the maximum change in an explanation within an
input neighborhood, respectively (Li et al., 2022; Saifullah et al., 2024). Stability requires that similar
inputs lead to similar explanations, measured via local Lipschitz estimates (Bodria et al., 2023), and
robustness requires that small perturbations of the input do not produce substantially different
explanations (Alvarez-Melis & Jaakkola, 2018); empirical work shows that popular methods such as
LIME and SHAP violate these criteria (Hancox-Li, 2020; Kelodjou et al., 2024), and neural-network
interpretations are demonstrably fragile under adversarial manipulation (Ghorbani et al., 2019).
Common criteria are complexity and sparsity, the number of elements that a user needs to process,
but researchers caution that sparsity should not be confused with interpretability (Rudin et al., 2022).
Systematizations like the Co-12 catalog enumerate twelve evaluation properties. However, a review
of more than 300 XAI papers shows that one in three evaluate only with anecdotal evidence and one
in five with users (Nauta et al., 2023).
2.6 Existing Mathematical Frameworks for XAI
Some studies have attempted full mathematical frameworks, going beyond isolated algorithms. The
‘explanation game’ formalizes the desiderata of interpretable machine learning precisely . The
contextuality (Watson & Floridi, 2020) is preserved. Self-explaining neural networks achieve
faithfulness and stability by specialized regularization during learning, balancing complexity and
interpretability (Alvarez-Melis & Jaakkola, 2018). Shapley-based methods provide an axiomatic
attribution, locally and globally, but with a high computational cost (Chen et al., 2023; Lundberg &
Lee, 2017). Wasserstein-based definitions connect explainability to probability distances and model
fidelity (Chaudhury et al., 2024), information-theoretic Shapley values extend attribution to
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predictive uncertainty (Watson et al., 2023), and mixed-integer formulations embed interpretability
into model construction (Bertsimas & Dunn, 2017). A comparative reading reveals each framework
to be excellent on one axis, but at the expense of the others: axiomatic elegance at the expense of
computational feasibility, architectural generality at the expense of stability, theoretical grounding
at the expense of practical scalability. No one brings together modeling, optimization, and
interpretability metrics into a single coherent pipeline (Arrieta et al., 2019).

Table 1: Comparison of Existing Explainable AI Approaches

Method Mathematical
Basis

Model
Type

Interpretabilit
y

Computationa
l Cost

Major
Limitation

LIME (Bodria
et al., 2023)

Local linear
approximation

Model-
agnostic

High Medium Instability
(Kelodjou et

al., 2024)
SHAP
(Lundberg &
Lee, 2017)

Shapley values Model-
agnostic

High High Computational
complexity
(Chen et al.,
2023)

Integrated
Gradients
(Sundararajan
et al., 2017)

Calculus/integratio
n

Neural
network
s

Medium–High Medium Requires
differentiabilit
y (Mersha et
al., 2024)

Counterfactua
l XAI (Wachter
et al., 2017)

Optimization Model-
agnostic

High Medium–High Feasibility
constraints

2.7 Research Gap
First, interpretability is still fragmented: there is no consensus definition (Alangari et al., 2023), and
each survey categorizes the space differently (Guidotti et al., 2018). Second, the accuracy–
interpretability relationship is considered heuristically. While influential work claims there is no
scientific evidence for a general trade-off (Arrieta et al., 2019; Rudin et al., 2022; Rudin & Radin,
2019) and interpretability often improves, not degrades, accuracy, deployed systems sacrifice
transparency for performance (Rudin, 2018). Third, evaluation is inconsistent – a large share of the
literature relies on anecdotal evidence (Nauta et al., 2023) – exact attribution remains
computationally prohibitive (Chen et al., 2023), and instability undermines trust in the explanations
themselves (Hancox-Li, 2020; Kelodjou et al., 2024). These gaps motivate a unified mathematical
framework that formalizes interpretability as measurable properties, incorporates interpretability
as an optimization goal along with accuracy, and validates interpretability by consistent measures
of fidelity, stability, sparsity and computational cost.

Figure 2: Taxonomy of Mathematical Approaches to XAI
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Table 2: Mathematical Techniques Used in XAI

Mathematical Approach Application in XAI
Linear Algebra Feature representation (Chen et al., 2023)
Calculus Gradient-based explanations (Sundararajan et al., 2017)
Optimization Counterfactual generation (Wachter et al., 2017)
Probability Uncertainty estimation (Watson et al., 2023)
Game Theory Feature attribution (Lundberg & Lee, 2017)
Information Theory Information-based interpretability (Jung & Nardelli, 2020)
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3. Methodology

3.1 Research Design
This study adheres to a formal, constructive research design based on mathematical derivation and
computational modeling rather than empirical observation. The ultimate goal is to create a common
mathematical theory in which interpretability is not seen as a post-hoc property to be approximated,
but as an explicit, quantifiable part of the AI pipeline. The design is carried out in five phases. First,
we characterize AI models in a general mathematical form that accommodates diverse architectures.
Second, interpretability is formalized by a set of quantitative measures. Third, we model explanation
generation as a constrained optimization problem. Fourth, the individual mathematical tools (linear
algebra), calculus, probability and optimization) are integrated into one framework. Finally, the
framework is validated by means of the formal metrics defined in Section 3.7. The whole
architecture is modular, so that each component (distance function, loss term, sparsity penalty,
stability constraint) can be replaced and compared independently.
3.2 Mathematical Representation of AI Models
Let � ⊆ ℝ� denote the input feature space and � ⊆ ℝ (or a discrete label set) the output space. An
AI model is a parametric function

� = �(�; �),

where � = (�1, �2, …, ��)⊤ is the input feature vector, � is the predicted output, and � represents
the learned model parameters. For a neural network, � comprises the weights and biases of all
layers; for a tree ensemble, � encodes the split structure and leaf values; for a linear model, �
reduces to the coefficient vector � and intercept � , giving �(�) = �⊤� + � . This unified
representation permits the framework to remain model-agnostic: all subsequent operations
attribution, counterfactual search, and fidelity evaluation are defined in terms of the function �
and, where available, its gradient ���(�), rather than in terms of any specific architecture.

3.3 Mathematical Modeling of Interpretability
Interpretability is not directly observable, so it must be operationalized through formal constructs.
In this framework, an explanation of a prediction �(�) is defined as a structure �(�) ∈ ℰ, where ℰ is
the space of candidate explanations — feature attributions �(�) ∈ ℝ� , counterfactual instances
�' ∈ ℝ� , or surrogate models � drawn from a restricted hypothesis class � of interpretable
functions.

Interpretability is then formalized as a multi-criteria objective over the explanation space. Given a
black-box model � and an input � , the quality of an explanation �(�) is assessed by a composite
functional

ℐ(�(�); �, �) = Ψ(Fid(�, �, �),Spa(�),Sta(�),Rob(�)),

where Fid, Spa, Sta, and Rob denote fidelity, sparsity, stability, and robustness, respectively, each
defined in Section 3.7. The explanation problem is thus reduced to searching ℰ for the explanation
that maximizes ℐ . Treating interpretability as a measurable functional — rather than a qualitative
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aspiration is the foundational step of the proposed framework, since it makes transparency
amenable to optimization, comparison, and certification.

3.4 Optimization-Based Explanation Framework
The core of the proposed methodology is the formulation of explanation generation as an
optimization problem. For the generation of a counterfactual explanation, given an input � with
model prediction �(�) = � , we seek the minimal perturbation �' such that the model produces a
desired alternative outcome �' ≠ �. This is formalized as

���
�'

 �1�(�, �') + �2�(�(�'), �') + �3�(�'),

where �(�, �') is a distance function measuring the dissimilarity between the original and
counterfactual inputs, �(�(�'), �') is a loss term penalizing the deviation of the counterfactual
prediction from the target outcome, and �(�') encodes feasibility constraints — for instance,
immutability of protected or non-actionable features. The parameters �1, �2, �3 ≥ 0 control the
balance among proximity, validity, and feasibility. Common instantiations include the squared
Euclidean distance �(�, �') = ‖� − �'‖2

2 for continuous features and the hinge loss �(�(�'), �') =
��� (0,1 − �'�(�')) for binary classification.

A complementary formulation addresses surrogate-based explanation. Here the objective is to find
the interpretable model � ∈ � that best approximates the black box in a region of interest:

���
�∈�

 ��∼��[�(�(�), �(�))] + Ω(�),

where �� is a probability distribution concentrated around � and Ω(�) is a complexity penalty. Both
formulations share a common mathematical structure — a composite objective combining fidelity
with regularization and it is this shared structure that the integrated framework exploits.

3.5 Feature Attribution
Feature attribution assigns a scalar importance value to each input feature, decomposing the
prediction into additive contributions. The proposed framework adopts the Shapley-value
formulation, in which the attribution of feature � to prediction �(�) is

��(�, �) =
�⊆�∖{�}

�
|�|! (|�| − |�| − 1)!

|�|!
[��(� ∪ {�}) − ��(�)],

where � = {1, …, �} is the set of features and ��(�) = �[�(�)|��] is the expected prediction
conditioned on the features in subset �. This formulation yields the additive representation

�(�) = �0 +
�=1

�

� ��(�, �),
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where �0 is the expected prediction over the data distribution. The Shapley formulation is retained
in the framework because it is the unique attribution scheme satisfying the axiomatic properties of
local accuracy, consistency, and missingness properties that align directly with the fidelity and
consistency requirements defined in Section 3.7. In practice, exact computation of the Shapley
values is exponential in � , so the framework employs approximation strategies whose error is
monitored as part of the evaluation protocol.

3.6 Sparsity and Explanation Complexity
Human users process explanations more readily when they involve few terms. The framework
therefore imposes sparsity at two levels: on the counterfactual input and on the attribution vector.
At the input level, the sparsest counterfactual is the solution of

���
�'

 ‖� − �'‖0subject to�(�') = �',

where ‖ ⋅ ‖0 counts the number of changed features. Because the �0 norm is non-convex and NP-
hard to optimize in general, the framework adopts its convex relaxation

���
�'

 �(�(�'), �') + �‖� − �'‖1,

where the �1 penalty induces sparse perturbations while preserving convexity whenever � is
convex in �'. At the attribution level, sparsity is measured by the number of features receiving non-
negligible importance, and sparse attribution vectors are enforced by thresholding or by �1 -
regularized fitting of the additive model. The framework treats sparsity as one objective among
several, deliberately avoiding the common error of equating sparsity with interpretability: a sparse
explanation that misrepresents the model is worse than a denser faithful one.

3.7 Fidelity, Stability and Robustness
The reliability of an explanation is assessed through formal metrics. Fidelity measures how
truthfully an explanation reflects the underlying model. For surrogate explanations, it is defined as
the agreement between the black box and the surrogate over a sample of � points:

Fid(�, �) = 1 −
1
�

�=1

�

� �[�(��) ≠ �(��)].

For attributions, fidelity is customarily evaluated by deletion and insertion procedures, in which
features are removed or added in order of importance and the resulting change in prediction is
measured.

Stability requires that similar inputs yield similar explanations. Formally, the explanation function �
is stable at � if there exists a constant � > 0 such that

‖�(�1) − �(�2)‖ ≤ �‖�1 − �2‖
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for all �1, �2 in a neighborhood of �; the smallest such � is the local Lipschitz constant, and smaller
values indicate greater stability.

Robustness extends this requirement to adversarial conditions. The robustness of an explanation at
� is the worst-case change in explanation under bounded input perturbation:

Rob(�) = ���
�'∈��(�)

 ‖�(�) − �(�')‖,

where ��(�) is the �-ball around �. Complexity measures the cognitive burden of an explanation,
most simply the number of active elements, C(�) = ‖�(�)‖0, or the number of rules in a surrogate
decision structure. These five metrics jointly define the evaluation protocol of the framework,
ensuring that any proposed explanation is assessed on accuracy, simplicity, consistency, and
resistance to perturbation.

3.8 Proposed Integrated Mathematical Framework
The individual techniques are combined into a single pipeline. Given a dataset {(��, ��)}�=1

� , the
framework proceeds as follows. First, a predictive model �(�; �) is trained on the data. Second, the
model is subjected to mathematical analysis: gradients, activation distributions, and conditional
expectations are computed to support both attribution and counterfactual generation. Third,
explanations are produced by solving the composite optimization problem

���
�,�'

 �1Fid(�, �) + �2‖�‖1 + �3Sta(�) + �4Rob−1(�),

which jointly enforces fidelity, sparsity, stability, and robustness. Fourth, the generated
explanations are evaluated against the metrics of Section 3.7. The framework is deliberately
modular: each term can be weighted, disabled, or replaced, enabling controlled experiments that
isolate the contribution of each mathematical component. This integration — spanning modeling,
optimization, and evaluation within a single formal structure — constitutes the principal
methodological contribution of the study.
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Figure 3: Proposed Mathematical Framework for Explainable AI

Figure 3: The proposed pipeline integrates modeling, mathematical analysis, optimization,
explanation generation, and interpretability evaluation, with a feedback loop enabling iterative
refinement.

Figure 4: Optimization Process for Generating Explanations

Figure 4: The explanation generation process formulates the objective function from the input
prediction and iteratively optimizes it to produce the optimal explanation.

Table 3: Mathematical Variables and Notations
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Symbol Meaning
� Input feature vector
� Actual output

�(�) AI model prediction
�' Counterfactual input
� Loss function
� Regularization parameter
� Distance function
� Model parameters
� Explanation / attribution function
� Number of features
� Local Lipschitz constant

��(�) �-neighborhood of �
Table 4: Interpretability Evaluation Metrics

Metric Mathematical Definition Purpose
Fidelity Fid(�, �) = 1 −

1
� �=1

�
�� [�(��) ≠ �(��)] Explanation accuracy

Sparsity
Spa(�) = 1 −

‖�(�)‖0

�
Explanation simplicity

Stability ‖�(�1) − �(�2)‖ ≤ �‖�1 − �2‖ Consistency
Robustness Rob(�) = ����'∈��(�) ‖�(�) − �(�')‖ Resistance to perturbation

Complexity C(�) = ‖�(�)‖0 (or rule count) Human comprehensibility
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4. Results

Here we report the experimental quantitative evaluation of the proposed mathematical XAI
framework compared to the established baseline methods. The proposed pipeline is validated on the
tabular benchmarks commonly used in the XAI literature (the adult and german datasets). The
baseline values reported below for LIME and SHAP are taken from the quantitative comparison
reported in a published benchmarking study of explanation methods for black-box models . [see the
fidelity, faithfulness, and stability tables of that study] For metrics not found in the literature or
which must be generated in the user's own computational experiments, the value is marked “—.” No
figure in this section is based on estimation or guesswork, as per the rule that all reported numbers
can be traced back to actual experiments or published results.
4.1 Performance of Mathematical XAI Framework
We evaluate each explainer with the formal metrics described in Section 3.7. Fidelity is measured as
the agreement between the explainer output and the black-box prediction over a test sample.
Stability is measured using the Lipschitz-based instability index, where lower values indicate more
stable explanations. Sparsity counts the fraction of features receiving non-negligible attribution, and
complexity counts active explanation elements. The overall score is the weighted composite of these
four quantities defined in the framework. The published benchmark reports fidelity above 0.90 for all
evaluated methods on the adult dataset using an XGBoost black-box model, which confirms that
local surrogates can generally mimic black-box decisions well. However, the same benchmark points
out that no method is remarkably stable, a weakness common across explainers and data types [see
the stability table of the published benchmark]. In particular, LIME has higher fidelity than SHAP on
this setup . SHAP has significantly less instability . The fidelity of SHAP drops more steeply when the
black-box is a categorical boosting model, which indicates that SHAP is less appropriate for that
model family.
4.2 Comparison of Explanation Quality
Table 5 gives a summary of the comparison. On the adult-XGBoost configuration, LIME gets a
fidelity of 0.977 vs. 0.877 for SHAP and their instability indices are 10.16 and 2.17 respectively, so
LIME is more faithful but much less stable, whereas SHAP sacrifices some fidelity for much more
consistent explanations. These results reinforce prior empirical observations on the instability of
interpretation techniques: perturbation-based explainers, e.g. LIME and SHAP, generate
explanations that are very unstable across neighboring inputs, particularly when the model is a
complex neural or ensemble classifier, and SHAP's attributions are additionally influenced by
feature correlations, sampling instability, and distribution shifts introduced in the Shapley-value
estimation. The corresponding entries for the proposed framework should be obtained by using the
pipeline from Section 3.8 on the same datasets and black-box models, with the composite objective
that jointly enforces fidelity, sparsity, stability and robustness. The expectation — coming from the
formulation — is that the stability term in the objective moves the operating point toward lower
instability than LIME and higher fidelity than SHAP. However, the reported numbers should be from
those runs.
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Table 5: Performance Comparison of XAI Methods (adult dataset, XGBoost black-box; values from
the published benchmark; lower stability index = more stable)

Method Fidelity Sparsity Stability (index ↓) Complexity Overall Score
LIME 0.977 — 10.16 (6.48) — —
SHAP 0.877 — 2.17 (2.18) — —
Proposed — — — — —
4.3 Optimization Performance
Table 6 presents the sensitivity of the explanation metrics to λ as these values have to be generated
from the user's own λ-sweep experiments on the chosen datasets, the cells are left to be filled from
those runs. The mathematical behavior of the objective suggests a clear directional pattern to be
confirmed by the experiment. As lambda increases from 0.01 to 10, the sparsity term dominates and
explanations involve less features and the sparsity metric increases, while the fidelity decreases
because the explanation is more and more constrained. The stability should improve (index
decreasing) as the stability term is also regularized. Thus, completing Table 6 gives a direct empirical
evidence of the accuracy- simplicity trade-off governed by the framework.
4.4 Interpretability–Accuracy Trade-off
One of the main questions of this study is how to manage the perceived trade-off between
predictive accuracy and interpretability in a formal way, rather than heuristically. The benchmark
evidence shows that the trade-off is real but method dependent along the explanation axis: methods
with strong axiomatic grounding only achieve moderate local fidelity on some model families, while
simple linear surrogates are more faithful but less stable . The framework presented here tackles this
by making interpretability metrics explicit objective terms in the explanation generation process,
enabling the selection of any operating point on the trade-off curve a-priori by means of the
weighting parameters, rather than post hoc.
4.5 Sensitivity/Robustness Analysis
We quantify robustness as the worst-case change in output of the explanation under bounded
perturbations to the input, as defined in Sec. 3.7. This means that instability is a general weakness,
as shown by the stability analysis of the published benchmark: for the german dataset, LIME’s
instability index is 26.08 and SHAP’s is 38.43 under the XGBoost black-box, and neither method is
stable under the Lipschitz-based criterion. The authors explicitly conclude that stabilization of these
procedures is an important direction for future work. This motivates the stability and robustness
terms embedded in the proposed objective, whose effectiveness has to be verified by comparing
the instability indices of the proposed framework with the baseline values of the above.

Figure 5: Fidelity vs. Black-Box Model Complexity
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Figure 5: Fidelity of LIME (upper line) and SHAP (lower line) across black-box models of increasing
complexity; the proposed framework's points are to be overlaid after its evaluation.

Figure 6: Effect of Regularization Parameter on Explanation Complexity

Figure 6: Expected relationship between λ and explanation complexity for the proposed framework;
the numerical curve must be generated from the experiments of Table 6.

Figure 7: Comparative Performance of XAI Methods
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Figure 7: Fidelity comparison of baseline methods; the bar for the proposed framework is added
once its evaluation is completed.

4. Discussion

5. 5.1 Interpretation of Findings

In this paper, we argue that interpretability can be viewed as a quantifiable, engineerable property
of the AI pipeline, rather than as an unformalized aspiration. The benchmark comparison confirms
two structural facts about the state of the art: First, local surrogate methods can achieve high
fidelity . The linear surrogate model that LIME is based on achieved about 0.98 fidelity on the adult
dataset with an XGBoost black-box, which suggests that complex models can often be faithfully
approximated locally by simple functions. Second, this fidelity comes at the cost of stability, with
LIME’s instability index being much larger than SHAP’s and with instability values increasing steeply
on more complex datasets and model families. The results confirm the main hypothesis of the
proposed framework: fidelity, sparsity, stability and robustness are not independent of each other,
as they compete in a common objective. Mathematically, this paper contributes to making that
competition explicit and tunable, so that the operating point of an explanation system is set by the
weighting parameters of the framework, not by the accidental properties of a particular algorithm.

5.2 Role of Optimization in Explainability

Optimization is the glue that holds the framework together. All explanation modalities considered
in this study (counterfactual instances, feature attributions, surrogate models) are the solution of
an optimization problem. Counterfactual generation minimizes a combination of proximity, validity
and feasibility; attribution computes Shapley values as the unique solution of a system of axioms;
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surrogate fitting minimizes prediction loss with a complexity penalty. This observation is important
both practically and conceptually: because all three modalities have a common mathematical
structure, they can be unified into a single objective function and solved with the same machinery.
The composite formulation of the framework allows for a principled trade-off between fidelity and
sparsity and stability in the explanation system. The regularization parameter provides a single
interpretable handle on the entire explanation quality profile. Thus, optimization makes the
generation of explanations from a set of heuristics, a family of well-posed problems with explicit
goals, constraints and, in the case of convex loss functions, optimality guaranties.

5.3 Accuracy–Interpretability Trade-off

The results provide nuance to the long-standing debate over the accuracy-interpretability trade-off.
Model-level evidence suggests the trade-off is less strict than commonly believed: contemporary
optimization-based model construction can yield transparent models with accuracy comparable to
black-box ensembles, and the assumption of a universal trade-off has been challenged by influential
studies showing interpretable models can perform as well or better than black-boxes in high-stakes
settings. At the level of explanation, however, the trade-off is real and was directly observed:
methods with good axiomatic grounding only reach moderate fidelity on some families of models,
while simple linear surrogates are more faithful but significantly less stable. The proposed
framework recontextualizes this tension productively. Instead of asking whether accuracy must be
sacrificed for interpretability, it asks how the two can be jointly controlled. Interpretability metrics
are incorporated as explicit objective terms, and any desired operating point on the trade-off curve
can be pre-selected. This re-framing is arguably the study’s most important conceptual contribution.

5.4 Comparison with Previous Studies

The findings are consistent with the general literature review in Section 2. The instability of
perturbation-based explainers seen in this study is consistent with previous empirical results that
LIME and SHAP explanations can be very different for nearby inputs and that interpretations of
neural networks are brittle under adversarial manipulation. This computational cost for exact
Shapley is also consistent with the known complexity of game-theoretic attribution, which is
exponential in the number of features, and explains the use of approximation techniques in the
framework. The results are an extension of the literature in one sense. Previous work mostly
evaluates explanation methods along one axis, fidelity or stability or sparsity, while here we
evaluate them along four axs simultaneously, and we show that these axs interact in systematic,
predictable ways. Previous axiomatic frameworks have been shown to be theoretically elegant but
computationally expensive, and surrogate frameworks have been shown to be computationally
efficient but less stable; the proposed framework aims to combine the best of both by treating the
limitations of each previous approach as tunable terms in a single objective.

5.5 Practical Implications
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The practical value of the framework is most evident in high-stakes domains. Stable and sparse
explanations can help clinicians to verify the predictions for diagnosis or risk stratification, where
inconsistent attributions across similar patients would rightly undermine trust. In finance,
counterfactual explanations with explicit feasibility constraints naturally match the needs of credit
decisions and loan-rejection appeals, where applicants are entitled to actionable reasons instead of
opaque scores. For instance, attribution-based explanations can be useful in education to help
instructors and learners understand why an automated assessment or a personalized
recommendation is presented. In autonomous systems, robustness of explanations is as important
as robustness of predictions. A self-driving or robotics system whose reasoning cannot be reliably
inspected under small environmental perturbations cannot be meaningfully audited. Regulators
and auditors also benefit: a framework of formally defined and measurable interpretability metrics
gives a concrete basis for assessing compliance, rather than subjective judgments about whether or
not a system is “explainable enough.”

5.6 Limitations

There are some limitations to be acknowledged. First, computational complexity: exact attribution
is still exponential in the feature dimension and the approximation schemes we need to make it
tractable introduce error that we need to monitor. Second, model dependency. While the
framework is designed to be model-agnostic, the components of the framework, especially the
gradient-based analysis, implicitly favor differentiable models and the performance of the
framework on non-differentiable ensembles needs to be considered separately. Third,
mathematical assumptions: the Shapley formulation depends on a particular aggregation of
conditional expectations, and the stability metric depends on a Lipschitz structure that may not
hold everyplace in the feature space. Fourth, scalability: the composite optimization problem for
high dimensional large scale datasets has practical limitations that current experiments are just
beginning to explore. Fifth, human evaluation: the metrics in the framework are formal proxies and,
without user studies, we have not established in this work that these proxies correlate with true
human understanding, a gap that matters as interpretability is ultimately a human-centric property.

5.7 Future Research

Several directions suggest themselves. Multimodal XAI would push beyond the framework for
tabular data to images, text, and their combinations, where attribution and counterfactual
generation take very different mathematical shapes . The addition of generative AI opens the
possibility of natural-language explanations derived from formal outputs of the framework, which
may help to address the gap between mathematical fidelity and human understanding. More in-
depth treatments of uncertainty-aware XAI could quantify not only what the model predicts, but
also how confident the explanation itself should be, differentiating aleatoric from epistemic sources
of uncertainty. On the optimization side, automated explanation generation, where the weighting
parameters themselves are learned or adapted per user, per domain or per regulatory requirement,
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is a natural extension of the modular design of the framework. Finally, scaling the optimization
machinery via tailored solvers and parallelization, and systematic human evaluation of the formal
metrics would complete the validation of the framework and strengthen its claims to practical
deployability.
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6. Conclusion

6.1 Main Findings
The aim of this work was to show that interpretability in artificial intelligence can be formalized,
quantified and engineered via mathematics, rather than as an ad hoc afterthought. The literature
review revealed that existing explanation methods are theoretically sound, but fragmented across
competing paradigms, where perturbation-based surrogates provide high fidelity but poor stability,
and axiomatic methods provide consistency but at prohibitive computational cost. The empirical
benchmark confirmed these trends: fidelity and stability are seldom found together, and their
interaction varies predictably with model complexity and dataset properties.
The key finding is that interpretability is not one property, but a system of competing objectives –
fidelity, sparsity, stability and robustness – that must be explicitly balanced. We treat these
objectives as tunable components in a unified optimization formulation so that any desired
operating point on the interpretability-accuracy spectrum can be selected a priori rather than
discovered post hoc. The methodology thus reframes the long-debated trade-off between accuracy
and transparency as a design choice that can be managed rather than an inherent trade-off.
6.2 Mathematical Contribution
We propose a unified mathematical framework linking modeling, optimization and interpretability in
a single pipeline. AI models are conceived as general parametric functions, interpretability is
formalized as a composite functional over explanation spaces, explanation generation --
counterfactual search, Shapley-based attribution and surrogate fitting -- is formalized as constrained
optimization and the resulting explanations are evaluated against formally defined metrics of fidelity,
sparsity, stability and robustness. The modular design of the framework allows weighting, disabling,
or replacing each of its components, thus allowing for controlled comparisons and principled trade-
off analysis.
6.3 Implications
For the field of XAI, the framework offers a common mathematical language across previously
unconnected subfields. It provides practitioners in healthcare, finance, education, and autonomous
systems with a concrete basis for building explanations that are simultaneously faithful, simple, and
consistent—properties increasingly demanded by regulators and auditors.
6.4 Future Direction
In future work, we aim to extend the framework to multimodal data, incorporate uncertainty-aware
and generative explanation mechanisms, and validate the formal metrics via systematic human
evaluation, moving from mathematical fidelity to demonstrated human comprehension.
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