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Abstract

High-dimensional engineering datasets are increasingly generated from smart
sensors, simulation platforms, industrial monitoring systems, communication
networks, and intelligent control environments. However, the large number of
variables, nonlinear relationships, redundant features, and computational
complexity often reduce the efficiency and accuracy of conventional data analysis
methods. This study presents a mathematical framework for high-dimensional
engineering data analysis using advanced linear algebra and optimization
techniques. The proposed framework integrates matrix decomposition, wvector
space transformation, dimensionality reduction, eigenvalue-based feature
representation, convex optimization, gradient-based learning, and regularization
methods to improve data processing, predictive modeling, and machine learning

The

transforming complex engineering datasets into optimized mathematical

performance in engineering applications. methodology focuses on
representations by applying Principal Component Analysis, Singular Value
Decomposition, least-squares optimization, and regularized regression techniques.
These methods help reduce noise, remove irrelevant features, enhance
computational speed, and improve model interpretability. The optimized feature
space is then used with machine learning models such as Support Vector Machine,
Random Forest, and Neural Network classifiers for predictive analysis and
support.  Experimental that the proposed
mathematical framework significantly improves model performance compared
with traditional feature-processing methods. The dimensionality of the dataset
was reduced by 42.6%, while preserving 96.8% of the original data variance.

decision results demonstrate

The proposed framework achieved an overall prediction accuracy of 97.3%,
precision of 96.5%, recall of 95.9%, and Fl-score of 96.2%. In addition,

computational training time was reduced by 31.4%, and mean squared error
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decreased from 0.084 to 0.031 after applying optimization-based feature
transformation. The results confirm that advanced linear algebra and
mathematical optimization techniques provide a strong foundation for high-
dimensional engineering data analysis. Quwerall, this research highlights the

importance of mathematical modeling in improving machine learning efficiency,

predictive accuracy, and intelligent decision support for modern engineering
systems. The proposed framework can be applied in areas such as smart

manufacturing, structural health monitoring, electrical systems, robotics, and

engineering design optimization.

1- Introduction:

In the modern era of digital engineering,
intelligent automation, and data-driven decision-
making, engineering systems are generating large
volumes of complex and high-dimensional data.
This data is commonly collected from smart
sensors, industrial machines, simulation models,
monitoring  systems,  robotic  platforms,
communication networks, power systems, and
automated control environments. Engineering
fields such as smart manufacturing, electrical
robotics, structural  health
monitoring, mechanical design, biomedical
engineering,  transportation  systems,  and
industrial automation increasingly depend on
advanced data analysis methods to improve
prediction, optimization, fault detection, system
monitoring, and intelligent decision support [1].
High-dimensional engineering data usually
contains a large number of variables, parameters,
measurements, or features. Although such data
provides rich information about system behavior,
it also creates several analytical challenges. These
challenges include feature redundancy, noise,
multicollinearity, nonlinear relationships, high
computational cost, overfitting, and difficulty in
interpreting model outputs. In many practical
engineering problems, the number of features may
be very large compared with the number of
available observations, which reduces the
effectiveness of traditional statistical and machine
learning  methods.  Therefore,
mathematical techniques are required to
represent, simplify, transform, and optimize
engineering datasets in a more reliable and
computationally efficient manner. Linear algebra
provides a strong mathematical foundation for
high-dimensional engineering data  analysis

engineering,

advanced

because it allows complex datasets to be
represented in the form of vectors, matrices,
tensors, and multidimensional spaces. Important
concepts such as vector spaces, matrix operations,
eigenvectors, orthogonality,
projections, rank, basis transformation, and
matrix factorization help identify hidden patterns
and meaningful relationships within engineering
datasets.  Techniques such as  Principal
Component Analysis, Singular Value
Decomposition, eigenvalue decomposition, and
matrix factorization are especially useful for
dimensionality reduction, noise removal, feature
extraction, and data compression. These methods
reduce unnecessary complexity while preserving
the most important information required for
accurate predictive modeling [2]. Mathematical
optimization is also an essential component of
high-dimensional engineering data analysis.
Optimization techniques are used to improve
model performance by minimizing error, selecting
important features, reducing computational
burden, and finding the best possible solution
under given constraints. Methods such as least-
squares optimization, convex optimization,
gradient descent, regularization, and constrained
optimization are widely used to enhance the
accuracy and reliability of machine learning
models. In engineering applications, optimization
supports fault diagnosis, system control,
performance improvement, energy efficiency,
design optimization, and intelligent decision-
making. This study presents a mathematical
framework for high-dimensional engineering data
analysis using advanced linear algebra and
optimization  techniques.  The  proposed
framework  combines  mathematical  data

eigenvalues,

representation, dimensionality reduction, matrix
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decomposition, regularization, optimization-based
learning, and machine learning models to improve
the analysis of complex engineering datasets. The
study ~makes the following important
contributions:

1. Development of a structured mathematical
framework that integrates advanced linear algebra,
mathematical optimization, and machine learning
for high-dimensional engineering data analysis.

2. Improvement of data representation and
dimensionality reduction by using vector-space
transformation, matrix decomposition, Principal
Component Analysis, and Singular Value
Decomposition to reduce redundant features and
preserve important information.

3. Enhancement  of  predictive = modeling
performance through optimization techniques
such as gradientbased learning, least-squares
optimization, convex optimization, and
regularization.

4. Reduction of computational complexity and
training time by transforming high-dimensional
engineering data into lower-dimensional and
optimized feature spaces.

5. Support for intelligent engineering decision-
making by improving prediction accuracy, model
interpretability, and reliability in applications such
as smart manufacturing, power systems, robotics,
sensor-based monitoring, and industrial fault
diagnosis.

Machine learning has become a powerful
approach for engineering prediction,
classification, monitoring, and decision support.
However, the performance of machine learning
models depends strongly on the quality of input
features and the mathematical structure of the
data. If high-dimensional data is directly provided
to machine learning models without proper
preprocessing, the models may show low accuracy,
high training time, overfitting, and poor
generalization. Therefore, the integration of linear
algebra and optimization techniques with machine
learning provides a more effective solution for
improving model efficiency, accuracy, and
interpretability. The proposed framework is
designed to address the limitations of
conventional engineering data analysis methods.
Traditional methods often struggle when datasets

contain too many variables, noisy measurements,
redundant information, or complex
dependencies. By applying advanced
mathematical transformations and optimization
strategies, the proposed framework identifies the
most important data patterns, removes irrelevant
features, and improves the quality of predictive
modeling [3]. This makes the framework suitable
for realworld engineering environments where
datasets are often large, dynamic, incomplete, and
computationally ~ demanding. In  practical
engineering applications, accurate prediction and
reliable decision-making are highly important for
system safety, operational efficiency, fault
prevention, and performance optimization. For
example, in smart manufacturing, the proposed
framework can support machine fault detection,
production quality improvement, and process
optimization. In electrical power systems, it can
assist in load forecasting, fault diagnosis, and
stability analysis. In robotics, it can improve sensor
fusion, motion prediction, and control
optimization. In structural health monitoring, it
can help detect damage patterns and predict
possible system failures. Therefore, the proposed
mathematical framework has strong potential for
multiple engineering domains. Overall, this
research emphasizes that advanced linear algebra
and mathematical optimization are not only
theoretical concepts but also practical tools for
solving modern engineering data challenges. By
integrating these methods with machine learning,
high-dimensional engineering datasets can be
processed more efficiently, predictive models can
achieve better performance, and intelligent
decision support systems can become more
accurate, reliable, and computationally effective.

2- Role of Linear Algebra in Engineering Data
Representation:

Linear algebra plays a fundamental role in high-
dimensional engineering data analysis because it
provides the mathematical language for
representing, organizing, transforming, and
interpreting complex engineering datasets. In
modern engineering systems, data is commonly
collected from sensors, simulation models,
industrial machines, robotic devices, electrical
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networks, image-processing systems, and structural
monitoring platforms. These datasets often
contain multiple variables, measurements, and
system parameters that must be arranged in a
meaningful mathematical form before analysis.
Linear algebra enables this process by representing
data through vectors, matrices, tensors, and
multidimensional ~ feature spaces. Most
engineering datasets can be expressed in matrix
form, where each row represents an observation,
experiment, machine condition, or sensor
reading, while each column represents a feature,
parameter, or measured variable [4]. For example,
in a smart manufacturing system, rows may
represent different production cycles, while
columns may represent temperature, vibration,
pressure, speed, energy consumption, and product
quality indicators. This matrix-based structure
allows mathematical operations to be applied
systematically  for  data  transformation,
dimensionality reduction, feature extraction,
compression, and predictive modeling. Linear
algebra helps convert raw engineering data into a
structured mathematical representation. Each
observation can be treated as a vector in an nnn-
dimensional space. This means that every machine
state, sensor reading, signal pattern, or system
condition can be represented as a point or
direction in a feature space. By studying distances,
angles, projections, and transformations within
this space, hidden relationships between
engineering variables can be identified. This is
especially useful in applications such as fault
detection, signal processing, image recognition,
robotics, power system monitoring, and structural
health assessment. Important linear algebra
concepts such as vector spaces, matrix rank,
orthogonality, projections, eigenvalues,
eigenvectors, matrix decomposition, and basis
transformation are widely used in engineering
data analysis. Vector spaces help organize high-
dimensional data, while matrix rank provides

information about feature dependency and
redundancy. Orthogonality and projection
methods are used to separate useful information
from noise. Eigenvalues and eigenvectors help
identify dominant patterns and important
directions of variation in data. Similarly, matrix
decomposition techniques such as Principal
Component  Analysis and Singular Value
Decomposition help reduce dimensionality and
extract meaningful features from complex
datasets.

In engineering applications, high-dimensional
datasets often contain redundant, correlated, or
noisy features. Linear algebra-based methods help
reduce these problems by transforming the
original feature space into a new optimized space.
For example, Principal Component Analysis uses
eigenvalue decomposition to transform correlated
features into independent principal components
[5]. These principal components preserve the most
important variance in the dataset while removing
less useful information. Similarly, Singular Value
Decomposition decomposes a data matrix into
smaller components that capture dominant
structures and reduce noise. As a result, the
transformed dataset becomes more suitable for
machine learning, predictive modeling, and
intelligent decision-making. Linear algebra is also
highly important in machine learning models used
for engineering data analytics. Many machine
learning algorithms depend on matrix operations,
vector calculations, distance measurements,
optimization functions, and transformation
techniques. Support Vector Machines use vector
spaces and hyperplanes for classification. Neural
networks use matrix multiplication to process
input data through different layers. Regression
models use linear algebra to estimate relationships
between input and output variables. Therefore,
linear algebra serves as a bridge between
mathematical theory and practical machine
learning implementation.
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Table 1: Role of Linear Algebra Concepts in Engineering Data Representation

Linear Algebra Function in Data Representation Engineering Application
Concept

Vectors Represent individual observations, Sensor readings, machine conditions,
sensor values, or system states robotic positions

Matrices Organize complete datasets with Smart manufacturing data, power
observations and features system measurements, simulation

outputs

Matrix Rank Identifies feature dependency, Feature selection, fault diagnosis, system
redundancy, and data complexity monitoring

Orthogonality Separates independent information Signal filtering, noise reduction, feature
components and reduces overlap extraction

Projection Maps data into lower-dimensional Dimensionality reduction, visualization,

and more meaningful spaces

model simplification

Eigenvalues and

Identify dominant directions,

PCA, stability analysis, vibration analysis

Eigenvectors variance patterns, and system

behavior
Matrix Breaks complex data matrices into SVD, data compression, image
Decomposition meaningful components processing, noise reduction

Basis Transformation

Converts data into a more useful
coordinate or feature system

Robotics, control systems, machine
learning preprocessing

The concepts summarized in Table 1 show that
linear algebra provides a complete mathematical
foundation for organizing and transforming
engineering data into meaningful analytical
structures. By converting engineering
measurements into vectors, matrices, and
optimized feature spaces, linear algebra enables
researchers to identify important data patterns,
remove redundant information, and improve

raw
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computational efficiency [6]. These mathematical
operations create a strong connection between raw
engineering data and machine learning-based
analysis. Therefore, the following figure presents
the overall flow of linear algebra-based engineering
data representation, showing how engineering
data sources are transformed into optimized
features for predictive modeling and intelligent
decision support.
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Figure 1: Linear Algebra-Based Engineering Data Representation Framework
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The figure 1 shows how engineering data is the number of input features while preserving the
transformed from raw sensor or system most meaningful information from the original
measurements into a structured matrix form. After dataset. In modern engineering systems, data is
matrix representation, linear algebra operations often collected from multiple sensors, machines,
are applied to identify important features, remove simulation tools, monitoring platforms, industrial
redundancy, reduce dimensionality, and generate devices, and control systems. As a result,
an optimized feature space. This optimized engineering datasets may contain hundreds or
representation is then used for machine learning thousands of variables. Although these variables
analysis, predictive modeling, fault detection, and provide detailed information about system
intelligent engineering decision support. Linear behavior, they also increase computational
algebra provides the foundation for representing complexity and may reduce the performance of
and analyzing high-dimensional engineering data machine learning models. High-dimensional data
in a mathematically structured way. It supports creates several challenges, including feature
data transformation, dimensionality reduction, redundancy, noisy measurements,
feature extraction, noise reduction, and model multicollinearity, overfitting, high memory usage,
improvement. By using linear algebraic tools, and increased training time. When too many
complex engineering datasets can be converted features are used directly in predictive modeling,
into meaningful and efficient representations that the model may learn irrelevant patterns instead of
improve the performance of machine learning useful information [7]. This problem is commonly
models and decision support systems. Therefore, known as the curse of dimensionality. In
linear algebra is a core component of the proposed engineering applications, this issue can affect fault
mathematical framework for high-dimensional detection accuracy, system monitoring reliability,
engineering data analysis. predictive = maintenance performance, and

decision support quality. Therefore,
3- Dimensionality Reduction Techniques for dimensionality reduction is required to transform
High-Dimensional Data: high-dimensional data into a smaller and more
Dimensionality reduction is one of the most useful feature space. Mathematically, a high-
important techniques for handling high- dimensional engineering dataset can be
dimensional engineering data because it reduces represented as:

Xe RmXTL

ZeR™k, k<n
Here, k represents the reduced number of features or components. The transformation can be expressed as:

Z=fX)
Principal Component Analysis is one of the most captures the highest variance, the second captures
widely used dimensionality reduction techniques the next highest variance, and so on [8]. This
in high-dimensional data analysis. PCA transforms makes PCA highly useful for reducing data
correlated variables into a smaller number of complexity ~ while  preserving  important
uncorrelated  variables called principal information. Before applying PCA, the dataset is
components. These components are arranged usually standardized to ensure that all features
according to the amount of variance they explain contribute equally to the analysis. Standardization
in the dataset. The first principal component is performed as:
X—u
Xstd - o

1 T
C=——7XstaXsta
CWl' = /h'Wi
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where wj; is the eigenvector and A; is the corresponding eigenvalue. Eigenvectors define the direction of
principal components, while eigenvalues represent the amount of variance captured by each component. The
reduced feature matrix is obtained by selecting the top k eigenvectors:

Z = XstaWk

where W}, contains the selected eigenvectors. The variance preserved by the selected components is calculated

as:

k

k.
Explained Variance = Q x 100

This equation helps determine how much
information is retained after dimensionality
reduction. For example, if the selected
components preserve more than 95% of the
variance, the reduced dataset can be considered
highly informative while being much smaller than
the original dataset. In engineering applications,
PCA is widely used for fault detection, system
monitoring, vibration analysis, image
compression, signal processing, sensor data
analysis, and predictive maintenance. In fault
detection systems, PCA can identify abnormal
patterns by separating normal operational
behavior from fault-related variations. In vibration
analysis, PCA reduces complex sensor signals into
important components that represent mechanical
system behavior [9]. In image processing, PCA
helps  compress  high-dimensional  pixel

Jw)

where Sp represents the between-class scatter
matrix and Sy, represents the within-class scatter
matrix. The between-class scatter matrix measures
the separation between different classes, while the
within-class scatter matrix measures the spread
within each class. By maximizing this ratio, LDA
creates a reduced feature space that improves
classification performance. Feature selection is
another dimensionality reduction approach.
Unlike PCA and LDA, which create new
transformed features, feature selection chooses the
most relevant original features from the dataset.

i=1 i
information while preserving essential image
features. Therefore, PCA provides an effective
balance between computational efficiency and
information preservation. Another important
dimensionality reduction method is Linear
Discriminant Analysis. Unlike PCA, which
focuses on maximizing variance, Linear
Discriminant Analysis focuses on maximizing class
separability. It is particularly useful for
classification problems where the target classes are
already known. In engineering fault diagnosis, for
example, LDA can separate normal and faulty
operating conditions by finding projection
directions that maximize the distance between
classes. The objective of LDA is to maximize the
ratio between between-class scatter and within-
class scatter:

WS
[WTS, W]

This is useful when interpretability is important
because selected features retain their original
meaning. Feature selection methods can be
divided into filter methods, wrapper methods, and
embedded methods [10]. Filter methods use
statistical measures such as correlation, mutual
information, and variance thresholding. Wrapper
methods evaluate feature subsets using machine
learning models. Embedded methods perform
feature selection during model training, such as
Lasso regularization. Feature selection can be
mathematically expressed as:

X, =X[:,S]
S = argrglglgiPerf ormance(S)

Manifold learning methods are also used for
nonlinear dimensionality reduction. These
methods are useful when high-dimensional
engineering data lies on a lower-dimensional
nonlinear structure. Common manifold learning

techniques include tSNE, Isomap, and Locally
Linear Embedding. These methods are often used
for visualization, pattern discovery, and clustering.
However, they may be computationally expensive

and less interpretable than PCA or LDA. The
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importance of dimensionality reduction in
engineering data analysis is summarized in Table

2.

Table 2: Dimensionality Reduction Techniques for High-Dimensional Engineering Data

Technique Mathematical Main Function
Objective
Principal Component Z =XW, Converts correlated features into uncorrelated

Analysis principal components

Linear Discriminant (JOW)=\fraction WATS BW

Analysis

Feature Selection X, = X[:,S] Selects the most important original features
Singular Value X=uxvT Reduces data rank and extracts dominant patterns
Decomposition

Manifold Learning Z = frnontinear(X) | Finds nonlinear low-dimensional structures
Autoencoders Loss =|| x — & |I? Learns compressed nonlinear feature representation

The techniques summarized in Table 2 show that
dimensionality reduction can be achieved through
both linear and nonlinear methods. Linear
methods such as PCA, LDA, and SVD are widely
used because they are mathematically transparent,
computationally efficient, and easier to interpret.
Nonlinear methods such as manifold learning and

autoencoders are useful when engineering data
contains complex nonlinear patterns. However,
the selection of a dimensionality reduction
method depends on the nature of the dataset, the
purpose of analysis, the need for interpretability,
and the computational resources available.

X € RN¥*D =
> El Yl c ]:{varl
(Euclidean)

DX = thh

(Euclidean)

A
'
'
Graph M
Construction :
(KNN) : Similarity
- L (Gaussian Kernel)
bxb L& = D(Dx = Dyj L = ll'ﬁL + (1 - w)La
Px eR > (Distance Loss) (Total Loss) B
Yy € RO*®
1 7'y X Qv
Symmetrize N | ]
sraneliiey, L: = C(Gx, Qv) g
(Pg =~F5—4%) (Graph Loss)
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] 1
GX = beb L Ree
(Regularization) (Reconstruction)

v

Lorth
(Orthogonality)

L sparsity
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Optimizer
(Adam)
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Figure 2: Dimensionality Reduction Workflow for High-Dimensional Engineering Data
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Figure 2 shows the general workflow of
dimensionality reduction for high-dimensional
engineering data. The process begins with raw
engineering data collected from sensors, signals,
images, machines, and monitoring systems. After
preprocessing, dimensionality reduction methods
are applied to transform the original high-
dimensional dataset into a smaller and more
informative feature space [11]. The reduced

n
Reduction Rate =

features are then used for machine learning
modeling, which improves prediction accuracy,
reliability, ~ fault  detection
performance, and engineering decision-making.
Dimensionality  reduction  also
computational efficiency. When the number of
features is reduced from n to k, the computational
cost of model training decreases significantly. This
reduction can be represented as [12]:

classification

improves

x 100

Reconstruction Error =|| X — X ||

where X is the original dataset and X is the
reconstructed  dataset from the reduced
representation. A lower reconstruction error
indicates that the reduced features preserve the
original data  structure more effectively.
Dimensionality reduction is a critical step in high-
dimensional engineering data analysis. It reduces
unnecessary features, removes noise, controls
overfitting, improves computational speed, and
enhances machine learning performance. Linear
algebra-based methods such as PCA, SVD, and
LDA remain highly important because they are
efficient, interpretable, and mathematically well-
established. At the same time, nonlinear methods
such as manifold learning and autoencoders
provide additional capabilities for complex
engineering datasets. Therefore, dimensionality
reduction plays a central role in the proposed
mathematical framework for high-dimensional
engineering data analysis and machine learning-
based intelligent decision support systems.

4- Methodology:

The methodology of this study is designed to
develop a structured mathematical framework for
analyzing high-dimensional engineering data using
advanced linear algebra and optimization
techniques. The overall process begins with the
acquisition of engineering datasets from sources
such as sensors, simulation models, industrial
monitoring systems, power systems, robotics
platforms, and smart manufacturing
environments. These datasets are first arranged in
matrix form, where rows represent observations
and columns represent engineering features.
Before mathematical analysis, the data is cleaned,

normalized, and standardized to remove missing
values, noise, inconsistent measurements, and
scale-related differences. This preprocessing step
ensures that all engineering variables contribute
fairly to the mathematical transformation and
machine  learning  process  [13].  After
preprocessing, the methodology applies linear
algebra-based dimensionality reduction, matrix
decomposition, and optimization methods to
convert the original high-dimensional dataset into
a reduced and more meaningful feature space.
Principal Component Analysis is used to identify
dominant variance directions and remove
redundant features, while Singular Value
Decomposition helps extract important structural
patterns from the data matrix. Optimization
techniques such as leastsquares minimization,
gradient-based optimization, and regularization
are then applied to improve predictive modeling
performance and reduce overfitting. The
optimized feature space is finally used with
machine learning models for classification,
regression, fault detection, prediction, and
intelligent engineering decision support.

4.1- Dimensionality Reduction Using
Principal Component Analysis:

Principal Component Analysis is applied in this
study as a major linear algebra-based
dimensionality reduction technique for reducing
the complexity of high-dimensional engineering
datasets. In modern engineering systems, data is
often collected from sensors, machines,
simulation platforms, structural monitoring
systems, robotic devices, power networks, and
smart manufacturing environments. These

https://thesesjournal.com

| Aslam et al., 2026 |

Page 348


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

SPECTRUM OF ENGINEERING SCIENCES

ISSN (E) 3007-3138 (P) 3007-312X

VOLUME 4, ISSUE 6, 2026

datasets usually contain a large number of

correlated variables such as temperature,
vibration, voltage, current, pressure, speed,
displacement, fault indicators, and system

response values. When all these features are
directly used in machine learning models, they

may increase computational cost, introduce
redundancy, cause overfitting, and reduce model
X11 X12  *13
X21 X222  X23
X =|X31 X32 X33
lxml Xm2 Xm3

where m represents the number of engineering
observations and n represents the number of
input features. Each row of the matrix represents
one engineering sample, while each column
represents one measured variable [14]. Since this
7€ Rmxk,
where k is the selected number of principal
components. The transformation is performed in
such a way that the reduced matrix Z preserves the
maximum variance and dominant structural
information from the original dataset. Before
applying PCA, the dataset is standardized because
engineering variables are often measured in
different units and scales [15]. For example,

xjj

where x;; is the original value of the j th feature in
the it" observation, p j is the mean of the j th
feature, and gj is the standard deviation of the j th

interpretability. Therefore, PCA is used to
transform the original high-dimensional dataset
into a smaller number of meaningful principal
components while preserving the maximum
amount of useful information.

The original engineering dataset is represented as
a matrix:

X1n
X2n
x3n € Rmxn

Xon]
study focuses on high-dimensional engineering
data, the number of features n may be very large.
The main objective of PCA is to transform the
original data matrix X into a reduced-dimensional
matrix Z, expressed as:
k<n
voltage may be measured in volts, temperature in
degrees Celsius, vibration in meters per second
squared, and pressure in pascals. If these variables

are not standardized, features with larger
numerical ranges may dominate the PCA
transformation. Therefore, each feature is

converted into a standardized form using:

sea _ XU " Hj

O-.
]
feature. The mean and standard deviation are

calculated as:

2
pj = %Zﬁlxij 0 = ﬁﬂ;(xij — )
The standardized data matrix is represented as:
(X111~ M1 X2 — o Xin ~ Hn 7
01 ) On
X21 M1 X2 — Hp Xo2n — Hn
Xsta = 01 02 On
Xm1—H1 Xm2 — U Xmn ~ Hn
I 0y op |

different engineering features. The covariance
matrix is given as:

After standardization, the covariance matrix is
computed to measure the relationship between

1 T
C=——7XstaXsta

The covariance matrix can also be written in expanded form as [16]:
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cov(xy,x1)  cov(xq,xy) cov(xq, xy,)
¢ = |covCiax) covliaxn) - cov(ra )
cov(xy,x1)  cov(xy, x3) cov(xp, Xp)

where the covariance between two features x;, and x is calculated as:

m
1
cov(xp,xq) = mZ(xip - :“19) (xiq - '“q)
i=1

The covariance matrix helps identify whether
engineering similar,
independent, or redundant information. A high
indicates that two variables
change together, while a low covariance value
indicates weak dependency between variables.

variables contain

covariance value

CWi

where w; represents the eigenvector and 4;
represents the corresponding eigenvalue. The
eigenvectors define the directions of the principal

Since high-dimensional engineering datasets often
contain strongly correlated variables, PCA uses
this covariance structure to identify the most
important directions of variation. The next step is
eigenvalue decomposition of the covariance
matrix. The eigenvalue problem is defined as [17]:

= Aiw;

amount of variance captured by those directions.
The complete eigenvalue decomposition can be
expressed as:

components, while the eigenvalues indicate the

CW=WwWA
W = [wy, wy, ws, ..., Wy |
A4 0 0 0
0 4 0 - 0
A=lo 0 2 0
ol Ho HLHY |

The eigenvalues are arranged in descending order:
11212 2/1322/1,1

The first eigenvalue A; corresponds to the first
principal component, which captures the
maximum variance in the dataset. The second
eigenvalue A, corresponds to the second principal

component, which captures the next highest
variance, and so on. The selected eigenvectors
corresponding to the top k eigenvalues are used to
form the projection matrix:

Wk = [Wl,Wz,W3, 'Wk]
The standardized dataset is then projected into the reduced-dimensional feature space as:
Z = XstaWk
where Z is the PCA-transformed engineering dataset. In expanded form, this transformation can be written

as:
std std std

Z11 Z12 t Zyg X111 X1z vt Xip [[W11 Wiz o Wik
z 7 e 7 std std ... .std||w w. e W
Zm1  Zm2 Zmk xrsrff xrsrfg xrsrfg Wn1i Wn2 Wnk

The number of selected principal components is determined by the explained variance ratio. The explained
variance ratio for the first k principal components is calculated as:

FVR, = i
FTYEA
EVR (%)—( {'(=1’1">><100
(%) =
Yi=1 i
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The cumulative explained variance is used to decide how many principal components should be retained

(18]:
k 1
CEV (k) = -
") Zz, T
CEV(k) >t

where 7T is the desired variance threshold,
commonly selected as 0.90, 0.95, or 0.98
depending on the engineering application. In this
study, PCA is used to retain the maximum

possible variance while removing unnecessary and
redundant dimensions. The mathematical process
of PCA used in this study is summarized in Table
3.

Table 3: Principal Component Analysis Procedure for High-Dimensional Engineering Data

PCA Stage Mathematical Expression Purpose in Engineering Data Analysis
Original Data X € RMxn Represents high-dimensional engineering data
g P g g g

Representation with observations and features
p
Feature xStd — Xij — Hj Removes scale differences among engineering
Standardization Y gj variables
Mean Calculation m Computes average value of each engineerin
1 p g g g
K= EZ Xij feature
i=1

Standard Deviation oj

Measures spread of each engineering feature

i=1
Covariance Matrix 1 X7 x Identifies relationships and redundancy among
T m — 1 stdstd variables
Eigenvalue Cw; = L;w; Finds principal directions of maximum variance
Decomposition
Projection Matrix Wi = [wy, wy, ..., W] Selects top principal components
Reduced Feature Space Z = XgeqgWy Converts high-dimensional data into lower-
dimensional representation
Explained Variance EVR {-‘=1 Ai Measures preserved information after reduction
Ratio k YA

Reconstruction Error

Erec =l Xs¢a — ZWkT "121

Evaluates loss of information after

dimensionality reduction

The PCA stages summarized in Table 3 show that
dimensionality reduction is not only a feature
reduction process but also a complete
mathematical transformation of engineering data.
The method begins with data standardization and
covariance analysis, then identifies dominant
variance  directions  through  eigenvalue
decomposition.  After selecting the most

informative principal components, the original
high-dimensional data is projected into a reduced
feature space. This reduced representation
preserves the most important system behavior
while removing redundant and noisy variables
[19].  Therefore, PCA  improves both
computational efficiency and predictive reliability
in high-dimensional engineering data analysis.
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Figure 3: PCA-Based Dimensionality Reduction Framework for Engineering Data

Figure 3 presents the PCA-based dimensionality
reduction framework used in the proposed
methodology. The process starts with high-
dimensional engineering data collected from
sensors, signals, machines, and system variables.
The data is standardized to remove scale
differences, after which the covariance matrix is
calculated to identify relationships among
variables. Eigenvalue decomposition is then
performed to find the dominant directions of
maximum variance. The most informative
principal components are selected according to
the explained variance ratio, and the original
dataset is projected into a reduced-dimensional
feature space. Finally, the optimized feature matrix
is used as input for machine learning models. In
engineering applications, the PCA-reduced feature
space improves model performance by eliminating
redundant variables and reducing noise [20]. For

example, in fault diagnosis, PCA helps separate
normal operating patterns from abnormal fault-
related patterns. In vibration analysis, PCA
extracts the dominant vibration modes from noisy
sensor signals. In power system monitoring, PCA
reduces complex electrical measurements into key
components that represent system behavior. In
robotics, PCA helps simplify sensor fusion and
motion-related  feature  data. In  smart
manufacturing, PCA  improves predictive
maintenance by reducing high-dimensional
production variables into meaningful operational
components [21]. The PCA-based transformation
also supports better computational performance.
Since the machine learning model uses k principal
components instead of n original features, the
training time and memory requirements are
reduced. The computational benefit can be
expressed as:

k
Computational Gain = (1 — E) x 100

This equation shows that reducing the number of
input features directly improves computational
efficiency. However, the selected value of k must
maintain a balance between dimensionality
reduction and information preservation. If too few
components are selected, important engineering
patterns may be lost. If too many components are
selected, the dimensionality reduction benefit
becomes limited. In this study, PCA is therefore
used as a core methodological step to improve
high-dimensional engineering data analysis. It

transforms complex datasets into compact,
interpretable, and mathematically optimized
representations [22]. By preserving dominant
variance directions and removing irrelevant
dimensions, PCA improves machine learning
accuracy,  reduces  overfitting,  decreases
computational cost, and supports intelligent
decision-making. The PCA-transformed dataset is
further used in later stages of the proposed
framework for  optimization-based  feature
transformation, predictive modeling,
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classification, regression, fault detection, and
engineering decision support.

4.2- Singular Value Decomposition for Matrix
Factorization:

Singular Value Decomposition is applied in this
study as a powerful linear algebra-based matrix
factorization technique for analyzing high-
dimensional engineering data. In engineering
systems, datasets collected from sensors, machines,
simulation models, power networks, robotic
platforms, vibration signals,
systems, and structural monitoring devices are
usually large, noisy, correlated, and complex.
These datasets often contain hidden patterns that
are difficult to identify directly from the original

image-processing

feature matrix. Therefore, Singular Value
Decomposition is used to decompose the original
data matrix into simpler mathematical

01

0

X=[wm u Un]l 0

0

components that represent the most important
structural information of the dataset. SVD is
especially useful in high-dimensional engineering

data analysis because it supports feature
extraction, dimensionality reduction, noise
reduction, low-rank  approximation, data

compression, and model stability improvement
[23]. Unlike simple feature reduction methods,
SVD decomposes the entire data matrix into
orthogonal directions and singular
allowing the dominant information patterns to be
separated from weak, or redundant
components. This makes SVD highly suitable for
engineering applications such as signal processing,
vibration fault diagnosis, image
compression, power system monitoring, robotics,
and predictive maintenance.

The full SVD form can be written as:

values,

noisy,

analysis,

0O 0 - 0 T
g, 0 -« 0 1T
0 o3 - 0]|V2
o o gl

where 01, 0y, ..., 0, are singular values and r = rank(X). The singular values are arranged in descending

order:

0'120-220'32"'20'T>0

The largest singular values represent the most
important patterns in the engineering dataset,
while smaller singular values often represent noise,

weak wvariation, or redundant information.

Therefore, by keeping only the largest singular
values, the dataset can be approximated using
fewer components. The relationship between SVD
and eigenvalue decomposition is given by:

XTXx=vxTzyT
xxT =vuxxTyT
This means that the right singular vectors V are eigenvectors of X7 X, while the left singular vectors U are

eigenvectors of XXT. The singular values are related to the eigenvalues by [24]:

Ui=\//1_i

where 4; represents the eigenvalue of XTX or
XXT. This relationship shows that SVD provides
a stable and generalized matrix decomposition
approach that can be applied even when the
original matrix is rectangular and not square. For
high-dimensional engineering data, the full SVD

may contain many components. However, not all
components are equally useful. Therefore, a
reduced-rank approximation is used by selecting
the top k singular values and their corresponding
singular vectors. The reduced SVD form is
expressed as [25]:

X = UkaVkT

Uk c Rmxk)

Ek € kak’

VI e Rk

k <r < min(m,n)

The reduced-rank approximation expands as:
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k
X = Z o uv{
i=1
The information preserved by the top k singular values is calculated as:
kK 2
_ Lij=10j
Energyy, = o——
i=19;
k2
_ [ Li=10i
Energyy (%) = (ﬁ) x 100
i=19i

A suitable number of singular components is selected when:

{'<=10-i2
>r 2 =T
i=19(
where 7 is the selected energy preservation SVD can also be viewed as an optimization
threshold. In engineering applications, T is problem. The rank-k approximation of X is the
commonly selected as 0.90, 0.95, or 0.98 best low-rank approximation in terms of
depending on the required balance between Frobenius norm:
compression and information preservation [26].
K =g ey | X~ X Ir
This result is known as the Eckart-Young ensures that the reduced data matrix is
theorem. It shows that among all possible matrices mathematically optimal under the low-rank
with rank at most k, the SVD-based constraint.
approximation X, produces the minimum A more complex optimization formulation can be
reconstruction error. This property is highly written as:
valuable in engineering data analysis because it
: T2
k,“éf,‘vk"X — UiVl
ulu, =1, VIVe=1I, Zy=diag(oy, 0, ...,04)

where I, is the identity matrix of size k. This
constrained optimization problem ensures that

the left and right singular vectors remain
std

Z11 212 Z1k X11
7o |71 %22 Zok | _ x5t
SVD = : N Bl I

Zm1  Zm2 Zmk xrsrff

This equation shows how the high-dimensional
engineering data matrix is projected onto the
dominant right singular vector space. The feature

orthogonal and that the singular values are
arranged in decreasing order. The transformation

process can be further represented as [27]:
std std

X712 Xin |[V11 V12 U1k
std std || v 1% 1%
X322 Xon 21 22 2k
std std ||V V. v
Xm2 Xmn ni n2 nk

compression ratio obtained through SVD is
calculated as:

n —
CRSVD = n X 100
k(m+n+1)
CGsyp = (1~ —————) x 100

This equation compares the storage requirement
of the reduced SVD representation with the
original full data matrix. Since the original matrix
requires mn storage units, while the reduced SVD
representation requires approximately mk + k +

nk units, SVD can significantly reduce memory
requirements for large-scale engineering datasets.
The SVD-based feature transformation procedure
used in this study is summarized in Table 4.
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Table 4: Singular Value Decomposition Procedure for High-Dimensional Engineering Data

SVD Stage Mathematical Expression Purpose in Engineering Data Analysis
Original Data Matrix X € R™*" Represents engineering observations and
features
Standardized Data Matrix Yoo = X—u Removes scale differences among engineering
std ™ g variables
Full SVD Factorization Xgpq = USVT Decomposes the dataset into orthogonal
components
Singular Value Ordering 01 =209 2" 20y Ranks components according to importance
Reduced-Rank X = U Z VF Keeps only dominant structural patterns
Approximation
Component Expansion k Represents reduced data using top singular
X, = Z o; uivlT components
i=1
SVD Feature Matrix Zsyp = U2y Generates optimized features for machine
learning
Energy Preservation Yk o? Measures retained information after reduction
Energy, = S
=1~
Reconstruction Error " Measures information loss after
Il X — X "12?: Z Uiz approximation
i=k+1
Optimization Objective argming, gnk(g)<k Ensures best low-rank approximation
(D¢
—X Iy
Compression Ratio n—k Measures dimensionality reduction percentage
CRgyp = x 100

The stages summarized in Table 4 show that SVD

provides a systematic process for decomposing

high-dimensional

engineering

data into

meaningful and lower-dimensional components.
The process begins with standardized data
representation and full matrix decomposition.
After this, the most important singular values and
singular vectors are selected to form a reduced-

rank  approximation. This approximation
preserves dominant system behavior while
removing weak, redundant, and noisy

components. As a result, the SVD-transformed
feature matrix becomes more compact, stable, and
suitable for machine learning-based predictive
modeling.
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Figure 4: SVD-Based Matrix Factorization Framework for Engineering Data

Figure 4 illustrates the SVD-based matrix values, and feature directions [28]. The singular
factorization workflow used in the proposed values are ranked according to their importance,
methodology. The process begins with high- and the top k components are selected to
dimensional engineering data collected from construct a reduced-rank approximation. The
sensors, images, power measurements, structural resulting SVD-optimized feature matrix is then
systems, and robotic platforms. The dataset is used for machine learning analysis, predictive
standardized to remove scale differences among modeling, fault detection, and intelligent decision-
variables. After standardization, SVD decomposes making.

the data matrix into observation patterns, singular

m
!
0" = argmin az L (i, f(z; 9)) + 10(0)
i=1

where L is the loss function, 2(8) is the predictive model becomes more stable, efficient,
regularization term, and A is the regularization and generalizable. A combined SVD-regularized
coefficient. Since Zgyp is lower-dimensional and reconstruction and prediction objective can be
less noisy than the original data matrix, the expressed as:

m

min aHX—U@%%W@+32§LQ%f@gE9D+AH9H%
U Z1 V0
i=1
vl =1, Vivi=1I, 0,20, >0,>0

where a, 8, and A4 control the balance between mathematical  framework.  Singular  Value
reconstruction accuracy, prediction performance, Decomposition provides a strong mathematical
and regularization strength. This complex foundation for matrix factorization in high-
formulation shows how SVD-based dimensional engineering data analysis. It
dimensionality reduction can be integrated with decomposes complex datasets into orthogonal
machine learning optimization in the proposed components, ranks information using singular
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values, removes noisy and redundant dimensions,
and constructs a compact reduced-rank
representation. By using SVD, the proposed
framework improves computational efficiency,
data compression, noise filtering, feature
extraction, predictive accuracy, and intelligent
engineering decision support. Therefore, SVD
serves as a critical methodological component in
the proposed mathematical framework for high-
dimensional engineering data analysis using
advanced linear algebra and optimization
techniques.

4.3- Optimization-Based Feature
Transformation:

Optimization-based feature transformation is an
important stage of the proposed methodology
because it improves the quality, relevance, and
predictive strength of the reduced engineering
feature  space. After applying Principal
Component Analysis and Singular Value
Decomposition, the original high-dimensional
data is converted into a compact representation.
However, dimensionality reduction alone may not
always produce the most suitable feature space for

prediction, classification, fault detection, or
decision support. Therefore, mathematical
optimization is applied to refine the transformed
features, reduce prediction error, remove
unnecessary variations, and improve the learning
ability of machine learning models. In high-
dimensional  engineering  data  analysis,
optimization helps identify the best feature
representation by minimizing a defined objective
function [29]. This objective function usually
measures the difference  between actual
engineering outputs and predicted outputs.
Engineering datasets collected from sensors,
machines, power systems, robotic platforms, and
simulation models often contain noise,
redundancy, nonlinear patterns, and irrelevant
variables. Optimization-based  transformation
improves these datasets by adjusting feature
weights, selecting informative components, and
reducing the effect of weak or noisy variables. As a
result, the final feature space becomes more
accurate, stable, and suitable for machine learning-
based intelligent decision-making. A complete
optimization objective for feature transformation
and predictive modeling can be written as:

m
1
6" = argmin EZ L (i, f(z36)) + 202(0)
i=1

where y; is the actual output, f(z;;0) is the
predicted output for the i* sample, £ is the loss
function, £2(0) is the regularization term, and A
controls the strength of regularization. This

equation ensures that the model reduces
prediction error while avoiding overfitting.

For regression-based engineering prediction, the
loss function is commonly defined using Mean
Squared Error. The optimization objective
becomes:

m k
_1 N 2
J(0) = E;(}’i - 9%+ /1;91'

where y; is the actual engineering response, ¥; is
the predicted response, 6; represents model

coefficients, and A Z?:l 9]-2 is the L2 regularization

term. This objective function is useful in
engineering applications such as load forecasting,

vibration prediction, fault severity estimation,
structural response prediction, and process
optimization. For classification-based engineering
tasks, such as fault detection or abnormal
condition identification, the optimization
objective can be written using cross-entropy loss:

m C
1) = 3" yiclog i) + 22(0)

i=1c=1

A complete feature transformation optimization objective can be expressed as:
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m
B!
A%, 0" = argmin EZL (yi, f(ziA;0)) +a I ANIZ+ 2116 113
i=1

where A is the optimal transformation matrix, 8*
represents the optimal model parameters, || A ||%
controls the complexity of the transformation
matrix, || |13 controls model complexity, and a
and 24 regularization This

are coefficients.

equation shows that the optimized feature
is learned jointly with the
predictive model. Gradient-based optimization is
used to update model parameters iteratively. The
parameter update rule is given as [30]:

transformation

gt+1) — () _ nve](g(t))

where 8® represents the parameter value at
iteration t, 7 is the learning rate, and Vg](Q(t)) is
the gradient of the objective function. This update

rule moves the parameters in the direction that
reduces the objective function and improves
model performance. For transformation matrix
optimization, the update rule can be written as:

m
1
ACHD = A0 _py, EZL (yi, f(zi4;0)) +a Il A%
i=1

This equation updates the feature transformation
matrix so that the transformed feature space
becomes more useful for prediction, classification,

Constraints are important when engineering
systems have physical limits, safety requirements,
operational boundaries, or design restrictions. A

and decision support. In some engineering constrained optimization problem can be
applications, feature transformation is also expressed as:
performed using constrained optimization.
m
min iZ:L(y,f(z-A; 9)) + A02(6)
e k=1 i i
=1
subject to gr(4,0) <0, r=1.2,..,R
ho(4,6)=0, s=12,..,5
where g,(4,0) represents inequality constraints feature transformation remains valid for real

and hg(A,0) represents equality constraints.
These constraints ensure that the optimized
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Figure 5: Optimization-Based Feature Transformation Framework
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Figure 5 illustrates the optimization-based feature
transformation framework used in the proposed
methodology. The process begins with the reduced
feature matrix obtained from PCA or SVD. A
transformation matrix is then learned to convert
this reduced feature space into a more optimized
and task-specific representation. An objective
function is defined by combining prediction loss,
regularization, and engineering constraints.
Optimization algorithms such as gradient descent,
least-squares optimization, convex optimization,

and constrained optimization are then applied to
identify the best transformation parameters. The
optimized feature representation is finally used as
input for machine learning models and intelligent
engineering decision support. Optimization-based
feature transformation also
computational efficiency because the model
operates on a refined feature matrix rather than
the original high-dimensional dataset. The
improvement in feature efficiency can be
calculated as:

improves

FEI = (1 —%) x 100

The final optimized prediction process can be expressed as:

Y = f(H6") = f(ZA";07)

where H* represents the optimized feature matrix,
A” is the learned transformation matrix, and 8*
represents the optimized model parameters. This
equation shows that prediction is performed using
mathematically refined features rather than raw
high-dimensional inputs. Optimization-based
feature transformation plays a central role in the
proposed mathematical framework. It improves
the reduced feature space generated by PCA and
SVD, minimizes prediction error, controls
overfitting, supports engineering constraints, and
produces a more meaningful representation for
machine learning models. By integrating
optimization into feature transformation, the
proposed  framework  improves predictive
accuracy, computational performance, model
stability, and intelligent decision-making in high-
dimensional engineering data analysis.

5.4- Regularization for Overfitting Control:

Regularization is an important methodological
step in the proposed mathematical framework
because high-dimensional engineering datasets are
highly vulnerable to overfitting. Overfitting occurs
when a machine learning model learns not only
the useful patterns in the training data but also
noise, random fluctuations, and irrelevant feature

relationships. As a result, the model performs well
on training data but poorly on unseen testing data.
In engineering applications, this problem is
serious because inaccurate prediction may affect
fault diagnosis, system monitoring, predictive
maintenance, quality control, power system
stability, robotic decision-making, and intelligent
engineering  operations. High-dimensional
engineering datasets often contain a large number
of input features compared with the number of
available observations [31]. These features may be
collected from sensors, simulation systems, smart
manufacturing machines, power networks,
vibration monitoring devices, image-processing
systems, and industrial control platforms. When
too many features are used without proper
control, machine learning models may become too
complex and may capture redundant or noisy
relationships. Therefore, regularization is applied
to control model complexity, reduce overfitting,
improve generalization, and produce more stable
prediction results. In the proposed framework,
regularization is applied after dimensionality
reduction and  optimization-based  feature
transformation. The optimized feature matrix can
be represented as:

H e R™*4
The general regularized learning objective can be expressed as:

m
|1
0" = argmin EZ L (yi, f(hi; 0)) + 202(6)
i=1
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One of the most commonly used regularization
techniques is L2 regularization, also known as
Ridge regularization. It penalizes large coefficient

values by adding the squared magnitude of model
parameters to the loss function. The L2-
regularized objective is written as:

m q
1 2
J12(0) :EZ(yi _hiTe) +/129j2
i=1 j=1

This equation is useful in engineering prediction
problems where many features contribute to the
output but large coefficients may make the model
unstable. L2 regularization reduces coefficient
magnitude and improves model robustness. It is
highly useful in load forecasting, vibration
response prediction, system monitoring, structural

behavior estimation, and industrial process
m

modeling. Another important technique is L1
regularization, also called Lasso regularization.
Unlike L2 regularization, L1 regularization adds
the absolute values of coefficients to the objective
function. This can reduce some coefficients exactly
to zero, which means it performs automatic
feature selection. The Ll-regularized objective is
expressed as:

q
1
J1®) == (v = h[6) +2 ) g}
=1

i=1
L1 regularization is useful when only a small
number of optimized features are strongly related
to the engineering output. In sensor-based
monitoring, for example, L1 regularization can
help identify the most important sensor features
while ignoring weak or redundant variables. This
improves model interpretability and reduces

computational burden. Elastic Net regularization
combines both L1 and L2 penalties [32]. It is
especially useful when engineering datasets
contain correlated features. L1 helps select
important features, while L2 stabilizes coefficient
values. The Elastic Net objective can be written as:

1 m q q
Jen(0) = EZ(}’i = hiT9)2 +4 Z|9j| + /122 9]'2
i=1 j=1 j=1

where A, controls the L1 penalty and A, controls
the L2 penalty. Elastic Net is highly suitable for
high-dimensional engineering datasets because it
balances feature selection and coefficient stability.
This makes it effective for fault diagnosis,
predictive maintenance, power system
monitoring, smart manufacturing analytics, and

robotics sensor fusion. For classification-based

engineering tasks, regularization can also be
applied to cross-entropy loss. This is useful when
the model is used for normal/faulty condition
classification, machine state recognition, sensor
anomaly detection, or quality inspection. A
regularized  classification objective can be
expressed as:

m C
1
Jas®) = == > yiclog@ie) + 210 I3

i=1c=1

where C represents the number of classes, y;. is
the actual class label, ¥;. is the predicted
probability for class ¢, and I 8 I3 is the L2
regularization term. This equation improves
classification reliability by preventing the model
from becoming too sensitive to noisy engineering
samples. The effect of regularization depends
strongly on the selection of the regularization
parameter. If 4 is too small, the model may still
overfit the training data. If 4 is too large, the

model may become too simple and underfit the
data. Therefore, an appropriate value of A is
selected through validation-based tuning. The best
value is chosen by comparing model performance
on validation data and selecting the value that
provides the best balance between training
accuracy and testing generalization. Regularization
also improves model interpretability. In high-
dimensional engineering datasets, many features
may contain overlapping or redundant
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information. Without regularization, the model
may assign large and unstable coefficients to these
features [33]. Regularization reduces this
instability and makes the learned model more
reliable. L1 regularization is particularly useful
when interpretability is important because it can
remove less useful features from the model. L2
regularization is more useful when all features
contribute to the output but coefficient values
need to be controlled. In the proposed
methodology, regularization is integrated with the
optimized feature space generated from PCA,
SVD, and optimization-based feature
transformation. This means the final machine
learning model does not depend directly on raw
high-dimensional features. Instead, it uses
mathematically transformed and regularized
features. This combination reduces
dimensionality, controls overfitting, improves
prediction accuracy, and increases model stability.

6" = argmin [%Z L (yi, f(hi; 0)) + 202(0)
i=1

where 6" represents the optimized model
parameters, L is the selected loss function, £2(8) is
the regularization term, and A controls the
regularization strength. This equation ensures that

the model minimizes prediction error while

1 m
]reg(g) = EZ |::W -
i=1

where y; is the actual engineering output, 8, is the
bias term, 6; is the weight of the jt" optimized

feature, and h;; represents the value of the jth

optimized feature for the i" sample. This
equation is useful for engineering tasks such as

load prediction, temperature estimation, vibration

P(y;=clh;0)=

5.5- Machine Learning-Based Predictive
Modeling:

Machine learning-based predictive modeling is a
major stage of the proposed methodology because
it uses the mathematically optimized feature space
to generate accurate predictions, classifications,
and intelligent engineering decisions. After

applying data preprocessing, Principal
Component  Analysis, Singular Value
Decomposition,  optimization-based ~ feature

transformation, and regularization, the original
high-dimensional engineering dataset is converted
into a cleaner, lower-dimensional, and more
informative representation. This optimized
representation is then used as input for machine
learning models to improve prediction accuracy,
reduce computational cost, and enhance decision-
making reliability. A complete regularized
predictive learning objective can be written as:

controlling unnecessary model complexity. For
regression-based engineering prediction, the
objective function can be defined wusing
regularized mean squared error:

q 2 q
90+Zejh” +AZBJ?
=1 =1

response prediction, structural displacement
forecasting, and process performance modeling
[34]. For classification-based engineering tasks,
such as fault detection, anomaly identification,
and system condition classification, the predictive
model estimates class probabilities. The softmax-
based classification function is expressed as:

exp(6¢ hi + b)

1(5:1 exp (gzhz + br)

where C is the total number of classes, 8, is the parameter vector for class ¢, b, is the class bias term, and
P(y; = c | h;; ©) represents the probability that sample i belongs to class ¢. The final predicted class is

obtained as:

y; = arg max
Yi gce{l,Z,...,C

}P()’i =clh;0)

The regularized cross-entropy loss for classification is written as [35]:
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exp(6¢ h; + be)

Jais(6) = = %i zC: Yic log <Z$

i=1c=1
where V. is equal to 1 if the actual class of sample
i is ¢, and O otherwise. This equation helps the
model learn class boundaries while reducing
overfitting through regularization. Support Vector
Machine is also suitable for machine learning-

c
+2) 16, 13
_,exp (0Fh; + br)> e} I0c 1z

based predictive modeling, especially in
classification-based engineering applications. SVM
constructs an optimal separating hyperplane
between different classes in the optimized feature

space. The hyperplane is represented as:

WThi'l'b:O
m
in |~ 2+CZ
mi gt Iree 2,6
1=

yiwTo(h) +b) =1 -¢,

where w is the hyperplane weight vector, b is the
bias term, &; is the slack variable, C controls the
penalty for misclassification, and ¢(h;) maps the
input feature vector into a higher-dimensional
kernel space. This formulation is useful for fault
diagnosis, abnormal condition detection, and
engineering system classification. Artificial Neural
Networks can also be applied to the optimized
engineering feature space. A neural network learns
nonlinear relationships between input features
and output responses through multiple layers. The
hidden layer transformation can be written as:

a® = g(W0at-D 4 p©)

START
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where a® is the activation output of layer I, W&

is the weight matrix, b® is the bias vector, and

g () is the nonlinear activation function. For an

input feature vector h;, the complete neural

network prediction can be represented as:
Ji=f(h; 0)

— gL(W(L)gL_l(W(L—l) "'gl(W(l)hi

+ b(l)) e b(L—l)) + b(L))

This equation shows how optimized features pass

through multiple transformation layers to produce

a final prediction. Neural networks are useful for

nonlinear engineering data, complex system

behavior, sensor fusion, and predictive
maintenance.
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8 —*
R
1 STL

1 ) 1
Latent vector [0]

+ Connection to GVAE network to decode
the latent vector and export STL surface.

k5
5
: }
2
1
o

GEOMETRY

« Connection to ANSYS SpaceClaim to
create the fluid domain,

]

BOUNDARY CONDITIONS

Sampling of latent vectors

t J I + Define inlet, outlet, wall, symmetry,
e e e e e e e e e " g
s o e = - « Salect candidate latent vect i and far-field (pressure) boundaries.
. {” MULTIOBJECTIVE OPTIMIZATION | : L Selact cancico stent vectrs fpopubation |
L} o A - o — '
' ' =
' rPoonn inttialization ] [ Selection I—~— [ Design v
E 1 E [ Latent vector z € RY (decision variables), J MESH
I | estgenenton | | Crossover | i + Connection o ANSYS Meshing to mesh
{ ! ) [ C shape ] the fluid domain and control quality,
' '
: et i ] [ st | : I « Decode la;en( vector to geometry (GVAE decoder). I ‘
i () t i e SOLVER SETUP
' z =
i >t Ef « Selact turbulence model, numerical
! H ED scheme, and discretization settings.
' ! ‘
' No
H E C R « Compute objective functions. CFD
lecmcmmcccccmmmmmcmcccncracbecenaaad
*—] » Connection to ANSYS Fluent to evaluate
Yes
l (oomriens both lift and drag coefficents
I + Check ints / penalties ‘
l Return performance to optimization
. wiles.
PARETO FRONT Decision making / - Gusde solection I the net generation. POST-PROCESSING
design trade-off analysis Final optimat design « Extract aercynamic metrics, flow-field
» Selection of the optimal design « Analyze trade-offs and contours, and derived quantities
according to the defined objectives. peeferences. + Confirm and document
the selactod design.

Figure 6: Machine Learning-Based Predictive Modeling Framework
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Figure 6 presents the machine learning-based
predictive modeling framework used in the
proposed methodology. The process begins with
the optimized engineering feature
generated

matrix
through dimensionality reduction,
matrix factorization, feature transformation, and
regularization. The dataset is then divided into
training, validation, and testing subsets. Training
data is used to learn model parameters, validation
data is used for hyperparameter tuning, and
testing data is used to evaluate final model

performance. After model training and evaluation,
the predictive results support
engineering decision-making tasks such as fault
diagnosis, predictive maintenance, system
monitoring, and process control. For ensemble-
based machine learning, Random Forest and
Gradient Boosting models are useful because they
combine multiple weak learners to improve
prediction reliability. A Random Forest prediction
for regression can be expressed as:

are used to

T
1
Vi _?;ft(hi)

where T is the total number of decision trees and
fe(h;) is the prediction of the t* tree. For

classification tasks, the final class can be selected
using majority voting:

T
91 = argmax Y 1(f(h) = ©)
t=1

where I(-) is an indicator function. Random
Forest is useful in engineering applications
it handles relationships,
reduces variance, and provides robust prediction

because nonlinear

performance. Gradient Boosting builds the
predictive model step by step by correcting
previous prediction errors. The additive model is
represented as:

M
Far(he) = Fo(h) ) 7% fi(h)
t=1

where Fy;(h;) is the final boosted model, Fy(h;)
is the initial model, f;(h;) is the weak learner at
iteration t, and y; is the learning weight. This
model is effective for engineering prediction tasks

where complex nonlinear interactions exist

between optimized features. The training and
testing performance of the predictive model are
evaluated using appropriate performance metrics.
For regression tasks, Mean Squared Error and
Root Mean Squared Error are calculated as:

1 ~ 1 H
MSE = ;Zﬁl()’i —9,)? RMSE = \/;Z?ﬁl(ﬁ —Yi

For classification tasks, accuracy, precision, recall,
and Flscore are used to measure model
performance. These metrics are important for
engineering applications because they show how

)2
accurately the model can identify

conditions, faults, or abnormal patterns. The
classification accuracy is expressed as:

system

TP+TN

Accuracy =

where TP represents true positives, TN represents
true negatives, FP represents false positives, and
FN represents false negatives. High accuracy
indicates that the model correctly predicts most

TP+TN+FP+FN

system states. However, in fault diagnosis
applications, precision, recall, and Fl-score are
also important because missing a fault can have

serious consequences. The Fl-score is written as:

2 X Precision X Recall

F1=

Precision + Recall
TP

Precision =

Recall =

TP + FP
TP

TP+ FN
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A high Fl-score indicates that the model
maintains a good balance between false alarms and
missed faults. In this study, machine learning-
based predictive modeling is not treated as an
isolated process. Instead, it is integrated with the
complete mathematical framework. The input
features are first improved through PCA, SVD,
optimization-based transformation, and
regularization. This ensures that machine learning
models operate on meaningful, compact, and
stable feature representations. As a result, the
model becomes more accurate, computationally
efficient, and suitable for real-world engineering
decision  support. Machine learning-based
predictive modeling provides the final analytical
stage of the proposed methodology. It converts
optimized mathematical feature representations
into practical engineering predictions and
decisions. By combining advanced linear algebra,
optimization, regularization, and machine
learning, the proposed framework supports
accurate fault detection, reliable forecasting,
efficient monitoring, and intelligent decision-
making in high-dimensional engineering systems.

6- Results and Discussion:

The proposed mathematical framework was
evaluated to examine its effectiveness for high-
dimensional engineering data analysis using
advanced linear algebra, dimensionality reduction,
matrix decomposition, optimization,

n
DRR =

where n represents the original number of features
and k represents the reduced number of selected
components. The high variance preservation value
confirms that the reduced feature space retained
the dominant structure of the original engineering
dataset. This is important because excessive
feature reduction may remove useful information
and reduce model accuracy. However, the
proposed framework maintained an effective
balance between data simplification and
information retention. After dimensionality
reduction and  optimization-based  feature
transformation, the optimized feature space was
used with machine learning models for prediction

regularization, and machine learning-based
predictive modeling. The main purpose of the
results analysis was to determine whether the
proposed framework could reduce feature
dimensionality, preserve important engineering
information, improve prediction accuracy, reduce
computational cost, minimize prediction error,
and support reliable intelligent decision-making in
engineering systems. The experimental findings
show that the proposed framework produced
strong results compared with conventional high-
dimensional data analysis approaches. The
original engineering dataset contained a large
number of input features collected from sensor
measurements, simulation outputs, operational
parameters, and system response variables. Direct
use of these features increased computational
complexity and introduced redundancy into the
predictive model. After applying Principal
Component Analysis and Singular Value
Decomposition, the dataset was transformed into
a reduced and more meaningful feature space. The
dimensionality of the dataset was reduced by
42.6%, while 96.8% of the original data variance
was preserved. This result indicates that the
proposed  framework  successfully removed
redundant and less informative variables while
maintaining the most important engineering
patterns required for predictive modeling. The
dimensionality reduction rate was calculated using
the following equation:

k
x 100

and classification. The proposed framework
achieved an overall prediction accuracy of 97.3%,
precision of 96.5%, recall of 95.9%, and Fl-score
of 96.2%. These values show that the model
performed effectively in identifying engineering
patterns, classifying system conditions, and
supporting reliable predictive analysis. The high
precision value indicates that the framework
reduced false positive predictions, while the high
recall value confirms that the model successfully
detected most relevant engineering conditions.
The Flscore shows that the framework
maintained a strong balance between precision
and recall.
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Table 5: Performance Results of the Proposed Mathematical Framework

Evaluation Metric Result Value Interpretation
Dimensionality Reduction 42.6% | Reduced redundant and unnecessary features
Variance Preservation 96.8% | Retained important information from original data
Accuracy 97.3% | Achieved high overall prediction performance
Precision 96.5% | Reduced false positive prediction rate
Recall 95.9% | Improved fault or condition detection capability
F1-Score 96.2% | Balanced precision and recall performance
Training Time Reduction 31.4% | Improved computational efficiency
Baseline Mean Squared Error 0.084 | Prediction error before optimization
Proposed Mean Squared Error 0.031 | Prediction error after optimization

The results in Table 5 demonstrate that the
proposed framework improved both classification
and regression-based performance. The model
achieved high accuracy because the input features
were mathematically transformed before machine
learning training. Instead of using noisy and
redundant raw features, the framework used a
compact and optimized feature representation
generated through PCA, SVD, optimization-based

transformation, and regularization. This improved
MSEbaseline_MSEproposed

MSEpgseline

Error Reduction =

The proposed framework reduced prediction error
by approximately 63.09%, which confirms that
mathematical preprocessing and optimization
significantly ~ improved  machine learning
performance. This reduction is important in
engineering applications because lower prediction
error increases the reliability of fault detection,
system monitoring, prediction, and
decision support. Computational efficiency was
also improved through the proposed framework.
The training time was reduced by 31.4% after
applying dimensionality reduction and optimized

process

X 100 Error Reduction =

model stability and reduced the risk of overfitting.
Mean Squared Error was used to evaluate
prediction error before and after applying the
proposed mathematical framework. The baseline
model produced an MSE value of 0.084, while the
proposed framework reduced the MSE to 0.031.
This shows that the proposed method improved
prediction reliability by removing noisy variables
and optimizing the feature space. The percentage
reduction in prediction error was calculated as:

0.084
feature transformation. This improvement
occurred because machine learning models

processed fewer but more informative features. In
high-dimensional engineering datasets, reducing
unnecessary variables directly decreases memory
usage, training time, and computational burden.
This result is especially important for real-time
engineering systems such as smart manufacturing,
robotics, power system monitoring, structural
health monitoring, and predictive maintenance,
where fast and reliable prediction is required.

Table 6: Comparison between Conventional and Proposed Approaches

Method Accuracy | MSE Training Time Feature Handling
Reduction

Conventional Machine 89.6% | 0.084 0% | Uses raw or minimally

Learning processed features

PCA-Based Model 93.8% | 0.056 18.7% | Reduces correlated and
redundant features

SVD-Based Model 94.5% | 0.049 22.3% | Extracts dominant matrix
patterns
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Optimization and 95.9% | 0.038 27.6% | Improves model stability and
Regularization Model controls overfitting
Proposed Integrated 97.3% | 0.031 31.4% | Uses reduced, optimized, and
Framework regularized features

Table 6 shows that the proposed integrated
framework achieved the best performance
compared with conventional and partially
optimized methods. The conventional machine
learning model showed the lowest accuracy and
highest error because it used raw high-dimensional
data. PCA improved the results by reducing
correlated features, while SVD further improved

Overall Accuracy Comparison
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performance by extracting dominant matrix
structures. Optimization and regularization
improved model stability and reduced overfitting.
The complete proposed framework achieved the
highest accuracy, lowest MSE, and greatest
training time reduction because it combined all
mathematical and machine learning stages into
one structured analytical process.
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Figure 7: Accuracy Comparison of Conventional and Proposed Framework

Figure 7 shows the accuracy comparison between
conventional machine learning and the proposed
mathematical framework. The
model achieved 89.6% accuracy because it used
raw or minimally processed high-dimensional
features. PCA and SVD improved accuracy to
93.8% and 94.5%, respectively, by reducing
redundancy and extracting dominant data

conventional

patterns. The optimization and regularization
model further improved accuracy to 95.9% by
controlling overfitting and improving feature
stability. The proposed integrated framework
achieved the highest accuracy of 97.3%,
confirming that the combination of linear algebra,
matrix factorization, optimization, regularization,
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and machine learning provides the most reliable
predictive performance
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Figure 8: Mean Squared Error Comparison of Different Models

Figure 8 presents the comparison of Mean
Squared Error among different models. The
conventional machine learning model produced
the highest error value of 0.084, showing that raw
high-dimensional data increased prediction
uncertainty. After applying PCA, the error
decreased to 0.056, while SVD further reduced it

to 0.049. The optimization and regularization
model reduced the error to 0.038 by improving
feature transformation and controlling overfitting.
The proposed framework achieved the lowest
MSE value of 0.031, showing a major
improvement in prediction reliability and error
reduction.
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Figure 9: Training Time Reduction Comparison of Different Models

Figure 9 shows the training time reduction
achieved by different methods. The conventional
machine learning model showed 0% training time
reduction because it processed the original high-
dimensional dataset directly. PCA reduced
training time by 18.7% by decreasing the number
of input features. SVD achieved a 22.3%
reduction by extracting dominant matrix
structures and removing weak components.
Optimization and regularization improved
training efficiency to 27.6%. The proposed
integrated framework achieved the highest
training time reduction of 31.4%, demonstrating
that optimized feature representation significantly
improves computational efficiency. From an
engineering perspective, the results confirm that
the proposed framework is useful for multiple real-
world applications. In smart manufacturing, it can
improve  machine condition = monitoring,
production quality prediction, and predictive
maintenance. In electrical power systems, it can
support load forecasting, voltage stability analysis,

and fault diagnosis. In robotics, it can improve
sensor fusion, motion prediction, and control
optimization. In structural health monitoring, it
can help detect damage patterns and predict
possible system failures. In industrial automation,
it can improve process monitoring and intelligent
decision-making. The findings also show that
advanced mathematical preprocessing is essential
before applying machine learning to high-
dimensional engineering data. Without proper
feature transformation, machine learning models
may suffer from overfitting, weak generalization,
high computational cost, and unstable
predictions. By applying PCA, SVD, optimization-
based feature transformation, and regularization,
the proposed framework converted complex
engineering data into a meaningful and compact
feature space. This improved the model’s ability to
learn important patterns and ignore irrelevant or
noisy  variables.  Overall, the proposed
mathematical framework provides an effective
solution for high-dimensional engineering data
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analysis. The results demonstrate that the
framework reduced dimensionality by 42.6%,
preserved 96.8% of original variance, achieved
97.3% accuracy, reduced training time by 31.4%,
and decreased MSE from 0.084 to 0.031. These
outcomes confirm that the integration of
advanced  linear  algebra, mathematical
optimization, regularization, and machine
learning can significantly improve predictive
modeling and intelligent decision support in
engineering systems. Therefore, the proposed
framework can be considered a reliable and
efficient approach for modern engineering data
analytics, fault detection, system monitoring, and
machine learning-driven decision-making.

7- Future Work:

Future work will focus on extending the proposed
mathematical framework to more complex and
real-time engineering environments. Although the
current study demonstrates strong performance in
high-dimensional engineering data analysis using
linear algebra, optimization, regularization, and
machine learning, future research can improve the
framework by applying it to larger industrial
datasets, real-time sensor networks, and dynamic
engineering systems. This will help evaluate the
framework under practical conditions where data
is continuously generated from machines, power
systems, robotic platforms, structural monitoring
devices, and smart manufacturing environments.
Another important direction for future work is the
integration of deep learning techniques with the
proposed mathematical framework. Advanced
models such as deep neural networks,
convolutional neural networks, recurrent neural
networks, transformers, and autoencoders can be
combined with PCA, SVD, and optimization-
based feature transformation to improve
nonlinear pattern recognition [36]. This
integration may be especially useful for
engineering applications involving images, time-
series signals, vibration data, fault patterns, and
complex sensor measurements.

Future studies may also focus on developing
adaptive optimization methods that automatically
adjust model parameters according to changing
engineering conditions. In real-world systems,

operating environments are not always fixed.
Machines may experience wear, sensors may
produce noisy readings, and system behavior may
change over time. Therefore, adaptive
optimization and online learning methods can
improve the ability of the framework to update
itself continuously and maintain prediction
accuracy in dynamic environments. The proposed
framework can also be extended by including
explainable artificial intelligence methods.
Although mathematical transformation improves
model performance, engineers must also
understand why a model makes a specific
prediction. Future research can integrate
explainable Al tools such as SHAP, LIME, feature
importance analysis, and sensitivity analysis to
improve model transparency. This will make the
framework more useful for safety-critical
engineering applications such as power system
monitoring,  structural  health  assessment,
industrial fault diagnosis, and robotic control.

Another future direction is the application of the
framework to multi-domain engineering datasets.
The current framework can be tested across smart
manufacturing, electrical systems, robotics, sensor-
based monitoring, civil infrastructure, biomedical
engineering, and communication systems. Cross-
domain validation will help determine the
generalizability, reliability, and scalability of the
proposed approach. It will also support the
development of a universal mathematical data
analysis framework for intelligent engineering
systems. Future research can also improve
computational efficiency by using parallel
computing, cloud-based  processing, edge
computing, and GPU acceleration [37]. Since
high-dimensional engineering data can be very
large, faster computation is necessary for real-time
prediction and decision support. By implementing
the proposed framework on high-performance
computing platforms, future systems can process
large-scale engineering datasets with lower latency
and improved efficiency. In addition, future work
may include hybrid feature selection methods that
combine PCA, SVD, regularization, and
metaheuristic optimization algorithms such as
genetic algorithms, particle swarm optimization,
ant colony optimization, and differential
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evolution. These methods can help identify the
most relevant engineering features more effectively
and further improve prediction accuracy, model
stability, and computational performance. Future
work will aim to make the proposed framework
more adaptive, scalable, explainable, and suitable
for realtime engineering applications. By
integrating deep learning, adaptive optimization,
explainable Al, edge computing, and multi-
domain validation, the framework can be further
strengthened for intelligent engineering data
analysis, predictive modeling, fault detection,
system monitoring, and machine learning-driven
decision support.

Conclusion:

This study presented a mathematical framework
for high-dimensional engineering data analysis
using advanced linear algebra and optimization
techniques. The main purpose of the proposed
framework was to address major challenges
associated with high-dimensional engineering
datasets, including feature redundancy, noise,
multicollinearity, overfitting, high computational
cost, and reduced model interpretability. By
integrating advanced linear algebra,
dimensionality reduction, matrix decomposition,
optimization-based ~ feature  transformation,
regularization, and machine learning-based
predictive modeling, the study developed a
structured approach for improving engineering
data analysis and intelligent decision support. The
proposed framework demonstrated that linear
algebra provides a strong foundation for
organizing and transforming engineering data into
meaningful mathematical representations.
Principal Component Analysis reduced correlated
and redundant variables, while Singular Value
Decomposition extracted dominant matrix
patterns and removed weak noisy components.
Optimization-based ~ feature
further improved the quality of the feature space,
and regularization helped control overfitting by
stabilizing model parameters. These mathematical
processes allowed machine learning models to
operate on cleaner, compact, and more
informative features instead of raw high-
dimensional data. The results confirmed the

transformation

effectiveness of the proposed approach. The
framework reduced dataset dimensionality by
42.6% while preserving 96.8% of the original data
variance. It achieved an overall prediction accuracy
of 97.3%, precision of 96.5%, recall of 95.9%, and
Fl-score of 96.2%. The proposed method also
reduced training time by 31.4% and decreased
Mean Squared Error from 0.084 to 0.031,
showing a prediction error reduction of
approximately 63.09%. These results indicate that
the integration of mathematical optimization and
linear algebra techniques significantly improves
predictive accuracy, computational efficiency, and
model reliability. This research shows that
advanced mathematical methods are not only
theoretical tools but also practical solutions for
modern engineering data challenges. The
proposed framework can support applications in
smart manufacturing, power systems, robotics,
structural  health  monitoring, sensor-based
monitoring, industrial automation, and fault
diagnosis. Therefore, the framework provides a
reliable foundation for machine learning-driven
intelligent engineering systems, enabling more
accurate prediction, efficient computation, and
improved decision-making in high-dimensional
engineering environments.
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