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 Abstract 

In this paper, we establish a new Ostrowski-type inequality 
involving integral means over end intervals by introducing a 
generalized Montgomery-type identity and a generalized 
Peano kernel. The obtained inequality provides an explicit 
estimate for twice differentiable functions under the 
boundedness assumption on the second derivative. 
Furthermore, some important special cases are discussed to 
illustrate the applicability of the proposed result. The 
developed inequality extends and generalizes existing 
Ostrowski-type inequalities and may be useful in numerical 
integration, approximation theory, and error estimation. 
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Introduction 
Integral inequalities play an important role in 
mathematical analysis and its applications. 
Among them, Ostrowski’s inequality is one of 
the most significant results because it gives an 
estimate for the deviation of a differentiable 
function from its integral mean. Since its 
introduction by Ostrowski in 1938,[1] this 
inequality has been widely studied and 
extended in different directions due to its 
applications in numerical integration, 
approximation theory, quadrature formulas, 
and error estimation. [2, 3] 
The classical Ostrowski inequality has attracted 
considerable attention from many 
researchers.[1, 4, 5] Numerous extensions, 
refinements, and generalizations have been 
established under different assumptions on the 
derivatives of functions. In particular, 
inequalities involving convex functions, 
bounded variation, Lipschitz conditions, Peano 
kernels, and Montgomery identities have been 
investigated extensively. [1]These developments 
have significantly enhanced the applicability of 
Ostrowski-type inequalities in both theoretical 
and applied mathematics.[6] 
Among the various approaches available in the 
literature, the use of Montgomery identities and 
generalized Peano kernels has proved to be an 
effective technique for deriving sharp integral 
inequalities. [4, 5, 7]These methods provide 
elegant representations of the deviation of a 
function from its integral mean and lead to 
improved estimates under different smoothness 
assumptions. Consequently, they have become 
an important tool in the study of Ostrowski-type 
inequalities and related approximation results 
[8, 9] . 
Preliminaries 
In this section, we recall some basic definitions 
and well-known results that will be used 
throughout the paper. 
 Let 𝒇: [𝒂, 𝒃] →  ℝ be a real-valued function 
defined on a finite interval [𝒂, 𝒃]. 
Definition 2.1 (Integral Mean) 
The integral mean of a function f over the 
interval [𝒂, 𝒃] is defined by 

𝑴(𝒇; 𝒂, 𝒃) =  
𝟏

(𝒃 − 𝒂)
 න 𝒇(𝒕)𝒅𝒕

𝒃

𝒂

  

More generally, for any subinterval [𝒄, 𝒅] ⊆
 [𝒂, 𝒃], 

𝑴(𝒇; 𝒄, 𝒅) =  
𝟏

(𝒅 − 𝒄)
න 𝓬ᵈ 𝒇(𝒕)𝒅𝒕 

Integral means play a fundamental role in the 
theory of Ostrowski-type inequalities and 
numerical quadrature formulas. 
Definition 2.2 (Lp Spaces) 
For 𝟏 ≤  𝒑 <  ∞, the space 𝑳𝒑[𝒂, 𝒃] consists 
of all measurable functions satisfying 

ห|𝒇|ห
𝒑

 =  ቎න|𝒇(𝒕)|𝒑𝒅𝒕

𝒃

𝒂

቏

𝟏
𝒑

<  ∞ 

𝐹𝑜𝑟𝑝 = ∞, 

ห|𝒇|ห∞ = 𝐬𝐮 𝐩{|𝒇(𝒕)|: 𝒕 ∈  [𝒂, 𝒃]} 

These norms will be used to derive error bounds 
for generalized Ostrowski-type inequalities. 
Definition 2.3 (Conjugate Exponents) 
Let 𝒑 >  𝟏 and 𝒒 >  𝟏 satisfy 

𝟏

𝒑
+

𝟏

𝒒
=  𝟏. 

Then p and q are called conjugate exponents. 
Lemma 2.1 (Holder’s Inequality) 
Let 𝒖 ∈  𝑳𝒑[𝒂, 𝒃] and 𝒗 ∈  𝑳𝒒[𝒂, 𝒃], where 
𝟏

𝒑
+

𝟏

𝒒
=  𝟏. 

Then 

න|𝒖(𝒕)𝒗(𝒕)|𝒅𝒕 

𝒃

𝒂

≤  [න  |𝒖(𝒕)|ᵖ𝒅𝒕

𝒃

𝒂

]
𝟏
𝒑  ቎න|𝒗(𝒕)|𝒒𝒅𝒕

𝒃

𝒂

 ቏

𝟏
𝒒

 

Proof. 
The proof follows directly from the classical 
Holder inequality and may be found in 
standard texts on real analysis and integral 
inequalities. 
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Definition 2.4 (Beta Function) 
The Beta function is defined by 

𝑩(𝒎, 𝒏) = න 𝒕(𝒎ି𝟏)

𝟏

𝟎

 (𝟏 − 𝒕)(𝒏ି𝟏)𝒅𝒕,  𝒎, 𝒏 

>  𝟎 
The Beta function frequently appears in the 
evaluation of kernel integrals arising in 
Ostrowski-type inequalities. 
Classical Ostrowski Inequality 
For completeness, we recall the classical 
Ostrowski inequality [2]. 
Let 𝒇: [𝒂, 𝒃] →  ℝ be differentiable on (𝒂, 𝒃) 
and suppose that 

|𝒇ᇱ(𝒕)| ≤  𝑴,  𝒕 ∈  [𝒂, 𝒃]. 
Then 

ቮ 𝒇(𝒙) −  
𝟏

𝒃 − 𝒂
න 𝒇(𝒕)𝒅𝒕

𝒃

𝒂

  ቮ

≤  ൦
𝟏

𝟒
+

ቀ𝒙 −
𝒂 + 𝒃

𝟐
ቁ

𝟐

(𝒃 − 𝒂)𝟐 ൪ (𝒃

− 𝒂)𝑴   𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝒙 
∈  [𝒂, 𝒃] 

The above inequality serves as the foundation 
for numerous generalizations and extensions 
available in the literature. 
The results established in the next section are 
obtained through the construction of a 
generalized Peano kernel and a new 
Montgomery-type identity involving integral 
means over end intervals. 
Main Identity 
In this section, we establish a new Montgomery-
type identity involving integral means over end 
intervals [10] . The identity is obtained through 
the construction of a generalized Peano kernel 
and serves as the principal tool for deriving the 
main Ostrowski-type inequalities presented in 
this paper. Several special cases of the identity 
are also discussed. 
Lemma 3.1 
Let 𝑓: [𝑎, 𝑏]  → ℝ  be a continuous mapping. 
Define the generalized Peano kernel. 𝑝(𝑥, 𝑡) by  
For 𝑡 ∈  [𝑎, 𝑥] 

𝑝(𝑥, 𝑡)

=

⎩
⎪
⎨

⎪
⎧

𝛼

𝛼 + 𝛽

1

𝑥 − 𝑎
ቈ𝑡 − ൬

𝑎 + 𝑥

2
൰

ଶ

቉ (𝑥 − 𝑡), 𝑖𝑓  𝑡 ∈ [𝑎, 𝑥]

𝛽

𝛼 + 𝛽

1

𝑏 − 𝑥
ቜ𝑡 − ൬

𝑏 + 𝑥

2
൰

ଶ

ቝ (𝑥 − 𝑡),          𝑖𝑓 𝑡 ∈ (𝑥, 𝑏]

 

Then the following Montgomery-type identity 
holds: 

න 𝑝(𝑥, 𝑡)𝑓̈(𝑡)𝑑𝑡

௕

௔

=
1

𝛼 + 𝛽
ቈ

−𝛼

𝑥 − 𝑎
ቊ−𝑥

+ ൬
𝑎 + 𝑥

2
൰

ଶ

ቋ

+
𝛽

𝑏 − 𝑥
ቊ−𝑥

+ ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ቉ 𝑓(𝑥)

+  
1

𝛼 + 𝛽
ቈ

𝛼

𝑥 − 𝑎
ቊ𝑥 − 2𝑎

+ ൬
𝑎 + 𝑥

2
൰

ଶ

ቋ 𝑓(𝑎)

−
𝛽

𝑏 − 𝑥
ቊ𝑥 − 2𝑏

+  ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ 𝑓(𝑏)቉

−
1

𝛼 + 𝛽
ቈ𝛼 ቊ𝑎

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቋ 𝑓̇ (𝑎)

+ 𝛽 ቊ𝑏 −  ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ 𝑓̇(𝑏)቉

−  
2

𝛼 + 𝛽
[𝛼𝑀 (𝑓 ∶ 𝑎, 𝑥)

+ 𝛽𝑀(𝑓: 𝑥, 𝑏)].   
Proof 
Splitting the integral into two parts over the 
intervals [𝒂, 𝒙], [𝒙, 𝒃] and applying integration 
by parts to each term, we obtain the desired 
representation. Simplification of the resulting 
expressions completes the proof. ∎ 
The identity established in Lemma 3.1 provides 
a useful representation involving integral means 
over end intervals. This identity will be 
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employed in the next section to derive several 
new Ostrowski-type inequalities under different 
assumptions on the second derivative of the 
function. 
Main Results 
4.1 Introduction 
In this section, we derive new Ostrowski-type 
inequalities involving integral means over end 
intervals. The results are obtained by applying 
the Montgomery-type identity established in 
Lemma 3.1 together with suitable estimates of 
the generalized Peano kernel. The obtained 
inequalities provide bounds for the deviation of 
a function from its integral means in terms of 
the second derivative. Furthermore, several 
special cases are discussed to demonstrate the 
effectiveness of the derived results. 
Theorem 4.1 
Let 𝑓: [𝑎, 𝑏] → ℝ  be an absolutely continuous 
mapping and given below  

𝜏(𝑥, 𝛼, 𝛽) ≔
1

𝛼 + 𝛽
ቈ

−𝛼

𝑥 − 𝑎
ቊ−𝑥 + ൬

𝑎 + 𝑥

2
൰

ଶ

ቋ

+
𝛽

𝑏 − 𝑥
ቊ−𝑥

+ ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ቉ 𝑓(𝑥)

+  
1

𝛼 + 𝛽
ቈ

𝛼

𝑥 − 𝑎
ቊ𝑥 − 2𝑎

+ ൬
𝑎 + 𝑥

2
൰

ଶ

ቋ 𝑓(𝑎)

−
𝛽

𝑏 − 𝑥
ቊ𝑥 − 2𝑏

+  ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ 𝑓(𝑏)቉

−
1

𝛼 + 𝛽
ቈ𝛼 ቊ𝑎

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቋ 𝑓̇ (𝑎)

+ 𝛽 ቊ𝑏 −  ൬
𝑏 + 𝑥

2
൰

ଶ

ቋ 𝑓̇(𝑏)቉

−  
2

𝛼 + 𝛽
[𝛼𝑀 (𝑓 ∶ 𝑎, 𝑥)

+ 𝛽𝑀(𝑓: 𝑥, 𝑏)]. 
Where 𝑀(𝑓: 𝑎, 𝑏) is the integral mean.  Then 

|𝜏(𝑥, 𝛼, 𝛽)|

≤
ฮ𝑓̈ฮ

ஶ

2(𝛼 + 𝛽)
[𝛼 ቊ(𝑥 − 𝑎) ቆ𝑎 − ൬

𝑎 + 𝑥

2
൰

ଶ

ቇ

+
(𝑥 − 𝑎)ଶ

3

− 𝛽 ቊ(𝑏 − 𝑥) ቆ𝑏 − ൬
𝑏 + 𝑥

2
൰

ଶ

ቇ

−
(𝑏 − 𝑥)ଶ

3
ቋ቉               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛(4.1) 

Where 𝑓   ̈ ∈  𝑙ஶ [௔,௕]   
Proof. 

ቮන 𝑝(𝑥, 𝑡)𝑓̈(𝑡)𝑑𝑡

௕

௔

ቮ

≤ න|𝑝(𝑥, 𝑡)|ห𝑓̈(𝑡)ห𝑑𝑡

௕

௔

= ฮ𝑓̈ฮ
ஶ

න|𝑝(𝑥, 𝑡)|𝑑𝑡

௕

௔

    𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4.2) 

Now solving integral 

න|𝑝(𝑥, 𝑡)|𝑑𝑡

௕

௔

= න|𝑝(𝑥, 𝑡)|𝑑𝑡

௫

௔

+ න|𝑝(𝑥, 𝑡)|𝑑𝑡 = 𝐼ଵ + 𝐼ଶ

௕

௫

 

𝐼ଵୀ

𝛼

𝛼 + 𝛽
න

𝑡 − ቀ
𝑎 + 𝑥

2
ቁ

ଶ

𝑥 − 𝑎
(𝑥 − 𝑡)𝑑𝑡

௫

௔

=
𝛼

(𝛼 + 𝛽)(𝑥 − 𝑎)
න ቆ𝑡 − ൬

𝑎 + 𝑥

2
൰

ଶ

ቇ (𝑥

௫

௔

− 𝑡)𝑑𝑡

=
𝛼

(𝛼 + 𝛽)(𝑥 − 𝑎)
[
−(𝑥 − 𝑡)ଶ

2
ቆ𝑡

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቇቤ
௔

௫

−
(𝑥 − 𝑡)ଷ

6
ቤ

௔

௫

=
𝛼

(𝛼 + 𝛽)(𝑥 − 𝑎)
ቈ
(𝑥 − 𝑎)ଶ

2
ቆ𝑎 − ൬

𝑎 + 𝑥

2
൰

ଶ

ቇ

+
(𝑥 − 𝑎)ଷ

6
቉     
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Hence 

𝐼ଵ = න|𝑝(𝑥, 𝑡)|𝑑𝑡

௫

௔

=
𝛼

2(𝛼 + 𝛽)
ቈ(𝑥 − 𝑎) ቆ𝑎

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቇ +
(𝑥 − 𝑎)ଶ

3
቉ 

Now we take 
𝐼ଶ

= න|𝑝(𝑥, 𝑡)|𝑑𝑡

௕

௫

=
𝛽

(𝛼 + 𝛽)(𝑏 − 𝑥)
න ቆ𝑡 − ൬

𝑏 + 𝑥

2
൰

ଶ

ቇ (𝑥

௫

௔

− 𝑡)𝑑𝑡

=
𝛽

(𝛼 + 𝛽)(𝑏 − 𝑥)
൥
−(𝑥 − 𝑡)ଶ

2
ቆ𝑡

− ൬
𝑏 + 𝑥

2
൰

ଶ

ቇቤ
௫

௕

−
(𝑥 − 𝑡)ଷ

6
ቤ

௫

௕

൩

=
𝛽

(𝛼 + 𝛽)(𝑏 − 𝑥)
[
−(𝑥 − 𝑏)ଶ

2
ቆ𝑏

− ൬
𝑏 + 𝑥

2
൰

ଶ

ቇ −
(𝑥 − 𝑏)ଷ

6
] 

Hence  

𝐼ଶ = න|𝑝(𝑥, 𝑡)|𝑑𝑡

௕

௫

=
−𝛽

2(𝛼 + 𝛽)
[(𝑏 − 𝑥) ቆ𝑏

− ൬
𝑏 + 𝑥

2
൰

ଶ

ቇ −
(𝑏 − 𝑥)ଶ

3
] 

Now adding 𝐼ଵ 𝑎𝑛𝑑 𝐼ଶ  

න|𝑝(𝑥, 𝑡)|𝑑𝑡

௕

௔

=
𝛼

2(𝛼 + 𝛽)
ቈ(𝑥 − 𝑎) ቆ𝑎 − ൬

𝑎 + 𝑥

2
൰

ଶ

ቇ

+
(𝑥 − 𝑎)ଶ

3
቉

−
𝛽

2(𝛼 + 𝛽)
[(𝑏 − 𝑥) ቆ𝑏 − ൬

𝑏 + 𝑥

2
൰

ଶ

ቇ

−
(𝑏 − 𝑥)ଶ

3
]              𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4.3) 

Using Equation (4.3) in Equation (4.2) we get 
required Equation (4.1) 

ቮන 𝑝(𝑥, 𝑡)𝑓̈

௕

௔

 (𝑡)𝑑𝑡ቮ

≤
ฮ𝑓̈ฮ

ஶ

2(𝛼 + 𝛽)
 [𝛼 ቊ(𝑥 − 𝑎) ቆ𝑎

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቇ +
(𝑥 − 𝑎)ଶ

3

− 𝛽 ቊ(𝑏 − 𝑥) ቆ𝑏

− ൬
𝑏 + 𝑥

2
൰

ଶ

ቇ −
(𝑏 − 𝑥)ଶ

3
ቋ቉  

Hence Proved.  
Special Cases 
Corollary 4.1 
If 𝛼 = 𝛽 then theorem 4.1 gives 

ቮන 𝑝(𝑥, 𝑡)𝑓̈

௕

௔

 (𝑡)𝑑𝑡ቮ

≤
ฮ𝑓̈ฮ

ஶ

4
 [ቊ(𝑥 − 𝑎) ቆ𝑎

− ൬
𝑎 + 𝑥

2
൰

ଶ

ቇ +
(𝑥 − 𝑎)ଶ

3

− ቊ(𝑏 − 𝑥) ቆ𝑏 − ൬
𝑏 + 𝑥

2
൰

ଶ

ቇ

−
(𝑏 − 𝑥)ଶ

3
ቋ቉ . 

Proof. 
The result follows immediately from theorem 
4.1 by taking 𝛼 = 𝛽.  
Corollary 4.2  
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if 𝑥 =
௔ା௕

ଶ
, then theorem 4.1 becomes  

ቮන 𝑝 ൬
𝑎 + 𝑏

2
, 𝑡൰ 𝑓̈

௕

௔

 (𝑡)𝑑𝑡ቮ

≤
ฮ𝑓̈ฮ

ஶ

2(𝛼 + 𝛽)
 [αA − βB 

Where 

𝐴 = ൬
𝑏 − 𝑎

2
൰ ቈ𝑎 − ൬

3𝑎 + 𝑏

4
൰

ଶ

቉ +
(𝑏 − 𝑎)ଶ

12
 , 

And 

𝐵 = ൬
𝑏 − 𝑎

2
൰ ቈ𝑏 − ൬

𝑎 + 3𝑏

4
൰

ଶ

቉ −
(𝑏 − 𝑎)ଶ

12
 . 

Proof 
The result follows from theorem 4.1 by taking 

𝑥 =
௔ା௕

ଶ
. 

Applications 
In this section, we discuss some possible 
applications of the obtained Ostrowski-type 
inequality. The result established in Theorem 
4.1 can be used in the estimation of integral 
means, numerical integration, and error 
analysis. Since the inequality provides a bound 
in terms of the second derivative of the 
function, it is useful for estimating the deviation 
between a function and its integral mean over 
subintervals. 
The special cases obtained in Corollaries 4.1 
and 4.2 show that the main result can be 
reduced to symmetric and midpoint-type 
inequalities by choosing suitable values of the 
parameters. These forms are particularly useful 
in midpoint and trapezoidal approximation 
methods. 
The obtained results may also be applied in 
approximation theory, quadrature formulas, 
and the study of integral operators. Hence, the 
developed Montgomery-type identity provides a 
flexible framework for deriving further 
inequalities of Ostrowski type. 
Conclusion 
In this paper, we established a new 
Montgomery-type identity involving integral 
means over end intervals by constructing a 
generalized Peano kernel. Based on this 
identity, a new Ostrowski-type inequality was 

derived under the assumption that the second 
derivative of the function is bounded. The 
obtained inequality provides an explicit upper 
bound for the deviation involving integral 
means over end intervals. 
Furthermore, two important special cases were 
presented, illustrating the flexibility and 
applicability of the proposed result. The 
developed inequality extends and generalizes 
several existing Ostrowski-type inequalities 
available in the literature. The obtained results 
may find useful applications in numerical 
integration, approximation theory, and the 
analysis of quadrature formulas. 
Future work may focus on extending the 
proposed approach to fractional calculus, 
convex functions, quantum calculus, and other 
generalized integral operators. 
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