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Abstract

The von Neumann bottleneck in deep neural network inference can be addressed by
analog compute-in-memory (CiM) by analog matrix-vector multiplication performed
in the memory array. This can, in principle, reduce energy consumption by one to two
orders of magnitude in comparison to digital accelerators. However, in practice, the
accuracy of inferences is far from perfect due to analog non-idealities such as device
noise, conductance - programming variabilityy, ADC quantization, and signal
saturation, making analog CiM impractical for realworld applications. This paper
proposes a comprehensive mathematical optimization framework by combining the
device physics, circuit design, and neural network training to obtain the minimum
inference error for analog CiM systems. A closed-form statistical model of error
propagation through memristor crossbar is first developed, accounting for thermal
noise, shot noise, programming noise, and quantization of the ADC.Thermal noise,
shot noise, programming noise and ADC quantization are first captured in a closed-
form statistical model of error propagation through a memristor crossbar. Based on
this model, we formulate the optimization of the conductance range [G_min, G_max
| and the full-scale (FS) of the ADC as a convex program and obtain globally optimal
parameters that provide a balance between signal strength, noise, and risk of signal
saturation. We then present a noise-aware version of the digital ReLU, f _"ReLU" _ (
X ) to incorporate the distribution of analog noise and the ADC saturation during
fine-tuning so that the network can learn hardware-robust representations. Our
framework is validated on a simulated 128x128 memristor crossbar, with the MNIST
database and a 3-layer multi-layer perceptron. Compared with naive analog mapping
with the accuracy loss of 6.74% against an ideal digital baseline, our approach retrieves
86.8% of this loss in the test, resulting in 97.32% accuracy (within 0.89% of digital),
and retains the energy efficiency of analog computing. The optimized system decreases
output mean squared error by 86% compared to naive analog mapping (14x compared
to digital), and increases energy efficiency by 11% compared to naive analog mapping
(14x compared to digital). Ablation studies indicate that both convex optimization
and noise-aware activation are important for recovery of accuracy, and sensitivity
analysis proves that the framework allows for a viable 3-bit ADC operation (93.8%
accuracy). The results show that algorithm-hardware co-design, based on convex
optimization and noise-aware learning, can bridge this accuracy gap between analog
and digital computing, while maintaining the energy advantage of in-memory
architectures. The architecture is independent - which could adapt to any resistive
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memory technology - compute-efficient - with the microseconds per layer - and easily

deployable to practical edge analog Al accelerators.

1. Introduction

1.1 Motivation

Deep neural networks (DNNs) have seen the
highest growth in computational requirements in
the past decade, with increased data dimensions
and larger models. The von Neumann computing
architecture, however, has well-established
memory wall/memory bottleneck due to the
physical separation of memory and processing
units. In this paradigm, most of the energy and
latency of DNN inference is spent in the non-stop
movement of weights and activations between
memory and compute units. This data transfer is
the largest source of energy dissipation for edge
devices with tight power constraints, and can
consume more than 90% of the inference energy
(1].

A possible alternative is Analog Compute-in-
Memory (CiM). Analog CiM can directly perform
matrix-vector multiplication (MVM) in the
memory array, the dominant operation in fully-
connected and convolutional layers, with an ideal
time complexity of O(1) per MVM, regardless of
matrix size, thanks to physical laws: Ohm's law and
Kirchhoff's current law. The most advanced
application of this concept is the memristor
crossbar, in which each crosspoint device has a
conductance value that corresponds to a weight in
a neural network [2].

In theory, analog CiM can lower the inference
power by 1-2 orders of magnitude over digital
accelerators. However, analog CiM has a major
concern: analog errors stack up across devices,
columns, and layers. Digital computation ensures
bit exactness of results, whereas analog MVM has
multiple non-ideal physical effects that corrupt the
results. If not suitably mathematically optimized,
these errors reduce the accuracy of the neural
network to unacceptable levels, offsetting the
energy efficiency..

1.2 Key Challenges

This is the result of four principal sources of error
arising from the ideal mathematical MVM to the
physical analog implementation, which are drawn
pictorially.
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Device non-linearity. Practical memristors do not
exhibit an ideal ohmic relationship of the current-
voltage (I-V) relationship. To date, many resistive
RAM (RRAM) devices have been found to show
non-linear conduction, especially at low read
voltage values, such that the conductance stored
in the device is not fixed but is dependent on the
read voltage. This is a violation of the linearity
property which is assumed in the [=G-V equation,
which could lead to systematic multiplicative
errors that are dependent upon the amplitude of
the input signals.

Stochastic noise. There are two types of random
variations in memristors. When the same voltage
is applied to the cell, the conductance will show
stochastic variation between read operations, this
is called Cycle-to-cycle (C2C) noise. The term
device-to-device variation is used for the
permanent conductance after
programming, which is caused by an imperfect
write process. They can be modeled as either
additive or multiplicative Gaussian noise sources,
with their statistical characteristics being device
physics, materials, and program parameters
dependent.

ADC quantization. The analog output currents
from a crossbar column need to be digitized, for
further processing, such as activation functions

variation in

and inter-layer communications. Due to area and
power limitations, the bit precision of the practical
analog to digital converter (ADC) integrated on-
chip is severely limited, typically 4 to 8 bits [3].
This quantization is the source of errors that are
evenly distributed over the quantization steps
under normal operating conditions but are very
non-linear when the input signal is outside of the
ADC's full-scale range (saturation).

Activation function mismatch. The non-linear
activation functions, RelLU, tanh, sigmoid, are
crucial for the expressivity of a DNN. For analog
CiM accelerators, these functions are not
performed in the analog domain but instead are
performed digitally after the ADC conversion.
The activation function then gets the ideal pre-
activation value that is quantized and noisy. This
mismatch also causes truncation errors and, more
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insidiously, biases the expected output of the
activation function from what it would be in the
ideal noise-free scenario.

All four of these challenges make the simple
application of pre-trained DNNs to analog CiM
hardware impractical. Accuracies of 5 to 15% are
usual, even with simple data like MNIST [4] for
neural networks that are not optimised for
mapping weights to conductances and that do not
consider the ADC interface during design, unless
a principled mathematical framework is used to
optimise the mapping of weights to conductances.
1.3 Contributions

This research study addresses the aforementioned
challenges by developing a mathematically
rigorous optimization framework for analog
compute-in-memory.  This  study  specific
contributions are as follows:

1. A mathematical model of error
propagation through analog MVM and
ADC. We derive closed-form expressions for the
mean squared error (MSE) at the output of a
memristor crossbar column, incorporating device
noise (read and programming variations), ADC
quantization noise, and input-dependent signal
scaling. The model captures both the additive and
multiplicative nature of analog errors, enabling
tractable optimization.

2. Optimal conductance range selection via
convex optimization. We formulate the problem
of selecting the
conductance

minimum and maximum
(Gmin» Gmax) to which
network weights are mapped, together with the
ADC fullscale range (FS), as a
optimization problem that minimizes the expected
output MSE. This formulation respects device-
specific constraints (e.g., limited conductance
window, maximum current before non-linearity)
and yields a globally optimal solution.

3. Noise-aware activation clipping to avoid
ADC saturation. We propose a novel activation

values

convex

function, termed the noiseaware clipped RelU,
which modifies the digital activation step to
account for the statistical distribution of analog
noise. This function reduces the probability of
ADC saturation by adaptively adjusting the
effective full-scale range based on layer-wise noise
statistics, without requiring additional hardware
calibration.

4. Validation on a simulated 128x128
memristor crossbar. We implement a cycle-
accurate simulation of a memristor crossbar with
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realistic noise parameters derived from published
RRAM device measurements. Using a three-layer
multi-layer perceptron (MLP) trained on the
MNIST dataset, we that our
optimization framework recovers 75% of the
accuracy loss induced by analog non-idealities
compared to a naive mapping baseline, achieving
final test accuracy within 0.9% of an ideal floating-
point implementation.

Paper organization. Section 2 presents the
mathematical model of the analog crossbar and
ADC. Section 3 formulates the conductance

demonstrate

mapping and FS optimization as a convex
program. Section 4 introduces the noise-aware
activation function. Section 5 describes the
experimental methodology, including device
parameters and network architecture. Section 6
reports simulation results, and Section 7 discusses
limitations and future directions. Section 8
concludes the paper.

2. Mathematical Model of Analog Matrix
Multiplication

This develops a  comprehensive
mathematical framework for analog matrix-vector
multiplication (MVM) in memristor crossbars.
We begin with the ideal digital baseline, then
introduce the physical non-idealities of the analog
crossbar, followed by a statistical model of ADC
quantization. The section concludes with a closed-
form expression for total output noise variance
that serves as the foundation for the optimization
presented in Section 3.

2.1 Ideal Versus Real Memristor Crossbar

2.1.1 Ideal Digital Matrix-Vector Multiplication
In a conventional digital accelerator, a matrix-
vector multiplication  between a  weight
matrix W € R™™ and an input vector X € R" is
computed as:

n
yj = Z Wi x;,Vj € {1,2,...,m}
i=1

section

where y; denotes the j-th element of the output
vectory € R™. This operation requires m X
n multiply-accumulate (MAC) operations and,
crucially, moving  the  weight
matrix W from memory to the compute unit. The
energy cost of this data movement dominates the
total energy consumption in modern DNN
inference [5].

2.1.2 Analog Crossbar Operation

In a memristor crossbar, the weight matrix is
programmed as a conductance matrix G € R™*™,

involves
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where each element Gji (conductance measured
in siemens) is proportional to the corresponding
digital weight Wj;. The input vector X is applied as
voltages V; (in volts) to the n wordlines (rows) of
the crossbar. By Ohm's law, the current
contributed by the i-th through
device Gj; is Gj;V;. These currents sum along each

column

bitline (column) according to Kirchhoff's current
law, producing an output current [; for the j-th
output channel:

n
i=1

In practice, the mapping from digital weights to
conductances and from input values to voltages is
affine:

Gj; = awWj; + Bw, Vi = ayx; + By
where ay, By, @y, By are  scaling and  offset
parameters  determined by the  device's
conductance range and the input driver circuitry.
Without loss of generality, we assume zero offsets
and unit scaling for the ideal analysis, such
that Gj; = Wj; and V; = x;. The effect of non-
ideal scaling is absorbed into the optimization
variables introduced in Section 3.

2.1.3 Noise Sources in Physical Memristors

In a physical implementation, the output current

is corrupted by several stochastic noise processes:
n

i=1

where 77; is a random variable representing total
noise at the j-th bitline. Based on established
memristor physics [6], [7], 1 j comprises three
statistically independent components:

Thermal noise (Johnson-Nyquist noise). Arising
from random thermal agitation of charge carriers,
thermal noise is signal-independent and follows a
Gaussian distribution:

~ N(0,0), 0 = 41;;3TB

eq

where kg is Boltzmann's constant, T is absolute
temperature, B is the measurement bandwidth,

(thermal)
J

and Req is the equivalent resistance seen at the
bitline. For typical operating conditions (T =
300K, B = 1MHz, R,q = 10 kQ), o, = 0.4 nA,
which is often negligible compared to other noise
sources.

Shot noise. Caused by the discrete nature of
charge carriers crossing a potential barrier, shot
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signal-dependent. Its variance is

proportional to the mean current:
Var(n(ShOt)) = 2qBlI;

where ¢ = 1.602 X 10_19 Cis the elementary
charge. For a typical output current I; = 10 uA,
the shot noise standard deviation s
approximately 0.18 pA, which can be significant
relative to signal levels.

Programming noise (write variability). When
programming a memristor to a target

target
conductanceG 8t the

noise is

actual  achieved

conductance varies due to the stochastic nature of
conductive filament formation. This device-to-
device (D2D) variation is commonly modeled as:

Gji = G;; * + 6Gjy, 6Gyg

~ N(O, O_prog(GjtfrgEt))
Experimental measurements [8] indicate that the
programming noise standard deviation scales
approximately linearly with conductance:
Gprog(G) = Yprog G
where Yprog ranges from 0.01 to 0.05 (1-5%)
depending on device maturity and programming
algorithm. This multiplicative noise propagates

through the MVM as:

Zac Vi ~ N( Z?

Combrned noise model. For mathematical
tractability, we approximate the sum of these
independent noise sources as a single zero-mean
Gaussian random variable whose variance is the
sum of the individual This
approximation is justified by the central limit
theorem, as the total noise arises from many
microscopic contributions. However, we retain
the signal-dependent nature of shot and
programming noise:

~N(00,

Virog GAVP)

variances.

mse]) n01se]

= o5 + 2qBI;
n

+ szrog Z szi Vi2

Note that Grfoise,j depends on the

index j through I; and the sum over squared

output

conductances.

2.2 ADC Quantization Model

After the analog current I; is accumulated on the
bitline, it must be converted to a digital value for
subsequent digital processing (e.g., activation
functions, batch normalization, or
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layer). This
conversion is performed by an analog-to-digital
converter (ADC) integrated at the periphery of the
crossbar array.

2.2.1 Uniform Mid-Rise Quantization

We assume a uniform mid-rise quantizer, which is
standard for symmetric signal ranges. The ADC
maps the continuous input current Ij to a discrete

communication to the next

digital output J; as follows:

— q (I,-)
i =A-round (-
Yj A
where round(:) rounds to the nearest integer,
and the quantization step size A is given by:

FS

A=
Here, FS denotes the full-scale current range (in
amperes), and b is the number of bits of the ADC.
The quantizer is defined for inputs within the
range [—FS/2,FS/2]; inputs outside this range
saturate to the nearest extreme output value.
2.2.2 Quantization Noise Model
Under the standard assumption that the
quantization  error e, = §; — I; is  uniformly
distributed and uncorrelated with the signal (valid
when the input signal is sufficiently active and the
step size is small relative to signal variations), the
quantization noise variance is:
N? FS?
12 12-22b
This expression reveals the fundamental trade-off:
increasing the number of bits b reduces
quantization noise exponentially, but each
additional bit approximately doubles the ADC
power consumption and area [9]. For edge
computing applications, b is typically limited to
4-8 bits.
2.2.3 Saturation Effects
When the input current | [; |> FS/2, the ADC
saturates, producing an output clipped to £FS/2.
Saturation introduces large, non-linear errors that
cannot be modeled as additive Gaussian noise.
The probability of saturation for the j-th output
is:

2 _
O'q—

Poaej =Pr(11; 1> %)

Assuming [j is ~ Gaussian  distributed  with

_ . 2 _
mean flj; = Zi Gj; E[V;] and variance 0y, =

Z_ Gﬁ Var(V;) + afoise’ i the
l

probability can be expressed in terms of the
Gaussian Q-function:

saturation

https://thesesjournal.com
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FS/2 — 1. FS/2 + 1),
o (8]
a,é.o oy
where Q(2) = \/%J.Z e /2dt. To maintain

acceptable accuracy, we typically require Py, j <
1073, which translates to a design constraint
relating FS to the expected signal range.

2.3 Total Output Noise Variance

We now combine the analog noise from Section
2.1 with the quantization noise from Section 2.2
to obtain a unified expression for the total mean
squared error (MSE) at the ADC output, assuming
no saturation.

2.3.1 Variance Decomposition

The total error at outputjis the difference
between the quantized output ¥; and the ideal
digital output y;:

€totalj = Vj —Vj = + (~yj)

g .
analog noise

@=1)
quantiza?ion error
Because the quantization error and analog noise
are statistically independent (the former depends
on the ADC circuitry, the latter on memristor
physics), the total variance is additive:

2 — — 2 2
Gtotal,j - Var(etotal,j) - Uq + Unoise,j
where 0'5 = FS?/(12-2%P) as derived above,

and 02 ;.. : includes  thermal, shot, and

noise, j
programming contributions.
2.3.2 Input-Dependent Noise Expression
Expanding 07 ; using the model from Section

2.1.3, we obtain:

n
2 FSZ 2
Ototalj = 75 . 52b T Oth T 2qB Z Gj; V;
=1

For typical DNN inputs, the voltages V; are zero-
mean or have small mean after batch
normalization. Taking expectations over the input
distribution, the mean total variance across all
outputs is:

FS2 =
Ex[0tta] = 750t o4 + 29B Z Gj; E[V{]
=1

n
+ ypzrog z szi E[Viz]
i=1

If inputs are normalized such that E[V;] =
0 and E[V?] = 0% (a common assumption after
batch normalization), this simplifies to:
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FS2

2 — 2 2
]EX[O-tOtal,j] - 12 . 22[) + Oth + ypzrogo-‘; G]l

n

i=1
The shot noise term vanishes under zero-mean

inputs because E[V;] = 0. In practice, small
residual means may exist, but we neglect them for
the optimization that follows.

2.3.3 Layer-Wise Noise Propagation

For a multilayer neural network, the noise at
layer £ becomes the input noise for layer € + 1.
2.4 Summary of Key Equations

This propagation can be modeled recursively.
Lety® be the ideal
and § the noisy quantized output. The input to
layer € + 1 is x(t+1) = f§D), where fis a

non-linear activation function. The variance

output of layer £,

of x(¢+1) depends on both the noise variance at
layer £ and the slope of f. For the RelU

activation, this propagation is analyzed in Section

4.

For convenient reference, Table 1 summarizes the key mathematical relationships derived in this section.

Quantity Symbol Expression
Ideal MVM Vi Z Wi x;
L
Analog output current I Z Gji Vi +n;j
L
ADC output Jj A - round(l;/A)
Quantization step A FS/2b
Quantization noise variance U,? FS?/(12 - 22%)
Programming noise variance Ugrog szrog Z G]% Viz
L
02+ o + 2qBZ.GjL- V;
Total output MSE (no saturation) Ol al j L
' 2 2172
* Yprog Z GV
L
Table 1:Summary of key mathematical where Gpin and Gpax are  the minimum and

expressions for analog MVM with quantization.
3. Optimal Conductance Range Selection via
Convex Optimization

Having established a statistical model of noise and
quantization errors in Section 2, we now address
the central optimization problem of this paper:
given a pre-trained neural network and a target
memristor crossbar with fixed ADC bit
precision b, how should we map the digital
weights to physical conductances and set the ADC
full-scale range to minimize the expected inference
error! This section formulates this problem as a
convex optimization, proves its convexity, and
presents an efficient solution method.

3.1 Problem Formulation

3.1.1 Weight-to-Conductance Mapping

Let Wj; denote an element of the digital weight
matrix for a particular layer, with known
bounds Wi and Wyax (these can be computed
per layer or globally). We map these weights to
conductances Gj; via an affine transformation:

Wi; — Wi
L (Gmax - Gmin)Virj

Gii = Guin +
J i Wmax - Wmin

https://thesesjournal.com
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maximum programmable conductances of the
memrtistor device. Equivalently, in vector form:

Gmax - Gmin
G=Gpin1l+——m(W—-W,,;i»n1
min Wmax _ Wmln ( min )
where 1 denotes the allones matrix of

appropriate dimensions.
Design variables. The parameters we can control
are:

* Gmin € [Gminr Gmax]
i Gmax € [Gmin' Gmax] with Gmax > Gmin
. FS € R* (ADC full-scale current)

The device limits G, and Gpax are determined
by the memristor technology. Typical values for
emerging RRAM are Gip, ® 10 uS and Gpax =
100 uS, giving a dynamic range of approximately
one order of magnitude [10].

3.1.2 Input Voltage Scaling

Similarly, the input vector x; (output from
previous layer or network input) is mapped to a
voltage V; applied to the wordline:

Vi = Vscale " Xi

where Ve is a global scaling factor determined
by the input driver circuitry. Without loss of
generality, we absorb V., into the conductance
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redefining Gj; < Gj;Vscale-  For

notational simplicity, we assume Vscale =1 and
treat Gji as having units of current per unit input

mapping by

(i.e., effective transconductance). The constraints
on V; (e.g., maximum voltage to avoid device
breakdown) are addressed by bounding the input
range of X;.

3.1.3 Objective Function
From Section 2.3.2, under zero-mean inputs with
variance 02, the expected mean squared error
(MSE) at the output of a single layer is:

m

1
L(Gmin, GmaxFS) = Ez Ey [Utzc)tal,j]
j=1
Substituting the expression from Section 2.3.2:

FS? vZ
— 2 prog x
L= tont E Z

The thermal noise term ¢, is mdependent of the

design variables and can be omitted from the
optimization (it contributes a constant offset). The
key coupling is between FS and Gj;:
increase  the

larger
signal  power
(improving SNR relative to fixed quantization
noise) but also increase programming noise. The
ADC full-scale FS must be chosen large enough to
avoid saturation, but larger FS increases
quantization step size A and thus quantization
noise.

3.1.4 Saturation Constraint

conductances

To avoid non-linear saturation errors, we require
that the expected peak output current does not
exceed the ADC fullscale range with high
probability. A common design choice is to set FS
such that the maximum possible output current
(under worst-case inputs) is at most FS/2.
However, this is overly conservative for neural
networks where extreme input combinations are
rare.

We adopt a probabilistic constraint: the saturation
probability per output should be less than a
tolerance gy (e.g., 1073). For zero-mean inputs
with  maximum absolute value Xp,x, the
maximum possible current magnitude at
output j is:

n n
| [ Imax= z |Gji Il X; Imax< xmaxz IGji |
i=1 i=1

Assuming all conductances are positive (typical for
unipolar memristors), this simplifies to:

https://thesesjournal.com
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T
| Ij lmax= xmaxz G]L
i=1

A sufficient condition to guarantee Py, j < €gyy is
to set:

FS=2- xmaxmaxz G
J 4

This deterministic bound ensures that no input
combination within the allowed range causes
saturation. While conservative, it is tractable and
widely used in hardware design [11]. We adopt
this constraint for the remainder of this paper.
3.2 Convex Reformulation

3.2.1 Expressing the Objective in Terms of
Design Variables

We substitute the affine mapping of Gj; into the
objective. Define the normalized weight matrix:

W, = i~ € [0,1]
ot Wmax - Wmin ’
Then:
Gji = Gmin + (Gmax — Gmin)mlji

The sum of squares term becomes:

m m
n n
E Z szi = E Z(Gmin + (Gmax
- i=1 i=1
j=1

mln) )

Expanding:
= mnGpyi, + 2Gmm(Gmaxm
Gmin) E Gmax
i=1
S
m
n
- Gmin)z E z VV]%
- i=1
Jj=1
S,

where S; is the sum of all normalized weights,
and S, is the sum of their squares. Both are

constants computed from the pre-trained
network.
Let A¢ = Gmax — Gmin = 0. Then the objective
becomes:
L(Gminr AG'FS)
FS?
©12-22b

YZ0g02
+ 28T ImnG i +2GminAe S1+02S,]

+ constant
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3.2.2 Saturation Constraint in Terms of Design
Variables

The maximum per-output sum of conductances is:

n n
mjaxz Gji = mjaXZ(Gmin + AGVVﬁ)
i=1 i=1
n
= NGy + B¢ - maXZ W/ﬁ
J
i=1

n
Define T = max; Z Wj;, the maximum row
i=1

sum of normalized weights. The saturation
constraint becomes:
FS > 250 (MGrmin+A¢T)

3.2.3 Device Constraints
The conductance range is bounded by device
physics:

Gmin 2 Gmin Gmax = Gmin + 86 < Gmax
Thus:

Gmin =< Gmin =< Gmaxr 0< AG =< Gmax - Gmin
Additionally, to ensure a meaningful mapping
(positive conductance range), we require Ag =
Omin > 0, where 8,ip, is the minimum resolvable
conductance difference determined by the
programming circuitry.

3.2.4 Complete Optimization Problem
Minimize over Gpin, Ag,FS:

FS?
L= T332 + a(MnG,in+2GminAgS1+A%S,)
2 2
where a = ypmgax’ subject to:

FS = 2xnax(MGmin+AT)

Gmin = Gmin < Gmax

0 =< AG < Gmax - Gmin
AG 2 5min

FS >0

3.3 Proof of Convexity

Theorem 1. The optimization problem defined
above is convex.

Proof. We examine each term in the objective and
constraints.

1. Objective function. The termmis
quadratic in FS with positive coefficient, hence

convex. The term a(mnGy iy + 2GminAgS1 +

AZS,)is a  quadratic  form  in  the
vector (Gpin’ Ag). Its Hessian matrix is:
mn S;
H=2a s, 52]

By the Cauchy-Schwarz inequality, SZ < (mn)S,,
which implies that the Hessian is positive
semidefinite. Therefore, this term is convex. The
sum of convex functions is convex.

https://thesesjournal.com
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2. Constraints.

o The inequality FS >
2Xmax (Gimin + AgT) is lincar in (Gpipy Ag’ FS),
hence defines a convex halfspace.

o The bounds on G, and Ag are
box constraints, which are convex.
o The constraint Ag = ppjn is a

linear lower bound.

Since the objective is convex and the feasible set is
an intersection of convex sets (halfspaces and
boxes), the problem is convex.

Convexity guarantees that any local minimum is
globally optimal, and efficient numerical solvers
can find the solution reliably.

3.4 Analytical Solution for Special Cases

While the general problem requires numerical
solution, we derive closed-form solutions for two
important special cases to build intuition.

3.4.1 Fixed Conductance Range, Variable FS

If Gin and Ag; are fixed (e.g., using the full device

range), the objective reduces to:
2

L(FS) = 17720
subject to FS = FSpin = 2%max(MGpin + AcT).
The quadratic is increasing in FS for FS > 0, so the
optimal solution is at the boundary:

FS* = FSmin

Thus, the ADC full-scale should be set exactly to
the minimum value that avoids saturation. This
matches intuition: any larger FS only increases
quantization noise without benefit.
3.4.2 Fixed FS, Variable Conductance Range
If FS is fixed (e.g., by available ADC hard macros),
the objective becomes:
L(Grmins ) = E0MNGryin+2GrminA6$1+03S,)

+ constant
0 NGpnin + AgT < -

+ constant

subject (from  the

max
saturation constraint) and the device bounds. This

is a convex quadratic program. The unconstrained
minimum (ignoring the saturation constraint)
occurs where the gradient vanishes:
oL aL
G 2a(mnGuyin + AgS1) = O,E
= Za(Gmin51 + AGSZ) = 0

This system has only the trivial solution Gy, =
A; =0, which violates the lower bounds.
Therefore, the optimum lies on the boundary of
the feasible region. The saturation constraint is
typically active, giving:
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NGupin + AcT =

‘xmax
Substituting this linear relationship into the

objective reduces it to a one-dimensional convex
problem in Gpip (or Ag), solvable in closed form.
3.5 Numerical Solution Algorithm

For the general case where both FS and the
conductance range are optimized jointly, we
employ the following algorithm:

Algorithm 1: Joint optimization of conductance

range and ADC full-scale

1. Input: Device

parameters Gin, Gmax> Smins Yprogs Network
statistics S1,55, T, 02, Xmax; ADC bits b;
Tolerance €.

2. Formulate the convex problem as in
Section 3.2.4.

3. Solve using a standard convex

optimizer (e.g., CVXOPT, ECOS, or MOSEK).
The problem has only 3 variables and simple
constraints, so it solves in microseconds.

adaptation across layers, this
optimization is performed once per layer during
network deployment.

3.6 Layer-Wise vs. Global Optimization

A critical design choice is whether to use the
same Gpin, Grmax FS for all layers or to optimize

For real-time

per layer.
Layer-wise optimization (our default) treats each
layer independently, using its own weight

statistics Sl(l),Sz(l),T(l). This yields lower overall
error because each layer's conductance range can
be tailored to its weight distribution. However, it
requires either: (a) separate crossbar arrays per
layer with different programming parameters, or
(b) reconfigurable ADC full-scale per layer. Both
are feasible in modern mixed-signal designs [12].
Global optimization uses the same parameters for
all layers, simplifying control logic but potentially
increasing error. The global objective becomes a
sum of layer-wise objectives, which remains convex
and can be solved similarly.

4. Extract optimal values: G i, A;;, FS™. For the remainder of this paper, we assume layer-
5. Compute Gpax = Gpin + A¢- wise optimization unless stated otherwise.
6. Return: Optimal mapping parameters.
3.7 Summary of Key Results
Result Expression

Optimal FS (fixed Gpin, Ag)

Feasible region
Objective (ignoring constants) L

Convexity

12 . 22b
Proven via positive semidefinite Hessian and linear constraints

FS§" = meax(nGmin + AGT)

Gmin < Gmin = Gmax' 6mir1 < AG < Gmax - Gmin

FS?
+ a(MnG i, +2GminAgS1+AZS,)

Table 2: Summary of optimization results for
conductance range and ADC full-scale selection.
4. Noise-Aware Activation Clipping to Avoid
ADC Saturation

The optimization in Section 3 determines optimal
conductance ranges and ADC full-scale settings
under the assumption that inputs remain within
the linear region of the ADC. However, even with
optimally chosen FS, the stochastic nature of
neural network activations—combined with
analog noise—can occasionally drive the ADC into
saturation. Saturation introduces non-linear, non-
Gaussian errors that are not captured by the MSE
model of Section 2 and can severely degrade
inference accuracy. This section proposes a
novel noiseaware activation  clipping mechanism
that modifies the digital activation function to
account for both the input distribution and the
analog noise statistics, thereby reducing saturation
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probability without shrinking the signal range
excessively.

4.1 The Saturation Problem in Analog CiM
4.1.1 Sources of Saturation

Recall from Section 2.2 that the ADC saturates
when the input current I; exceeds the full-scale
range +FS/2. Even when the nominal (noise-free)

current [ = Z Gj; V; lies
i
within [-FS/2,FS/2], the addition of analog

noise 77 can push the total current beyond these

bounds. The probability of this event, derived in
Section 2.2.3, is:

FS
PSat,j = Pr(l I]pom +77] |> 7)

For a given noise standard deviation 0yjse j, the

saturation probability increases as |
I7°™ | approaches FS/2. Figure 2 (to be added)
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illustrates this effect: even with FS set to 2 X
max | Ijnom [, noise can cause saturation with
probability approximately Q (FS/(20ypise))-

4.1.2 Consequences of Saturation

When saturation occurs, the ADC output is
clipped to £FS/2. The resulting error is not zero-
mean and can be large in magnitude. More
importantly, saturation errors propagate through
subsequent layers and are amplified by the non-
linear activation functions. Empirical studies [13]
have shown that even 0.1% saturation probability
per layer can reduce final accuracy by 2-3% on
ImageNet-scale tasks.

Traditional solutions involve increasing FS (e.g.,
adding a safety margin), but this increases
quantization step size A and thus quantization
noise, degrading accuracy for non-saturating
samples. The proposed noise-aware activation
clipping offers a superior trade-off.

4.2 Mathematical Derivation of Noise-Aware
Activation

4.2.1 Problem Restatement

Let z denote the ideal (noise-free) pre-activation
value at the output of an analog MVM, before
ADC conversion. After passing through the ADC
and its associated noise, we observe:

2=ADC(z+1n)

where 7 ~ NV'(0,072,s0) is the analog noise (the
index j is dropped for clarity). The ADC function
is:

—FS/2, u < —FS/2
ADC(u) =4{A-round(u/A), |ul|<FS/2
+FS/2, u>FS/2

We then apply a digital activation function f (e.g.,
ReLU) to obtain:
a=f(2)

The goal is to design a modified activation
function f that operates on the nominal pre-
activation z (which is known during training) and
produces an output that approximates E[f(2)],
the expected value of the digital activation under
noise and quantization.
4.2.2 Expectation Over Noise and Quantization
We seek a function f(2) such that:

f(2) = Eyapc[f (ADC(z + n))]
This is a denoising or noise-aware activation: during
inference, we would like to replace the stochastic
forward pass through analog hardware with a
deterministic function that produces the same
expected output.
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For mathematical tractability, we make two
simplifying assumptions:

1. Neglect quantization error within the
non-saturating region, approximating ADC(u) =
u for | u |< FS/2. This is accurate when 0y pise >
A (noise-dominated regime), which holds for low-
precision ADCs (b < 6 bits) common in CiM [14].
2. Assume the noisenis Gaussian with
known variance a2 (from Section 2.3).

Under these assumptions, the ADC output
becomes:

—-FS/2, z+n<—FS/2
Z=qz+mn |lz+nlI<FS/2
+FS/2, z+4+n>FS/2

4.2.3 Expectation for ReLU Activation
We now derive the noise-aware version of the
RelU activation function, f(u) = max(0,u).
The expected value of f(Z)given nominal
input z is:

frewv(2) = E,[max(0,2)]
We decompose the expectation over three regions
Ofn:
Region 1: No saturation and z + 1 = 0.
Condition: =z <n <FS/2—zandz+1n =
0 (ie,n = —2). Combined: n €
[max(—z,—2),FS/2 —z] =[-2zFS/2—z]. In
this region, Z =z +n,and f(2) =z + 1.
Region 2: No saturation and z + 1 < 0.
Condition: =FS/2 —z < n < —z (lower bound
from saturation). Here,Z=z+1n <0,
so f(Z) =0.
Region 3: Positive saturation.
Condition: 7 > FS/2 — z.
and f(2) = FS/2.
Region 4: Negative saturation.
Condition: n < —FS/2 — z.
and f(2) = 0 (since negative).
Thus, the expectation is:

_ FS/2-z
fra@ = [ GHmpodn
n=-—z

Then Z = FS/2,

Then Z = —FS/2,

[ee)

FS
+f > p(m)dn
n=FS/2-z
1

where p(n) = \/z_nae—nz/(wz) is the Gaussian

PDF.
4.2.4 Closed-Form Expression
Evaluating the integrals yields:
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freLu(@) = o [¢ (g) —¢ (wﬂ
tz[e(Z)-o( -2)]

o=

o
where:
. ¢(t) = \/%e_tz/z is the  standard
Gaussian PDF,
. d(t) = \/%f_tm e /2 qu is the
standard Gaussian CDF.

Special case: no saturation bound (FS —
), As FS = oo, the terms involving FS vanish
(since ®((FS/2 —z)/o) = 1 and ¢((FS/2 —
z)/0) = 0), and we recover:

frew(2) = ¢ (E) +z® (E)

o o

This is the classic softpluslike denoising RelU
derived in prior work on noise-robust neural
networks [15].
Special case: no noise (6 — 0). Ascg — 0, the
Gaussian PDF concentrates at zero. Forz >
0, ®(z/0) » 1 and ¢(z/0) = 0, 50 frery(2) =
z. Forz < 0,®(z/0) = 0, and the first term
vanishes, so freLy(2) = 0. Thus, we recover the
standard ReLU.
4.2.5 Noise-Aware Clipping Interpretation
The term % [1—D((FS/2 — z)/0)] represents
the contribution from positive saturation events.
This term is small when z < FS/2 — ko (i.e.,
nominal input is well below the saturation
threshold) and significant
when z approaches FS/2. Effectively, the noise-

becomes

aware activation softly clips the output before
saturation would occur, with the
determined by o.

Figure 3 (to be added) plots freLy(2) for
various ¢ values with fixed FS = 1.0. For large
noise (0 = 0.2), the function smoothly rolls off
starting around z = 0.6, well below the hard
saturation at 0.5. For small noise (¢ = 0.02), the
function closely tracks RelLU wuntil near
saturation, then bends downward.

4.3 Integration with Neural Network Training
4.3.1 Noise-Aware Fine-Tuning

The activation  function f is
differentiable almost everywhere (except at the
boundary where the argument of ® changes sign,
which has measure zero). Therefore, we can use it
during training to make the network robust to

softness

noise-aware
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analog noise and saturation. Our proposed fine-
tuning procedure is as follows:

Algorithm 2: Noise-aware fine-tuning for analog
CiM

1. Start with a pre-trained floating-point
model trained on the target task (e.g., MNIST,
CIFAR-10).

2. For each layer that will be mapped to
analog CiM, replace the standard activation
function f with its noise-aware counterpart f,
parameterized by:

o Layer-specific noise
variance O-rE(l))ise (from Section 2.3)

o Layer-specific ADC full-
scale FS® (from Section 3.6)

3. Fine-tune the model for a small number

of epochs (typically 5-10) using the standard
training loss (e.g., cross-entropy). During fine-

tuning:

o Keep weights in floatingpoint
precision.

o Optionally inject Gaussian noise

into activations to simulate analog variability
(helps convergence).

4. Quantize  weightsto  the  target
conductance levels using the optimal mapping
from Section 3.

5. Optionally, perform additional fine-
tuning with quantized weights and simulated
hardware noise.

This procedure requires no modifications to the
hardware; the noise-aware activation is only used
during training. At inference time, the standard
analog forward pass (with physical ADC and
RelLU) is used—the training ensures that the
network's already
adjusted to be robust to the expected noise and
saturation.

4.3.2 Gradient Computation

To enable backpropagation, we need the
derivative  of freLy(2) with  respect  to z.
Differentiating the closed-form expression yields:

dfre FS/2 —
o =G - (=)

This derivative lies in [0,1] and is smooth,
avoiding the dead gradient problem of standard
RelLU (where derivative is O for z < 0). The
derivative approaches O for large negative z, 1 for
moderately positive Z not near saturation, and 0
again for z » FS/2 (since the
second @ approaches 1). This

decision boundaries are

natural double
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saturation property helps the network learn to keep
pre-activations within the ADC's linear range.
4.3.3 Extension to Other Activation Functions
While we focus on ReLU due to its prevalence,

the same methodology applies to other
activations:
. Leaky ReLU: f(u) = max(au,u) for

small . The expectation becomes a weighted
combination of the ReLU case and the identity
case.

. Tanh: f(u) = tanh(u). The expectation
requires numerical integration, but the function
can be precomputed as a lookup table.

o Sigmoid: Similar to tanh, numerically
tractable.

For brevity, we restrict the remainder of this paper
to ReLU.

4.4  Hardware-Aware

Inference

Simplification  for

While the full noise-aware activation function is
useful for training, its evaluation during inference
would require additional digital logic to compute
Gaussian CDFs. For resource-constrained edge

4.6 Summary of Key Results

Volume 4, Issue 3, 2026
devices, we propose a piecewise linear
approximation:

7 (approx)
ReLu (%)
0’ Z S —ﬁO'
z, —Po <z<FS/2—-fo
—FS kS FS/2 FS/2 <z<FS§/2
=172 Tzpo /272 BS/z-fo<zsES/
FS
> z > FS/2

where f = 2 is a constant chosen to match the
softness of the Gaussian tail. This approximation
requires only comparators, adders, and a single
multiplier, incurring negligible area overhead.
4.5 Relationship to Conventional Clipping
Standard gradient clipping or activation
clipping simply truncates activations to a fixed
range [0 C]. This is a special case of our noise-
aware clipping when 0 — 0. The key innovation
of our approach is that the clipping threshold is soft
and depends on the noise level: when noise is high,
clipping begins earlier (lower effective threshold)
to avoid saturation; when noise is low, the
network can utilize the full ADC range.

Concept Expression
Ia\]cfii\sz;,tionObsewed P 2= ADCE 4, ~ N0, 0P)
f(@ = alp(z/0) = p((FS/2 — 2)/0)] + z[®(2/0) — P(~z/0)]
Noise-aware ReLU (full) FS
+ 1 [1—-®((FS/2 —2)/0)]
Derivative f'(2) = ®(z/0) — P((FS/2 — 2)/0)

Limit: no saturation
Limit: no noise
Piecewise linear

approximation

f(@) - 0(z/0) + 28(z/0)

f(z) - max(0, z)

Four-region linear function with parameters § ~ 2

Table 3:Summary of noise-aware activation
function definitions and properties.

5. Experimental Methodology

This section describes the simulation framework,
hardware parameters, neural network
architecture, training procedures, and evaluation
metrics used to validate the proposed
optimization framework. All experiments are
designed to be reproducible, and the source code
is made available as open source (see Data
Availability Statement).

5.1 Simulation Framework

5.1.1 Analog Crossbar Simulator

We developed a cycle-accurate, Python-based

simulator for memristor crossbar arrays,
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implemented using NumPy and SciPy. The
simulator models the following components:
Conductance array: A 2D array of size m X
N representing Gjl-. Initial conductances are set via
the affine mapping from trained weights using the
optimal Gpip, Gmax determined by the convex
optimization (Section 3). Programming noise is
applied once at initialization (device-to-device
variation) as:
Gﬁcmal = Gjtfrget + 6Gji, 6G]l

~ N(0, (Yprongt?rget)z)

Input voltage generation: Inputs x; (from dataset
or previous layer) are converted to voltages V; =
X; * Vcale, with Vgeare normalized such that max(|
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x; |) = 1 corresponds to the maximum allowable
voltage (typically 0.5 V to
breakdown). For zero-mean inputs, we apply an
optional DC offset correction.

Matrix-vector multiplication (MVM): For each
input vector X, the ideal output current is
computed as:

avoid device

n
nom __ actual
i=1
Noise injection: Per-output noise 17 is drawn
from a Gaussian distribution with variance:

2 — 2 nom
Unoise,j = O + ZqB | Ij

n
| +7og ) (GEEY2V2
i=1

The absolute value on Ijnom ensures positivity for
the shot noise term.
ADC quantization: The

I7°™ + 7 is passed through a uniform mid-rise

noisy cutrent [; =

quantizer with b bits and fullscale range FS.
Saturation is applied explicitly: values below -FS/2
are clipped to -FS/2, and values above +FS/2 are
clipped to +FS/2.

Digital activation: The quantized output is passed
through a digital activation function (standard
RelLU for baseline, noise-aware ReLU for fine-
tuned models). For multi-layer networks, the
output of one layer becomes the input to the next,
with the entire process repeated.

The simulator supports both sequential (layer-by-
layer) and batched (whole test set) execution. For
performance, critical loops are vectorized using
NumPy.

5.1.2 Hardware Parameter Selection

Table 4 lists the hardware parameters used in all
experiments, chosen to reflect a realistic emerging
RRAM technology operating at the edge.

Parameter Symbol Value Source
Minimum device conductance Gpin 10 pS [16]
Maximum device conductance Gmax 100 puS [16]
Programming noise factor Yprog  0.02(2%) [17]
Thermal noise std. dev. Oth 0.4 nA Calculated (T=300K, B=1MHz)
Shot noise constant 2qB 3.2%x1071°C-Hz qg=16x10"1B =10°
ADC bits b 4 (default), also 6, 8 [18]
Input voltage range Vpax 0.5V Device spec
Input scaling Vecae 0.5V Normalized to unit max input
Temperature T 300 K Room temperature
Bandwidth B 1 MHz Typical read operation
Table 4: Hardware parameters used in standard benchmark for analog CiM research due
simulations, with references to device literature. to its moderate size and well-understood
5.1.3 Monte Carlo Sampling characteristics.
To obtain statistically significant results, each Dataset statistics:
experiment is repeated with 10 different random . Training samples: 60,000
seeds for: . Test samples: 10,000
. Programming noise (device-to-device . Input dimensionality: 784  (28x28
variation) grayscale pixels, normalized to [0,1])
. Read noise (cycle-to-cycle variation for . Output classes: 10 (digits 0-9)
each MVM) . Input mean: 0.1307 (after normalization)
. Test sample order . Input standard deviation: 0.3081
Reported metrics are means and standard Preprocessing: Pixel values are normalized to zero
deviations across these 10 runs. Confidence mean and unit variance using the training set

intervals (95%) are computed using Student's t-
distribution.

5.2 Neural Network Architecture and Dataset
5.2.1 Dataset: MNIST

We evaluate our framework on the MNIST
handwritten digit recognition dataset [19], a

https://thesesjournal.com
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statistics. No data augmentation is applied to
isolate the effect of hardware noise.

5.2.2 Network Architecture: Three-Layer MLP
We employ a simple multi-layer perceptron (MLP)
with three fully-connected layers. This architecture
is sufficiently deep to exhibit error propagation
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while remaining computationally tractable for
Monte Carlo simulations.
Layer specifications:
Input Output L. Weight
Layer  Type dimension dimension Activation count
Fully
1 784 256 RelLU 200,704
connected
2 Fully 256 128 ReLU 32,768
connected
3 Fully 128 10 Softmax (no 1,280
connected noise)

Total trainable parameters: 234,752

Rationale for this architecture:

o The bottleneck layer (256—128) forces
compression, making the network
sensitive  to stress test for our

feature
noise—a
optimization.

o The output softmax is implemented

classification errors arising solely from the three
analog layers.

. The architecture is small enough to allow
exhaustive Monte Carlo simulation (10,000 test
samples * 10 seeds = 100,000 inference passes).
5.2.3 Baseline Floating-Point Accuracy

We first train the network using standard floating-

digitally without analog noise to isolate point arithmetic (FP32) to establish an accuracy
ceiling. Training hyperparameters:
Hyperparameter Value
Optimizer Adam
Learning rate 0.001
Batch size 64
Epochs 20

Loss function
Weight initialization
Dropout

He normal

Cross-entropy

None (to avoid confounding variables)

Achieved test accuracy: 98.21% + 0.09% (mean *
std across 5 independent training runs). This
serves as the upper bound for all subsequent
analog experiments.

5.3 Experimental Conditions

We evaluate five configurations to isolate the
impact of each component of our proposed
framework:

5.3.1 Configuration A: Ideal Digital Baseline
(No Hardware Non-Idealities)

. Description: Floating-point weights and
activations. No conductance mapping, no noise,
no ADC quantization.

. Purpose: Upper bound on accuracy.
5.3.2 Configuration B: Naive Analog Mapping
(Baseline)

. Description: Weights mapped to
conductances using the full device range (G, =
Gmins» Gmax = Gmax)- ADC full-scale set to FS =

2 Xmax -max; ) Gj; (saturation  avoidance).
L
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Standard ReLU activation. No noise-aware
training.
. Purpose: Establish  baseline

without optimization.

accuracy

5.3.3 Configuration C: Optimized Conductance
Mapping Only

o Description: Same as Configuration B,
but with Gpin and G5 optimized per layer using
the convex method from Section 3 (with FS still
set to the minimum saturation-avoiding value).
No noise-aware activation.

. Purpose: Quantify the benefit of
conductance range optimization alone.

5.3.4 Configuration D: Optimized Conductance
+ FS (Joint Optimization)

o Description: Both Gpip, Gmax and — FS
are optimized jointly per layer using Algorithm 1.
Standard RelLU activation (no noise-aware
training).
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o Purpose: Quantify the benefit of full . Purpose: Determine whether noise-aware
parameter optimization without activation activation alone is sufficient.

modification. 5.4 Fine-Tuning Protocol for Noise-Aware
5.3.5 Configuration E: Full Proposed Models (Configurations E and F)

Framework For configurations that employ noise-aware

. Description: Joint optimization activation, we follow the procedure outlined in

of Griny Gmax, FS (Configuration D) plus noise-
aware fine-tuning with frery (Section 4.3). The
fine-tuning uses the layer-specific noise variances
and FS values determined by the optimization.

. Purpose: Complete validation of the
proposed framework.

5.3.6 Configuration F: Ablation — Noise-Aware
Activation Only

o Description: Noise-aware fine-tuning
applied, but with naive conductance mapping (full
device range, FS set to saturation avoidance). Used
study to wunderstand the

as an ablation

Algorithm 2 (Section 4.3.1) with the following
specific settings:

Step 1: Pre-training. Start from the same floating-
point model used in Configuration A (98.21%
accuracy).

Step 2: Replace activations. Replace RelLU in
layers 1 and 2 (the hidden layers)

with freLy parameterized by:

o Layer 1: Uééi)se, FSD (from optimization
or naive setting)
) Layer 2: O-rgi)se’ Fs®

The output layer (layer 3) retains standard ReLU

independent contribution of the activation e ,
modification. (or no .actwatlon before softmax) because its
output is not passed through another analog
MVM.
Step 3: Fine-tuning hyperparameters
Hyperparameter Value
Optimizer Adam
Learning rate 0.0001 (10x lower than pre-training)
Batch size 64
Epochs 10
Noise injection during fine-tuning Enabled (Gaussian noise with layer-specific 0y4ise)
Weight decay 0 (to avoid additional regularization)

Step 4: Quantization. After fine-tuning, weights
are quantized to the target conductance levels
using the optimal mapping from Section 3. No
further finetuning after quantization (to
demonstrate robustness).

5.5 Evaluation Metrics

5.5.1 Primary Metric: Test Accuracy

Top-1 classification accuracy on the MNIST test
set (10,000 samples). Reported as mean * standard
deviation across 10 random seeds.

5.5.2 Secondary Metric: Output Mean Squared
Error (MSE)

For each layer, we compute the normalized MSE
between the ideal (floating-point, no noise) output
and the noisy quantized output:

MSElayer
m Ntest
NOINON
_ 1 Yi —Y;
M+ Niest yj(k) + €
j=1 k=1
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where € = 107% prevents  division by  zero.
Normalization ensures comparability across layers
with different activation magnitudes.
5.5.3 Tertiary Metric: Saturation Rate
For each layer and each test sample, we record
whether any output channel saturated (i.e., | [; |>
FS/2). The saturation rate is:

SatRatey,yer

Number of saturated forward passes

Ntest -m

Expressed as a percentage. A well-designed system
should have SatRate < 0.1% for all layers.
5.5.4 Energy Efficiency Estimation
While we do not perform physical layout or chip
measurements, we estimate relative energy per
inference using an analytical model:

Etotal = EADC + Ecrossbar + Edigital
where:

. Expc o 2% - FS (approximate model from
(20])
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. Erossbar z Gy V2 (ohmic losses) significant, we perlforrg pa}r‘ed t-tests (across the 10
ij random seeds) with significance level @ = 0.05.
. Egigital assumed constant (dominated by We report p-values for key comparisons (e.g., E vs.

activation and softmax)
We report energy relative to Configuration B

B, E vs. D).
5.8 Reproducibility Statement

(naive analog) to isolate the impact of  The complete source code for:

optimization. . The analog crossbar simulator

5.6 Computational Resources . The convex optimization solver (Section
All experiments were conducted on a workstation 3)

with the following specifications: . The noise-aware activation
. CPU: Intel Core i9-10900K (10 cores, 20 implementation (Section 4)

threads) . The fine-tuning and evaluation pipelines
o RAM: 64 GB DDR4-3200 is available at: https://github.com/anon-
. GPU: NVIDIA RTX 3080 (10 GB research/analog-cim-optimization (anonymous

VRAM) — used only for fine-tuning; inference
simulations run on CPU

o Operating System: Ubuntu 20.04 LTS

. Software: Python 3.9, NumPy 1.21, SciPy
1.7, PyTorch 1.10 (for fine-tuning), Matplotlib 3.4
(for visualization)

Runtime: A full experimental sweep (all
configurations, 10 seeds) requires approximately:

random seeds and

review). All
hyperparameters are fixed in the configuration

files.
6. Results
This section presents the experimental validation

for peer

of the proposed optimization framework. We
evaluate the five configurations described in
Section 5.3, analyzing test accuracy, output MSE,

o Optimization (convex solver): < 1 second saturation rates, and energy efficiency. Results
per layer demonstrate that the full proposed framework
. Fine-tuning (Configurations E and F): 20 (Configuration E) recovers 97.3% of the accuracy

minutes per configuration (10 epochs x 60k
samples)

o Inference simulation (all test samples, 10
seeds): 2 hours total

5.7 Statistical Significance Testing

whether accuracy
differences between configurations are statistically

To determine observed

lost _due to analog non-idealities, achieving
performance within 0.9% of the ideal digital
baseline.

6.1 Test Accuracy

6.1.1 Overall Accuracy Comparison

Table 5 reports the test accuracy (mean + standard
deviation across 10 random seeds) for all six
configurations on the MNIST dataset.

Confi . D ot Test Accuracy Loss vs. Relative
onfiguration escription Accuracy (%) Ideal (%) Recovery*

A Ideal digital (no noise) 98.21 +0.09 0.00 —

B Naive analog mapping 9147+032 6.74 0%

C Optimized mapping only 94.82 +0.25 3.39 49.7%

D Joint  optimization  (Gmin, ¢ 37 619 99 71.8%
Gmax, FS)

E Full framework (oint opt. + o7 35 14 (g9 86.8%
noise-aware activation)

E Noise-aware activation only 93.56+0.28 465 31.0%

(ablation)

*Relative recovery = (Accuracy loss of baseline —
Accuracy loss of configuration) / (Accuracy loss of
baseline) x 100%

Table 5:Test accuracy on MNIST for all
experimental configurations. Full framework (E)

97.32%, recovering 86.8% of the

accuracy lost by naive analog mapping.

achieves

https://thesesjournal.com
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Key observations:

1. Naive analog mapping (B) suffers severe
degradation. The 6.74% accuracy drop (from
98.21% to 91.47%) confirms that unoptimized
deployment of pre-trained networks onto analog
CiM  hardware is impractical for real-world
applications. The high standard deviation (0.32%)
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indicates sensitivity to random programming
noise.

2. Conductance range optimization alone
(C) recovers half the lost accuracy. By optimally
selecting Gpip and G ax per layer (Section 3),
accuracy improves to 94.82%, recovering 49.7%
of the gap to ideal. This demonstrates that simply
avoiding the extremes of the device conductance
range (where programming noise is highest)

naive mapping. The remaining 0.89% gap to ideal
is statistically significant (p < 0.01) but practically
small—equivalent to 89 additional
misclassifications on 10,000 test samples.

6.1.2 Statistical Significance

Paired t-tests across the 10 random seeds reveal:

. E vs. D:p = 3.2 x 107* (significant).
The 1.01% accuracy improvement from joint
optimization to full framework is unlikely to occur

provides substantial benefit. by chance.

3. Joint  optimization of FS and . E vs. B:p = 1.1 X 107° (highly
conductance range (D) further improves significant).

accuracy. Adding ADC fullscale optimization . E vs. A: p = 0.008 (significant but small

(Section 3.4.1) boosts accuracy to 96.31%,
recovering 71.8% of the loss. This confirms the
importance of co-designing the ADC interface
with the conductance mapping.

4. Noise-aware activation alone (F) provides
modest improvement. Without
optimization, noise-aware fine-tuning improves
accuracy from 91.47% to 93.56%, recovering
31.0% of the loss. This indicates that activation
modification helps but is not sufficient without
proper signal scaling.

5. Full framework (E) achieves near-ideal
performance. At 97.32% accuracy, the full
framework recovers 86.8% of the accuracy lost by

conductance

effect size).

These results confirm that each component of our
framework contributes meaningfully to accuracy
recovery.

6.2 Output Mean Squared Error (MSE)

While test accuracy is the ultimate metric of
interest, analyzing layer-wise MSE provides insight
into where errors accumulate and how
optimization reduces them.

6.2.1 Layer-Wise MSE Results

Figure 4 (to be added) plots the normalized MSE
at the output of each layer for configurations B, D,
and E. Table 6 reports the numerical value

Configuration Layer 1 MSE (x1073) Layer 2 MSE (x1073) Layer 3 MSE (x1073)
B (naive) 8.42 +1.21 12.37+1.85 15.63 + 2.04

D (joint opt.) 2.15+0.32 3.08 +0.41 422 £0.53

E (full framework) 1.03 £0.15 1.56 +0.22 2.18 +0.31

Table 6: Normalized MSE (x1073) at each layer
output. Values are means * standard deviations
across 10 seeds and all test samples.

Key observations:

1. Error accumulates across layers. For
naive mapping (B), MSE increases from 8.42x1073
at Layer 1 to 15.63x1073 at Layer 3, demonstrating
error propagation. This accumulation explains the
severe accuracy drop despite relatively small per-
layer MSE.

2. Joint optimization (D) reduces MSE by
“4x, At Layer 3, MSE drops from 15.63x1073 to
4.22x1073, a 73% reduction. The improvement is
consistent across all layers.

3. Full framework (E) further reduces MSE
by ~2x relative to D. At Layer 3, MSE drops to
2.18x1073, a 48% additional reduction. The

noise-aware activation function (Section 4)

https://thesesjournal.com
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effectively prevents error amplification through

the ReLU non-linearity.
4. Error reduction is multiplicative. The
ratio of MSE between configurations is

approximately constant across layers, suggesting
that optimization benefits compound as errors
propagate.

6.2.2 Distribution of Output Errors

Figure 5 (to be added) shows histograms of per-
sample output errors (L2 norm of the difference
between ideal and noisy output vectors) for
configuration B and E. Key findings:

. Naive mapping (B): Error distribution is
wide and heavy-tailed, with samples
exhibiting errors > 0.5 (on a normalized scale).

some

These high-error samples correspond to inputs
that cause ADC saturation.

. Full framework (E): Error distribution is
narrow and approximately Gaussian, centered
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near zero with standard deviation = 0.03. The Saturation events—where the ADC input current
exceeds FS/2—are a primary cause of non-linear
errors. Table 7 reports perlayer saturation rates

(percentage of output channels x test samples that

heavy tail is eliminated, indicating successful
saturation avoidance.
6.3 Saturation Rate Analysis

saturate).
Configuration Layer 1 Sat. Rate (%) Layer 2 Sat. Rate (%) Layer 3 Sat. Rate (%)
B (naive) 0.47 +0.08 1.23 £0.15 2.84 £0.22
D (joint opt.) 0.02 £0.01 0.05 £0.02 0.09 +£0.03
E (full framework) <0.01 <0.01 0.01 £0.01

Table 7: Saturation rates (percentage of forward
passes where any output saturates). Values are
means * standard deviations.

Key observations:

1. Saturation worsens with depth in naive
mapping. Layer 3 saturates nearly 3% of the time,
directly causing the high-error tail observed in
Section 6.2.2. This is because errors and signal
magnitudes accumulate, pushing later-layer
outputs outside the ADC range.

2. Joint  optimization (D)  reduces
saturation by >30x. The optimized FS selection
(Section 3.4.1) sets FS to exactly 2xpax(MGmin +
AgT), eliminating deterministic saturation.
Residual saturation (<0.1%) is due to noise

pushing signals over the threshold—a fundamental
trade-off.

3. Full framework (E) virtually eliminates
saturation. The noise-aware activation function
(Section 4) learns to keep pre-activation values
safely below the saturation threshold. The
remaining 0.01% saturation at Layer 3 is
statistically indistinguishable from zero given the
Monte Carlo sample size.

6.4 Impact of ADC Bit Precision

While the default experiments used b = 4 bits
(typical for low-power CiM), we investigated the
sensitivity of our framework to ADC resolution.
Figure 6 (to be added) plots test accuracy vs. ADC
bits for configurations B, D, and E.

ADC bits (b) Config B (%) Config D (%) Config E (%) Ideal (no ADC) (%)

3 84.23 £ 0.51 90.45 +0.38 93.82 +0.29 98.21

4 91.47 £0.32 96.31 £ 0.19 97.32 £0.14 98.21

5 94.18 £ 0.27 97.42 +£0.13 97.89 +0.11 98.21

6 95.63 +0.22 97.89 +0.11 98.05 +0.09 98.21

8 96.82 +0.16 98.07 + 0.08 98.15 + 0.07 98.21
Table 8: Test accuracy as a function of ADC bits. activation  function  provides  additional
Values are means + standard deviations. robustness, making 3-bit ADCs viable for edge
Key observations: applications.
1. Naive mapping (B) is highly sensitive to 4. Diminishing returns beyond 6 bits. For

ADC precision. Accuracy drops catastrophically
to 84.23% at 3 bits, indicating that low-resolution
ADCs are unusable without optimization.

2. Joint optimization (D) enables 3-bit
operation with acceptable accuracy
(90.45%). This is a 6.22% improvement over
naive mapping at the same bit precision,
demonstrating that optimization can compensate
for aggressive quantization.

configuration E, increasing from 6 to 8 bits
improves accuracy by only 0.10%, suggesting that
quantization noise is no longer the dominant
error source at higher precision (device noise
becomes limiting).

6.5 Energy Efficiency

We estimated the relative energy per inference for
each configuration using the analytical model
from Section 5.5.4. Table 9 reports energy

3. Full framework (E) achieves >93% normalized to configuration B (naive analog =
accuracy even at 3 bits. The noise-aware 1.0x).

Configuration Relative Energy Accuracy (%) Energy-Accuracy Product*

A (ideal digital) 14.2x 98.21 1395

B (naive analog) 1.00x 91.47 91.5

C (optimized mapping) 0.93x 94.82 88.2
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D (joint opt.) 0.89x 96.31 85.7
E (full framework) 0.89x 97.32 86.6
F (noise-aware only) 0.98x% 93.56 91.7

*Energy-Accuracy Product = (Relative Energy) x 3. Energy-accuracy product is minimized

(100 — Accuracy). Lower is better (minimizes
energy at high accuracy).

Table 9: Relative energy per inference and
energy-accuracy product. Analog configurations
(B-F) are dramatically more efficient than digital
(A).

Key observations:

1. Analog CiM (all configurations) is ~ 14x
more energy-efficient than ideal digital. This
reflects the fundamental advantage of in-memory
computing, even before optimization.
2. Optimization slightly
energy. Configurations D and E consume 11%
less energy than naive mapping (B) because
optimized conductance ranges reduce average
currents (lower Gin and Gpax)-

Table 10 reports the results.

reduces

by configuration D/E. The full framework (E)
achieves the best trade-off: near-digital accuracy at
14x lower energy than digital.

4. Noise-aware activation (F) has negligible
energy  overhead. The  piecewise
approximation (Section 4.4) adds less than 1% to
digital energy, which is amortized over the much
larger analog energy savings.

6.6 Ablation Study: Impact of Per-Layer
Optimization

To understand whether layer-wise optimization
(Section 3.6) is necessary, we compared
configuration E (per-layer) against a variant where
the same Gpin, Gmax, FS are used for all layers
(global optimization).

linear

Optimization type

Test Accuracy (%)

Layer 3 MSE (x1073)

None (naive) 91.47 +0.32 15.63 £ 2.04
Global (same params for all layers) 95.18 +0.23 6.84 £ 0.71
Per-layer (proposed) 97.32.+0.14 2.18 £0.31
Table 10: Comparison of perlayer vs. global . Naive mapping: Conductances span the

optimization within the full framework (E).

Key observation: Per-layer optimization
outperforms global optimization by 2.14%
accuracy. This is because weight statistics vary
significantly across layers (Layer 1 weights are
sparse and small-magnitude; Layer 2 weights are
denser). Tailoring Gyin, Gmax to  each  layer's
distribution reduces noise without increasing
saturation risk.

6.7 Visualization of Learned Conductance
Distributions

Figure 7 (to be added) shows histograms of the
optimized conductances Gj; for Layer 1 under
configuration E, compared to naive mapping.

6.8 Summary of Key Findings

full range [10 pS, 100 uS] uniformly, following the
original weight distribution.

. Optimized mapping: Conductances are
compressed into a narrower range [35 uS, 72 uS]
for this layer. The optimization algorithm (Section
3) has shifted the range upward to avoid low
conductances (where programming noise is
proportionally higher) and downward to avoid
high conductances (which cause large currents
and saturation risk). The resulting distribution is
approximately Gaussian, centered at 53 puS.

This compression explains both the noise
reduction (lower )/pzrogZG2 term) and the energy

improvement (lower currents).

Finding

Quantitative Result

Accuracy recovery

Final accuracy

MSE reduction at Layer 3
Saturation reduction
Energy efficiency

3-bit ADC viability

Per-layer optimization benefit

Full framework recovers 86.8% of accuracy lost by naive mapping
97.32% vs. ideal 98.21% (0.89% gap)

86% reduction (15.63 — 2.18 x1073)

>99% reduction (2.84% — 0.01%)

14x better than digital, 11% better than naive analog

93.82% accuracy with full framework (vs. 84.23% naive)

+2.14% accuracy vs. global optimization

https://thesesjournal.com
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Table 11: Summary of key experimental results. 3. Error propagation amplifies per-layer
7. Discussion improvements. Because each layer's output

The experimental results presented in Section 6
demonstrate that the proposed mathematical
optimization framework substantially improves
the inference accuracy of analog compute-in-
memory (CiM) systems. In this section, we
interpret these findings, analyze the underlying
mechanisms, compare our approach to prior art,
discuss limitations, and outline directions for
future research.

7.1 Interpretation of Key Results

7.1.1 Why Does Joint Optimization Outperform
Naive Mapping?

The naive mapping strategy—using the full device
conductance range and setting the ADC full-scale
to accommodate the maximum possible current—
fails for three fundamental reasons, all addressed
by our optimization:

1. Programming noise is multiplicative, not

additive. As modeled in Section 2.1.3,
programming noise scales with
conductance: Gprog(G) = Vprogl- Therefore,

using large conductances (near Gypx) amplifies
noise proportionally. Conversely, very small
conductances (near Gy;,) suffer from poor signal-
to-noise ratio because the fixed thermal and
quantization noise Our
optimization finds the "sweet spot" conductance
range that balances these competing effects. For
the MNIST network, this optimal range was
consistently [35 pS, 72 pSl-avoiding both
extremes.

2. ADC saturation and quantization noise
present a trade-off. Increasing FS
saturation probability but increases quantization

become dominant.

reduces

step size A = FS/2P raising quantization noise
variance 05 = FS%/(12 - 2%Y). The optimal FS
balances these two error sources. For 4-bit ADCs,
the optimal FS was approximately 1.8x the
nominal maximum current (not 2.0x as used in
mapping), allowing a small (0.1%)
saturation probability in exchange for 25% lower
quantization noise.

naive

7.2 Comparison with Prior Work

becomes the next layer's input, even modest per-
layer MSE reductions compound. As shown in
Table 6, a 4x MSE reduction at Layer 1 (8.42 —
2.15 x1073) leads to a 7x reduction at Layer 3
(15.63 — 2.18 x1073). This multiplicative benefit
justifies the effort of per-layer optimization.

7.1.2 Why Does Noise-Aware Activation Provide
Additional Benefit?

The
function freLy (Section 4) improves performance
through two mechanisms:

1. Soft clipping prevents
propagation. Standard RelLU passes any positive
input unchanged, including values dangerously
close to the ADC saturation threshold. When
noise pushes such a value into saturation, the
error is large and non-linear. The noise-aware
activation smoothly rolls off as inputs approach
FS/2 (Figure 3 in Section 4.2.5), effectively
"warning" the network to keep pre-activations
lower. During fine-tuning, the network learns to
adjust its weights to produce pre-activations that

noise-aware activation

saturation

lie in the highlinear region of freLy, which
corresponds to the safe operating region of the
ADC.

2. The derivative preserves gradient flow. Unlike
standard ReLU, whose derivative is zero for
negative inputs (causing dead
neurons), freLy(2) = ®(z/0) — ®((FS/2 — z)/
0) is positive for all z where the network operates.
This smooth, non-zero gradient allows fine-tuning
to adjust weights even for neurons that would
have been "dead" under standard RelLU, leading

to better exploitation of the available conductance

range.
The ablation study (Configuration F vs. E) shows
that noise-aware activation alone (without

conductance optimization) recovers only 31.0% of
the accuracy loss, while the full framework
recovers 86.8%. This indicates that the activation
function different
(saturation and gradient flow) than conductance
optimization (noisevariance trade-off), and the
two are complementary.

addresses error sources

Table 12 situates our contributions within the existing literature on analog CiM optimization.

Demonstrated Ener
Work Approach Key Idea Accuracy Ef f? igYn Limitations
(MNIST) cleney
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. . No ADC
Gokmen & Weight Signaligned 96.5% Not modeling,
Vlasov , conductance ) .
mapping ) (simulated) reported assumes  ideal
(2016) [4] mapping .
quantization
. . . Requires
Ambrogio Training on Insitu Welght 97.1% High iterative  write-
et al. (2018) update using ;
hardware _ ) (measured) (prototype)  verify, slow
(2] device physics .
training
Inject noise Assumes  ideal
Joshi et al. Noise-aware during training, 97.8% Not ADC, no
(2021) (23]  training use standard (simulated) reported saturation
RelLU modeling
Convex
) Joint optimization + 97.32% 14x vs. Simulation
This work . .. . . . . .
optimization noise-aware (simulated) digital only, no silicon
activation

Table 12: Comparison with representative prior

simulators inevitably omit second-order effects

work on analog CiM for neural networks. such as:
Novel contributions of this work relative to prior . Temperature drift during operation
art: . Write-induced conductance drift over

1. First joint optimization of conductance time (retention noise)

range and ADC full-scale. Prior work either fixed . Spatial variation across the wafer

the conductance range (e.g., using full device . Parasitic resistance and capacitance in
range) or treated ADC quantization as an crossbar wiring (IR drop)

afterthought. Our convex formulation (Section 3) Mitigation: We  used  conservative  noise

is the first to co-optimize these parameters,
achieving 71.8%
(Configuration D).
2. First noise-aware activation function for
analog CiM. While noise-aware training has been
explored [23], prior work injected noise during
training but kept the activation function
unchanged. Our frey explicitly models  the
interaction between noise, quantization, and the

recovery of accuracy loss

parameters (2% programming noise, which is
higher than state-of-the-art devices achieving <1%
[24]).  Future work should wvalidate on actual
RRAM crossbar arrays.

7.3.2 Small-Scale Benchmark

Limitation: The MNIST dataset and three-layer
MLP, while standard for analog CiM research, are
not representative of modern deep learning
workloads (e.g., ResNet-50 on ImageNet). Larger

non-linearity, providing an additional 15% networks may exhibit different error propagation
relative accuracy improvement over joint characteristics.

optimization alone (Configuration E vs. D). Justification: MNIST allows exhaustive Monte
3. Mathematically rigorous optimization Carlo simulation (10,000 test samples x 10 seeds

framework. Unlike heuristic approaches (e.g.,
"use the middle half of the conductance range"),
our convex formulation provides provably optimal
parameters given device and noise models.

x 6 configurations * up to 8 ADC settings = 4.8
million inference passes). Scaling to ImageNet
would require either (a) massively parallel
computing resources or (b) reduced sampling,

7.3 Limitations compromising statistical significance.
Despite the strong results, this study has several Nevertheless, we expect the qualitative
limitations that must be acknowledged. conclusions  to  generalize  because  the

7.3.1 Simulation-Only Validation

Limitation: All experiments were performed
using a cycle-accurate simulator, not on physical
hardware. While our noise models are based on
published device measurements [16, 17],

https://thesesjournal.com
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mathematical framework (Sections 2-4) is
architecture-agnostic.

Future work: Apply the framework to larger
networks (e.g., VGG-16 on CIFAR-100) using

approximate simulation methods (e.g., per-layer
noise injection without cycle-level detail).
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7.3.3 Zero-Mean Input Assumption

Limitation: The derivation of the total noise
variance in Section 2.3.2 assumed zero-mean
inputs (E[V;] = 0), which eliminated the shot
noise term. In practice, batch normalization
reduces but does not eliminate means. Residual
means introduce signal-dependent shot noise that
our optimization does not account for.

Impact: For the MNIST network with batch
normalization after each linear layer, the residual
means than 0.05x the standard
deviation. The resulting shot noise contributed
<5% of total noise variance, so the impact is small.
Mitigation: The framework can be extended to
means by including

the 2qB z Gj; E[V;] term in the objective. This
i

were less

non-zero

term is linear in Gji, preserving convexity.

7.3.4 Static Conductance Range

Limitation: Our optimization selects a single
conductance  range [Gpin’ Gmax] per  layer.
However, different weights within the same layer
may benefit from different ranges (e.g., large
weights could use lower conductances to reduce
while small weights use higher
conductances to improve SNR). This per-weight
optimization is a combinatorial problem.
Observation: Prior work on "weight pruning" or

noise,

"conductance gating" [25] has explored  this
direction, but at the cost of additional peripheral
circuitry. OQur perlayer approach balances
performance and hardware complexity.

7.3.5 ADC Power Model

Limitation: The energy model in Section 5.5.4
assumes Expc o« 2P - FS, a first-order
approximation. Real ADC power depends on
architecture (flash, SAR, pipeline), sampling rate,
and technology node [22].

Impact: The relative energy comparisons (Table 9)
should be interpreted as qualitative trends, not
absolute numbers. However, the conclusion that
analog CiM is significantly more efficient than
digital is robust across all ADC models.

7.4 Generalization Beyond MNIST and MLPs
While our experiments focused on MNIST with
an MLP, the mathematical framework applies
broadly. We briefly discuss generalization
considerations.

7.4.1 Convolutional Neural Networks (CNNs)
CNNs dominate modern computer vision. A
convolution can be mapped to analog CiM by
converting each convolutional kernel into a row

https://thesesjournal.com
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of the crossbar (or using multiple crossbars for
multiple output channels). The same noise models
and optimization framework apply directly
because the underlying operation remains MVM.
The main difference is that the weight matrix is
block-structured (Toeplitz), but our
optimization only depends on aggregate
statistics S;,S,, T, which can be computed per
layer regardless of structure.

7.4.2 Other Activation Functions

We focused on ReLU due to its prevalence, but
the noise-aware activation derivation can be
extended to other functions:

. Leaky ReLU: The expectation becomes a
weighted combination of ReLU and identity.

. tanh / sigmoid: These saturating
functions are naturally robust to large inputs. The
noise-aware version would have an expectation
that remains within [—1,1] even under extreme
noise.

. Swish / GELU: These smooth activations
may already provide some noise robustness, but
the optimal noise-aware version would require
numerical integration.

7.4.3 Larger Datasets (CIFAR-10, ImageNet)
We hypothesize that the benefits of optimization
will ‘be even larger on harder datasets. Reason:
Overparameterized networks (like those used on
ImageNet) have many degrees of freedom and can
learn to adapt to hardware non-idealities during
fine-tuning. The noise-aware activation provides a
differentiable way to encode hardware constraints
into the loss landscape.

7.5 Practical Implementation Considerations
For researchers or engineers wishing to deploy the
proposed framework, we offer the following
practical guidelines:

Obtaining device parameters: The optimization
requires Guin, Gmax, Yprog- These can be extracted
by:

L. Programming the
repeatedly across
measuring the distribution.
2. Fitting a linear model 105 = VprogC to

convex

same conductance

value many devices and

the measured standard deviations.

ADC calibration: The optimal FS derived in
Section 3 assumes knowledge of X4 (maximum
input voltage). In practice, one can measure the
distribution of [;"*™

set FS to the 99.9th percentile plus 30se-

across a calibration set and
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Fine-tuning cost: For a ResNet-50 sized model,
fine-tuning with noise-aware activation (10
epochs) requires approximately 5 hours on a single
NVIDIA A100 GPU. This is modest compared to
initial training (50-100 hours).
overhead: The
approximation  of fgery (Section 4.4) adds 3
comparators and 1 multiply-accumulate operation
per neuron, which is negligible (<1% area)
compared to the analog crossbar and ADC.

7.6 Future Work Directions

Based on the limitations and insights above, we
identify four promising directions for future
research.

7.6.1 Hardware Validation

The most immediate next step is to implement the
optimized mapping on a real memristor crossbar
test chip (e.g., using a 128x128 RRAM array from
a foundry partner). This would validate the
simulation results and uncover second-order

Inference piecewise  linear

effects (IR drop, temperature sensitivity, retention
noise) not captured by our models.

7.6.2 Training in the Analog Domain

Our framework optimizes inference (forward pass
only). A more ambitious goal is to perform
training (forward + backward pass) entirely on
analog hardware, enabling on-device learning.
This requires:

7.7 Summary of Discussion

. Modeling the backward pass through the
same noisy crossbar (transpose of the forward
pass)

. Developing noise-aware gradient descent
algorithms
. Handling the non-symmetric nature of

memristor programming (write noise is much
larger than read noise)

Early work [2] has shown feasibility, but a
systematic optimization framework similar to ours
is lacking.

7.6.3 Adaptive Per-Input ADC Scaling

Our optimization uses a fixed FS per layer.
However, different input images produce different
ranges of activations. An adaptive ADC that
adjusts FS dynamically based on the input (e.g.,
using a gain stage before quantization) could
reduce quantization noise for low-contrast inputs
while avoiding saturation for high-contrast inputs.
This would require an additional forward pass to
estimate activation ranges (overhead) or on-chip
prediction circuits.

7.6.4 Non-Gaussian Noise Models

Our Gaussian noise assumption is a convenient
approximation, but real memristors exhibit 1/f
noise (power spectral density proportional to 1/f)
and’ random telegraph noise (RTN) from
individual defect trapping/detrapping. Extending
the optimization framework to non-Gaussian,
colored noise would improve accuracy and may
reveal different optimal conductance ranges.

Aspect Key Takeaway

Why joint optimization Balances multiplicative programming noise vs. quantization noise;
works compounds benefits through layers

Why noise-aware

activation helps
Comparison to prior work L .
P P activation for CiM
Main limitations
Generalization
Future directions

Soft clipping prevents saturation; smooth derivative improves fine-tuning
First to jointly optimize conductance range and ADC FS; first noise-aware
Simulation only; small benchmark; zero-mean assumption

Framework applies to CNNS, other activations, larger datasets
Hardware validation; analog training; adaptive ADC; non-Gaussian noise

Table 13: Summary of discussion points.
8. Conclusion

In this work, a complete
optimization framework for analog compute-in-
memory (CiM) systems with memristor crossbar
has been presented. The
bottleneck has become the main barrier to

mathematical

von Neumann

achieving energy-efficient inference at the Edge as
deep neural networks grow larger and more
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complex. The direct matrix-vector multiplication
in Analog CiM is a promising approach, but some
analog non-idealities such as device non-linearity,
noise, ADC quantization, and
activation function mismatch have hindered the
practical implementation of such systems.

8.1 Summary of Contributions

We have responded to these challenges in four
major ways:

stochastic
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1. A unified mathematical model of error
propagation (Section 2). To model closed-form
expressions, we integrated thermal noise, shot
noise, programming noise and ADC quantization
into the total output mean squared error (MSE) of
a memristor crossbar. The model includes both
signal independent and signal dependent noise
sources and the saturation/quantization error
trade-off.

2. Convex optimization for conductance range
and ADC full-scale selection (Section 3). We
recast the problem of mapping digital neural
network weights to physical conductances as a
convex optimization problem with design
variables G_min, G_max and FS. Convexity
ensures global optimization and the problem can
be solved within the microseconds per layer. We
also showed that if the conductance range is fixed,
the optimal FS is precisely the minimum value for

which the conductance is not saturated
deterministically.
3. Noise-aware activation function (Section

4). We presented a new, modified activation
function, f _"ReLU", that considers the statistical
distribution of analog noises and ADC saturation.
The function is differentiable and can be utilized
in finetuning a network to make networks
resistant to hardware non-idealities. We also gave
a piecewise linear approximation that is suitable
for doing inference with limited resources.

4. Experimental validation on a simulated
128x128 memristor crossbar (Sections 5-6). We
showed that, for the MNIST dataset, a three-layer
MLP could be used to achieve this:

. Compared to ideal digital mapping, naive
analog mapping has a 6.74% loss in accuracy
(98.21% to 91.47%).

. This loss is recovered by 71.8% (96.31%
accuracy) by optimizing the conductance range
and FS jointly.

° All the framework, including the noise-
aware activation, recovers 86.8% of the loss
(97.32% accuracy), with a performance gap at
most of 0.89% from the ideal baseline.

. The optimized system sees an 86%
reduction in output MSE at the last layer, a factor
of greater than 99% of ADC saturation events are
eliminated, and energy efficiency is increased by a
factor of 11% over naive analog mapping and 14x
over digital.

8.2 Broader Implications

https://thesesjournal.com
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The findings of this research have a few
implications for the design of upcoming Analog
Al accelerators:

For circuit designers: Our optimization gives
quantitative targets for the value of conductivity
range and ADC full scale. Instead of spanning all
the available conductances, designers should leave
the extremes of the device under study (e.g., 10-
35 uS, and 72-100 pS for the device studied here)
to prevent the of highest possible
programming noise or saturation. ADC full-scale
is to set about 1.8x the nominal maximum

areas

current, not 2.0%, to achieve a balance between
quantization and saturation errors.
For algorithm developers: The
activation function shows that the constraints of

noise-aware

the hardware can be directly programmed into the
loss function in finetuning. This "algorithm-
hardware co-design" method is more effective than
error correction applied after training or just
adding noise during training. We suggest using
hardware-aware activation functions as a standard
in deployment of networks to analog or mixed-
signal accelerators.

For system architects: The energy-accuracy
product analysis (Table 9) shows that analog CiM
with our optimization near-digital
accuracy at 14x lower energy. This renders the
technology usable in edge applications, such as
smart sensors, wearables, autonomous systems,
etc., where energy efficiency and accuracy are of
paramount importance. The 3-bit ADC results
(93.82% accuracy) show that high accuracy analog
front-ends are possible even at the extremely low
precision level, thus saving
energy/area..

8.3 Limitations and Path Forward
We acknowledge the limitations discussed in
Section 7.3: simulation-only validation, small
benchmark scale, zero-mean input assumption,
static conductance ranges, and simplified ADC
power models. These limitations do not invalidate
the core contributions but highlight the need for
continued research.

The most critical next step is hardware validation
on a fabricated memristor crossbar array. We are
currently collaborating with a foundry partner to
develop a 256x256 RRAM test chip with
integrated 4-bit ADCs. The optimization
framework presented here will be used to program
the device and measure inference accuracy on

achieves

even more
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MNIST and CIFAR-10, providing the first silicon
demonstration of our methods.

8.4 Final Remarks

The von Neumann bottleneck is not an
insurmountable physical law, but an engineering
challenge arising from decades of separation
between memory and compute. Analog compute-
in-memory, realized through memristor crossbars,
offers a path to overcome this bottleneck—but only
if the mathematical foundations of the approach
are rigorously developed. This paper has taken a
step in that direction by providing a principled,
convex optimization framework that bridges
device physics, circuit design, and neural network
training.

We hope that the models, algorithms, and insights
presented here will accelerate the development of
practical analog Al accelerators, enabling energy-
efficient deep learning at the edge. As the costs of
digital computing continue to rise (in energy,
latency, and environmental impact), analog
approaches may transition from a niche research
area to a mainstream computing paradigm. The
mathematics developed in this work will be an
essential part of that transition.

8.5 Closing Summary

The key messages of this paper are:

o The problem is Analog CiM is noisy, has
quantization and saturates, resulting in poor
accuracy.

o Solution: Joint convex optimization of
conductance range and ADC full-scale, plus noise-
aware activation fine-tuning.

. Key equations: Total MSE (Eq. 15),
optimal FS (Eq. 22), noise-aware ReLU (Eq. 29).
o The key result is that 86.8% of the

accuracy that is lost in the naive mapping is
recovered on MNIST when using 4-bit ADCs.

o Energy benefit: 14-fold more efficient
than digital, 11% more efficient than naive
analog.

. Conclusion:  Algorithm-hardware  co-
design using convex optimization and noise-aware
training enables analog CiM to be performed in
an edge-Al manner.
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Appendix A: List of Abbreviations

Abbreviation Full Form

ADC Analog-to-Digital Converter

Cc2C Cycle-to-Cycle

CDF Cumulative Distribution Function
CiM Compute-in-Memory

CNN Convolutional Neural Network
CRediT Contributor Roles Taxonomy
D2D Device-to-Device

DNN Deep Neural Network

EDA Electronic Design Automation
FPGA Field-Programmable Gate Array
ES Full-Scale (ADC range)

-V Current-Voltage

MAC Multiply-Accumulate

MLP Multi-Layer Perceptron

MSE Mean Squared Error

MVM Matrix-Vector Multiplication

PDF Probability Density Function
RelLU Rectified Linear Unit

RRAM Resistive Random-Access Memory
RTN Random Telegraph Noise

SNR Signal-to-Noise Ratio

SRC Semiconductor Research Corporation
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Appendix B: Mathematical Symbols
Symbol Description First Appearance
W € R"™*" Weight matrix Section 2.1.1
X € R" Input vector Section 2.1.1
Vi Ideal output (j-th element) Section 2.1.1
Gji Conductance (siemens) Section 2.1.2
V; Input voltage (volts) Section 2.1.2
I; Output current (amperes) Section 2.1.2
n;j Analog noise at output j Section 2.1.3
02 e Noise variance Section 2.1.3
o4 Thermal noise variance Section 2.1.3
Yprog Programming noise factor Section 2.1.3
b ADC bits Section 2.2.1
FS ADC full-scale range Section 2.2.1
A Quantization step size Section 2.2.1
0'3 Quantization noise variance Section 2.2.2
Gmins Gmax Conductance range Section 3.1.1
S$1,8,, T Weight statistics Section 3.2.1
FreLU Noise-aware ReLU Section 4.2.3
d(), P(+) Gaussian PDF and CDF Section 4.2.4
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    𝜎  q 2 =   FS 2 / ( 12 ⋅  2  2 b )


    𝜎  noise , j 2


    𝜎  noise , j 2


    𝜎  total , j 2 =     FS 2  12 ⋅  2  2 b +   𝜎  th 2 + 2 q B   ∑  i = 1  n    G  j i   V  i +   𝛾  prog 2   ∑  i = 1  n    G  j i 2   V  i 2


    V  i


    𝔼  𝐱 [   𝜎  total , j 2 ] =     FS 2  12 ⋅  2  2 b +   𝜎  th 2 + 2 q B   ∑  i = 1  n    G  j i 𝔼 [   V  i ] +   𝛾  prog 2   ∑  i = 1  n    G  j i 2 𝔼 [   V  i 2 ]


  𝔼 [   V  i ] = 0


  𝔼 [   V  i 2 ] =   𝜎  V 2


    𝔼  𝐱 [   𝜎  total , j 2 ] =     FS 2  12 ⋅  2  2 b +   𝜎  th 2 +   𝛾  prog 2   𝜎  V 2   ∑  i = 1  n    G  j i 2


  𝔼 [   V  i ] = 0


  ℓ


  ℓ + 1


    𝐲   ( ℓ )


  ℓ


      𝐲 ^   ( ℓ )


  ℓ + 1


    𝐱   ( ℓ + 1 ) = f (     𝐲 ^   ( ℓ ) )


  f


    𝐱   ( ℓ + 1 )


  ℓ


  f


    y  j


    ∑  i    W  j i   x  i


    I  j


    ∑  i    G  j i   V  i +   𝜂  j


      y ^  j


  Δ ⋅ round (   I  j / Δ )


  Δ


  FS/  2  b


    𝜎  q 2


    FS 2 / ( 12 ⋅  2  2 b )


    𝜎  prog 2


    𝛾  prog 2   ∑  i    G  j i 2   V  i 2


    𝜎  total , j 2


    𝜎  q 2 +   𝜎  th 2 + 2 q B   ∑  i    G  j i   V  i +   𝛾  prog 2   ∑  i    G  j i 2   V  i 2


  b


    W  j i


    W min


    W max


    G  j i


    G  j i =   G min +     W  j i −   W min    W max −   W min (   G max −   G min ) ∀ i , j


    G min


    G max


  𝐆 =   G min 𝟏 +     G max −   G min    W max −   W min ( 𝐖 −   W min 𝟏 )


  𝟏


    G min ∈ [   G min ⁡ ,   G max ⁡ ]


    G max ∈ [   G min ⁡ ,   G max ⁡ ]


    G max >   G min


  FS ∈  ℝ +


    G min ⁡


    G max ⁡


    G min ⁡ ≈ 10   𝜇 S


    G max ⁡ ≈ 100   𝜇 S


    x  i


    V  i


    V  i =   V  scale ⋅   x  i


    V  scale


    V  scale


    G  j i ←   G  j i   V  scale


    V  scale = 1


    G  j i


    V  i


    x  i


    𝜎  x 2


  ℒ (   G min ,   G max , FS ) =  1  m   ∑  j = 1  m    𝔼  𝐱 [   𝜎  total , j 2 ]


  ℒ =     FS 2  12 ⋅  2  2 b +   𝜎  th 2 +     𝛾  prog 2   𝜎  x 2  m   ∑  j = 1  m    ∑  i = 1  n    G  j i 2


    𝜎  th 2


  FS


    G  j i


  Δ


    𝜖  sat


   10  − 3


    x max


  j


  ∣   I  j  ∣ max =   ∑  i = 1  n ∣   G  j i ∣ ⋅ ∣   x  i  ∣ max ≤   x max   ∑  i = 1  n ∣   G  j i ∣


  ∣   I  j  ∣ max =   x max   ∑  i = 1  n    G  j i


    P  sat , j <   𝜖  sat


  FS ≥ 2 ⋅   x max   max ⁡  j   ∑  i = 1  n    G  j i


    G  j i


      W ~  j i =     W  j i −   W min    W max −   W min ∈ [ 0 , 1 ]


    G  j i =   G min + (   G max −   G min )     W ~  j i


    ∑  j = 1  m    ∑  i = 1  n    G  j i 2 =   ∑  j = 1  m    ∑  i = 1  n     (   G min + (   G max −   G min )     W ~  j i ) 2


  = m n   G min ⁡ + 2   G min (   G max −   G min )       ∑  j = 1  m    ∑  i = 1  n      W ~  j i ⏟    S 1 + (   G max −   G min  ) 2       ∑  j = 1  m    ∑  i = 1  n      W ~  j i 2 ⏟    S 2


    S 1


    S 2


   Δ  G =   G max −   G min ≥ 0


  ℒ (   G min ,  Δ  G , FS ) =     FS 2  12 ⋅  2  2 b +     𝛾  prog 2   𝜎  x 2  m  [  m n   G min ⁡ +  2   G min  Δ  G   S 1 +   Δ  G 2   S 2 ] + constant


    max ⁡  j   ∑  i = 1  n    G  j i =   max ⁡  j   ∑  i = 1  n   (   G min +  Δ  G     W ~  j i ) = n   G min +  Δ  G ⋅   max ⁡  j   ∑  i = 1  n      W ~  j i


  T =   max ⁡  j   ∑  i = 1  n      W ~  j i


  FS ≥ 2   x max  (  n   G min +   Δ  G T )


    G min ≥   G min ⁡ ,   G max =   G min +  Δ  G ≤   G max ⁡


    G min ⁡ ≤   G min ≤   G max ⁡ , 0 ≤  Δ  G ≤   G max ⁡ −   G min


   Δ  G ≥   𝛿 min > 0


    𝛿 min


    G min ,  Δ  G , FS


  ℒ =     FS 2  12 ⋅  2  2 b + 𝛼  (  m n   G min ⁡ +  2   G min  Δ  G   S 1 +   Δ  G 2   S 2 )


  𝛼 =     𝛾  prog 2   𝜎  x 2  m


     FS  ≥ 2   x max  (  n   G min +   Δ  G T )     G min ⁡  ≤   G min ≤   G max ⁡   0  ≤  Δ  G ≤   G max ⁡ −   G min    Δ  G  ≥   𝛿 min   FS  ≥ 0


      FS 2  12 ⋅  2  2 b


  𝛼 ( m n   G min ⁡ + 2   G min  Δ  G   S 1 +  Δ  G 2   S 2 )


   (    G min ,   Δ  G )


  𝐇 = 2 𝛼  [    m n    S 1     S 1    S 2 ]


    S 1 2 ≤ ( m n )   S 2


  FS ≥ 2   x max ( n   G min +  Δ  G T )


   (    G min ,   Δ  G ,  FS )


    G min


   Δ  G


   Δ  G ≥   𝛿 min


    G min


   Δ  G


  ℒ ( FS ) =     FS 2  12 ⋅  2  2 b + constant


  FS ≥   FS min ≡ 2   x max ( n   G min +  Δ  G T )


    FS ∗ =   FS min


  ℒ (   G min ,  Δ  G ) = 𝛼  (  m n   G min ⁡ +  2   G min  Δ  G   S 1 +   Δ  G 2   S 2 ) + constant


  n   G min +  Δ  G T ≤   FS  2   x max


    ∂ ℒ  ∂   G min = 2 𝛼 ( m n   G min +  Δ  G   S 1 ) = 0 ,   ∂ ℒ  ∂  Δ  G = 2 𝛼 (   G min   S 1 +  Δ  G   S 2 ) = 0


    G min =  Δ  G = 0


  n   G min +  Δ  G T =   FS  2   x max


    G min


   Δ  G


    G min ⁡ ,   G max ⁡ ,   𝛿 min ,   𝛾  prog


    S 1 ,   S 2 , T ,   𝜎  x 2 ,   x max


  b


  𝜖


    G min ⁡ ,  Δ  G ∗ ,   FS ∗


    G max ⁡ =   G min ⁡ +  Δ  G ∗


    G min ,   G max , FS


    S 1   ( l ) ,   S 2   ( l ) ,   T   ( l )


    G min ,  Δ  G


    FS ∗ = 2   x max ( n   G min +  Δ  G T )


    G min ⁡ ≤   G min ≤   G max ⁡ ,   𝛿 min ≤  Δ  G ≤   G max ⁡ −   G min


  ℒ =     FS 2  12 ⋅  2  2 b + 𝛼  (  m n   G min ⁡ +  2   G min  Δ  G   S 1 +   Δ  G 2   S 2 )


    I  j


  ± FS/ 2


    I  j  nom =   ∑  i    G  j i   V  i


   [ − FS/ 2 , FS/ 2 ]


    𝜂  j


    P  sat , j = Pr ⁡  ( ∣   I  j  nom +   𝜂  j ∣ >   FS 2 )


    𝜎  noise , j


  ∣   I  j  nom ∣


  2 × max ⁡ ∣   I  j  nom ∣


  Q ( FS/ ( 2   𝜎  noise ) )


  ± FS/ 2


  Δ


  z


    z ^ = ADC ( z + 𝜂 )


  𝜂 ∼ 𝒩 ( 0 ,   𝜎  noise 2 )


  j


  ADC ( u ) =  {    − FS/ 2 ,  u < − FS/ 2   Δ ⋅ round ( u / Δ ) ,  ∣ u ∣ ≤ FS/ 2   + FS/ 2 ,  u > FS/ 2


  f


  a = f (   z ^ )


    f ~


  z


  𝔼 [ f (   z ^ ) ]


    f ~ ( z )


    f ~ ( z ) ≈   𝔼  𝜂 , ADC [ f ( ADC ( z + 𝜂 ) ) ]


  ADC ( u ) ≈ u


  ∣ u ∣ ≤ FS/ 2


    𝜎  noise ≫ Δ


  𝜂


    𝜎 2


    z ^ ≈  {    − FS/ 2 ,  z + 𝜂 < − FS/ 2   z + 𝜂 ,  ∣ z + 𝜂 ∣ ≤ FS/ 2   + FS/ 2 ,  z + 𝜂 > FS/ 2


  f ( u ) = max ⁡ ( 0 , u )


  f (   z ^ )


  z


      f ~  ReLU ( z ) =   𝔼  𝜂  [ max ⁡ ( 0 ,   z ^ ) ]


  𝜂


  z + 𝜂 ≥ 0


  − z ≤ 𝜂 ≤ FS/ 2 − z


  z + 𝜂 ≥ 0


  𝜂 ≥ − z


  𝜂 ∈ [ max ⁡ ( − z , − z ) , FS/ 2 − z ] = [ − z , FS/ 2 − z ]


    z ^ = z + 𝜂


  f (   z ^ ) = z + 𝜂


  z + 𝜂 < 0


  − FS/ 2 − z ≤ 𝜂 < − z


    z ^ = z + 𝜂 < 0


  f (   z ^ ) = 0


  𝜂 > FS/ 2 − z


    z ^ = FS/ 2


  f (   z ^ ) = FS/ 2


  𝜂 < − FS/ 2 − z


    z ^ = − FS/ 2


  f (   z ^ ) = 0


      f ~  ReLU ( z ) =   ∫  𝜂 = − z  FS/ 2 − z  ( z + 𝜂 )   p ( 𝜂 )   d 𝜂 +   ∫  𝜂 = FS/ 2 − z ∞    FS 2   p ( 𝜂 )   d 𝜂


  p ( 𝜂 ) =  1   2 𝜋 𝜎   e  −   𝜂 2 / ( 2   𝜎 2 )


      f ~  ReLU ( z ) = 𝜎  [  𝜙  (   z  𝜎 ) −  𝜙  (   FS/ 2 − z  𝜎 ) ] + z  [  Φ  (   z  𝜎 ) −  Φ  (  −    z  𝜎 ) ] +   FS 2  [ 1 −  Φ  (   FS/ 2 − z  𝜎 ) ]


  𝜙 ( t ) =  1   2 𝜋   e  −   t 2 / 2


  Φ ( t ) =  1   2 𝜋   ∫  − ∞  t    e  −   u 2 / 2 d u


  FS → ∞


  Φ ( ( FS/ 2 − z ) / 𝜎 ) → 1


  𝜙 ( ( FS/ 2 − z ) / 𝜎 ) → 0


      f ~  ReLU ( z ) → 𝜎 𝜙  (   z  𝜎 ) + z Φ  (   z  𝜎 )


  𝜎 → 0


  z > 0


  Φ ( z / 𝜎 ) → 1


  𝜙 ( z / 𝜎 ) → 0


      f ~  ReLU ( z ) → z


  z < 0


  Φ ( z / 𝜎 ) → 0


      f ~  ReLU ( z ) → 0


    FS 2 [ 1 − Φ ( ( FS/ 2 − z ) / 𝜎 ) ]


  z ≪ FS/ 2 − k 𝜎


  z


  𝜎


      f ~  ReLU ( z )


  𝜎


  𝜎 = 0 . 2


  z = 0 . 6


  𝜎 = 0 . 02


    f ~


  Φ


  f


    f ~


    𝜎  noise   ( l )


    FS   ( l )


      f ~  ReLU ( z )


  z


    d     f ~  ReLU  d z = Φ  (   z  𝜎 ) − Φ  (   FS/ 2 − z  𝜎 )


  z < 0


  z


  z


  z ≫ FS/ 2


  Φ


  f ( u ) = max ⁡ ( 𝛼 u , u )


  𝛼


  f ( u ) = tanh ⁡ ( u )


      f ~  ReLU  (approx) ( z ) =  {    0 ,  z ≤ − 𝛽 𝜎   z ,  − 𝛽 𝜎 < z ≤ FS/ 2 − 𝛽 𝜎     FS 2 −   FS  2 𝛽 𝜎 ( FS/ 2 − z ) ,  FS/ 2 − 𝛽 𝜎 < z ≤ FS/ 2     FS 2 ,  z > FS/ 2


  𝛽 ≈ 2


   [ 0 ,  C ]


  𝜎 → 0


    z ^ = ADC ( z + 𝜂 )


  𝜂 ∼ 𝒩 ( 0 ,   𝜎 2 )


    f ~ ( z ) = 𝜎 [ 𝜙 ( z / 𝜎 ) − 𝜙 ( ( FS/ 2 − z ) / 𝜎 ) ] + z [ Φ ( z / 𝜎 ) − Φ ( − z / 𝜎 ) ] +   FS 2 [ 1 − Φ ( ( FS/ 2 − z ) / 𝜎 ) ]


      f ~ ′ ( z ) = Φ ( z / 𝜎 ) − Φ ( ( FS/ 2 − z ) / 𝜎 )


    f ~ ( z ) → 𝜎 𝜙 ( z / 𝜎 ) + z Φ ( z / 𝜎 )


    f ~ ( z ) → max ⁡ ( 0 , z )


  𝛽 ≈ 2


  m × n


    G  j i


    G min ,   G max


    G  j i  actual =   G  j i  target + 𝛿   G  j i , 𝛿   G  j i ∼ 𝒩 ( 0 , (   𝛾  prog   G  j i  target  ) 2 )


    x  i


    V  i =   x  i ⋅   V  scale


    V  scale


  max ⁡ ( ∣   x  i ∣ ) = 1


  max ⁡ ( ∣   x  i ∣ ) = 1


  𝐱


    I  j  nom =   ∑  i = 1  n    G  j i  actual   V  i


    𝜂  j


    𝜎  noise , j 2 =   𝜎  th 2 + 2 q B ∣   I  j  nom ∣ +   𝛾  prog 2   ∑  i = 1  n (   G  j i  actual  ) 2   V  i 2


    I  j  nom


    I  j =   I  j  nom +   𝜂  j


  b


    G min ⁡


    G max ⁡


    𝛾  prog


    𝜎  th


  2 q B


  3 . 2 ×  10  − 19  C ⋅ Hz


  q = 1 . 6 ×  10  − 19 , B =  10 6


  b


    V max


    V  scale


  T


  B


    G min =   G min ⁡


    G max =   G max ⁡


  FS = 2 ⋅   x max ⋅   max ⁡  j   ∑  i    G  j i


    G min


    G max


    G min ,   G max


    G min ,   G max


      f ~  ReLU


      f ~  ReLU


    𝜎  noise   ( 1 )


    FS   ( 1 )


    𝜎  noise   ( 2 )


    FS   ( 2 )


    𝜎  noise


    MSE  layer =  1  m ⋅   N  test   ∑  j = 1  m    ∑  k = 1    N  test     (       y ^  j   ( k ) −   y  j   ( k )    y  j   ( k ) + 𝜖 ) 2


  𝜖 =  10  − 6


  ∣   I  j ∣ > FS/ 2


    SatRate  layer =   Number of saturated forward passes    N  test ⋅ m


    E  total =   E  ADC +   E  crossbar +   E  digital


    E  ADC ∝  2  b ⋅ FS


    E  crossbar ∝   ∑  i , j    G  j i   V  i 2


    E  digital


  𝛼 = 0 . 05


    G min


    G max


  p < 0 . 01


  p = 3 . 2 ×  10  − 4


  p = 1 . 1 ×  10  − 6


  p = 0 . 008


  2   x max ( n   G min +  Δ  G T )


  b = 4


    G min


    G max


    G min ,   G max , FS


    G min ,   G max


    G  j i


    𝛾  prog 2 ∑   G 2


    𝜎  prog ( G ) =   𝛾  prog G


    G max ⁡


    G min ⁡


  Δ = FS/  2  b


    𝜎  q 2 =   FS 2 / ( 12 ⋅  2  2 b )


      f ~  ReLU


      f ~  ReLU


      f ~  ReLU ′ ( z ) = Φ ( z / 𝜎 ) − Φ ( ( FS/ 2 − z ) / 𝜎 )


  z


      f ~  ReLU


  𝔼 [   V  i ] = 0


  2 q B   ∑  i    G  j i 𝔼 [   V  i ]


    G  j i


   [    G min ,    G max ]


    E  ADC ∝  2  b ⋅ FS


    S 1 ,   S 2 , T


   [ − 1 , 1 ]


    G min ⁡ ,   G max ⁡ ,   𝛾  prog


    𝜎  prog =   𝛾  prog G


    x max


    I  j  nom


  3   𝜎  noise


      f ~  ReLU


  1 / f


  𝐖 ∈  ℝ  m × n


  𝐱 ∈  ℝ  n


    y  j


    G  j i


    V  i


    I  j


    𝜂  j


    𝜎  noise 2


    𝜎  th 2


    𝛾  prog


  b


  Δ


    𝜎  q 2


    G min ,   G max


    S 1 ,   S 2 , T


      f ~  ReLU


  𝜙 ( ⋅ ) , Φ ( ⋅ )

