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Ztransform, discrete-time signal, Z-transform has been used as an analysis tool for years. Our motive is to deeply
ROC (Region of Convergence) study this technique and all its basics to solve any type of discrete-time signal. In
discrete domain difference addition, we are focused to solve the discrete domain difference equations.Z-
equations, convergence, Cauchy transform has a specialty that is it can modify itself according to the nature of
signal or system. First, we have studied basic elements and the crucial aspects of

inspecting a system. The important element of mapping a real domain function

residue theorem.

into a complex domain is to view it in a region of convergence. This region defines
that the function is analytic in it. That is how we can create an outline of that
transformed function. The introduction, significance and applications of Z-
transform are briefly discussed in Chapter 1. While we further studied the
properties of Z-transform along with their proofs. The inverse Z-transform is the
main step in order to solve difference equations. Although there are different
techniques of calculating the inverse Z-transform, but we have applied the
methodology of Cauchy residue theorem. The solution of famous difference
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ngiﬁgggiﬁ;iszhor: . equation is detailed in Chapter 3. We have concluded that for discrete domain
Aaman Javed Ztransform is best for analysis and inverse Z-transform is advantageous for
developing the compact forms of many recursive relations like Legendre
polynomial, Fibonacci sequence and Chebyshewv difference equation.
Chapter 1 transform, in a group of sampled-data control at
Introduction University of Columbia [2]. Later, E.I. Jury

Z+transform is a popular tool used to analyze any
discrete time linear dynamical system. The analysis
of discrete signal is crucial for system design and
its stability. The Z-transform has basic idea from
Laplace transform. Z-transform was first
inaugurated by W. Hurewicz in 1947[1]. In 1952,
Ragazzini and Zadeh proposed the name Z-

developed Advanced Z-transform [3]. Z-transform
techniques have now become an important tool in
Electronics, Computer and Communicating
engineering due to rapid development of Integral
circuit  technology  and microprocessor
architecture.  According to  mathematical
literature, idea of Z-transform is contained in
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method of generating functions. Z-transform is a
generalized form of Fourier transform and it is an
outlook of Laurent series in variable z. The benefit
of this transformation is that it has ability to
modify according to the nature of signal either
continuous or discrete.

Most applications of Z-transform are in processing
digital signals, population sciences and control
theory. Usually it is used to analyse and process
digital data. In field of digital signal processing it
is used in designing system and digital filters,
further to check frequency feedback and system’s
stability.  In automatic
controls use this technique in order to intensify
the electrical and mechanical energy which results
dynamic nature of the system. By the help of this
tool one can solve the behaviour equation of any
control system furthermore one can investigate the
feedback of the system. The simulation of
continuous control system is also done by using Z-
transform, one can analyse the system from
different aspects. In sampled-time control plants it
deals with the invariant-difference equations.

telecommunication
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Chapter 2

Preliminaries and Definitions

2.1 Z-transform

The Z-+transform is a method of converting a time
depended discrete signal x[n] into the form of
complex function, i.e.,

X@) =y Anlz"

n=—00
z€D 2.1
where D shows domain of complex variable zEC,
such that the series converges in it. The priary task
of Ztransform is mapping a complex frequency
domain representation from a discrete time signal.
If z= rel®, then X(z) evaluated at r=1 becomes the
Fourier Transform,

F(z) = z x[nle ™™

n=—00
So, we conclude that a discrete-time Fourier
transform is a special case of Z-transform. Z-
transform is also a discrete analogue of the Laplace
transform.
2.2 Region of convergence
Region of convergence (ROC) is a range where Z-
transform is analytic. On all points of ROC, the
existence of Z-transform is mandatory.
2.2.1 Casual ROC
A region of convergence in which the origin is
punched out is called the Casual Region of
Convergence. That is all over zplane except at
origin.
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Fig 2.1: ROC whole Z-plane except origin

2.2.2  Anti-casual ROC

The region of convergence that is contained in unit circle is called anti-casual region of convergence.
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Fig 2.2: ROC contained in a unit circle

2.3 Properties of Region of Convergence

1. If ROC of the Z-transform of any discrete-
time signal contains a circle of radius 1, then
discrete- time Fourier transform

also exists.

2. Poles are not included in ROC.

3. ROC of a finite sequence is whole z-plane
excluding the points z=0, .

4. If x[n] is positive sequence, then ROC

is |z| > | | ; where €is the pole of largest
magnitude in X(z).
5. If x[n] is leftsided signal, then ROC 'is
given by |z| >|u|; where u is the pole of smallest
magnitude in X(2).
6. If x[n] is double-sided signal, then ROC is
given by|#| < |z| <|u|; where £ and u are poles
in E(2), ie., || < |ul.
1. The ROC is always a connected region.
8. Some common shapes of ROC are:
i.Whole Z-plane

ii. Ring

iii.Inside a circle (see Fig 2.2)

iv.Outside a circle

v.Only at center of Z-plane, i.e., z=0
2.4 Inverse Z-transform
Consider a transformed function X(z) and its
region of convergence, then we can find its signal
or sequence x[n] by taking inverse Z-transform,

defined as
x[nl=Z7"[X(2)]=

27i

where C is an anti-clockwise closed path that

encircles origin. C also exists inside ROC. If ROC

q

c

is causal, then all the poles must lie inside path C.
If path C is a unit circle exactly, then it is special
case of contour integral. The contour is used when
region of convergence contains the unit circle, that
is assured if system is stable, or simply the unit
circle includes all the poles. For given ROC, Z-
transform and inverse Z-transform are one-to-one
mappings. Observe that discrete analogue of
inverse Laplace transform is inverse Z-transform.
2.5 Theorem

If X(z) s

{ X, =x{k]} Z)_

Z+transform of a sequence

0 defined in the region R < |Z|

. Then Xx[n] is given by the formula,

X, =x[k]= !

=5 C_f):"*'X(:)d:A

(4
Here C is any positive oriented curve that is closed

and lies in region R < |Z| and circulates around

the origin.

2.6 Cauchy’s Residue Theorem

If X(z) is a transformed function of x[n] along with
ROC Ry, then the inverse transform is defined by

x[n] -
% ¢ X(2)dz=Y Residue[X(z2),z],
(2.4)

https://thesesjournal.com

| Javed, 2026 |

Page 2883

(23)


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X

Volume 4, Issue 5, 2026

where the integration is performed in
anticlockwise path around z=0 in ROC of X(z).
2.6.1 Corollary

If Z-transform of X[ 1] is represented by X(z), then

this signal is determined by the formula,
J
x[n]= Z Res (X(z)z”’1 , 2, )
=1
(2.5)
Here  f(2)=X(2)z"" has poles at
z,,k=12,..,].

2.6.2 Corollary
Let Ztransform of sequence x[n] is represented by

X(z). If X(z) has simple poles at 252y 2, then

x[n] is given by the formula

Zj:{hm z-z, X(z)z” 1}

k=1 Iz

2.6.3 Corollary
Let Z+transform of sequence x[n] is represented by

X(z) and z, be pole whose order is n then x[7] is

determined by

1 dn—l
(n—1)! dz""

(2.6)
2.7 Analysis of a system

xX[n]= (z—z,)" X(Z)Zn_l

For inspecting any discrete-time dynamical system
it is necessary to analyse its region of convergence.
Following are the aspects of inspecting such
system.

2.7.1 Stability of a system
If unit circle is contained in ROC, then system is
said to be stable.

Fig 2.3: ROC that contains the unit circle

2.7.2 Causality of a system

The system is causal if ROC contains infinity as well as the signal is right-sided sequence.
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Fig 2.4: causal system

The system is anti-causal if ROC contains origin and the signal is left-sided sequence.

2zl <r
.
Fig 2.5: anti-causal system
2.8 Solved example of inverse Z-transform

Using the Cauchy’s Residue Theorem ,consider transformed function X(z) of the form

1

1--

X(z)= 2

(—lz'l +1j(—lz'l +1j
3 2

Simplify using the partial fractions method, we have

X(2)= 4 3

(—12'1 +1j (—lz'l +1j
3 2

Apply inverse Z-transform, after that use the Cauchy’s Residue Theorem 2.6

Zm 1 <
ERIGE
2 3

x[n]=
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we get two poles here as z = 1 and z = 1 . There are three possibilities of ROC. The cases are given below.

Case (i) ROC: |z| > %
By using (2.5) and (2.6), we have

x[n]= Resia’ue()((z)z”1 , %j uln]+ Residue()((z)z"1 ,% uln], .7
where
-1y n-1 "
RCS(X(Z)Z"_I,lJ =lim(z—lj U=z )z =—3(1J
2) iU 2 [ 1 1)( 1 _lj 2
2 1-—z 1-—z
2 3
and

1 n—1
| | (1--)z )
ReS(X(Z)ZH’E):lin}(_g_'-zj [ Z =4(3)"

3 —lz'1 +1)(—lz'l +1)
2 3

x[n]==3(2) "uln]+4(3) " uln]

So (2.7) becomes

1 1
Case (i) ROC: = <|z|< =
3 2
We get same poles %,% as in previous case (i) and (ii). By the theorem 2.6

x[n]= Resia’ue()((z)z"_1 e %j u[—-1-n]+ Residue()((z)z"‘l , %j u[n]

x[n]=3 (2)_n u[-1-n]+ 4(3)_" u[n]
Case (iii) ROC: |z| < l < l
3 2
We get the same poles %, % and same values of residue evaluation on each pole.

x[n]=3 (2)7" u[-1-n]—4 (3)7}1 u[—1—n]
2.9 Properties of Z-transform
2.9.1. Property of Linearity
am|[t]+bn[t]
Apply Z-transform as

Z(am[t]+bn[t]) = iz" (am[t]+bn[t])

= ai z7 m[t]+ bi z 7" n[t]=aZ(m[t]) + bZ(n[t])
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2.9.2  Unit-Step Function
Unitstep function in discrete domain is stated by

0, n<c
uln] —{1‘ h> e (2.8)
i1
T o T 2T 3T 4T 5T
-1 E—ts

Fig 2.6: unit step function
Now, applying ztransform on (2.8) as;

as U[n]=1 as defined in (2.8), and

Zun)=Y 27 = @y

n=0 n=0

Let £ =—and by expansion of power series in terms of ‘t’, we have;
zZ

0 n_L
nz=():t _l—t’|t|<1

__ 1 e
()"
Simplify
Z[u[n]]=(_liz), z|>1
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2.9.3 Time Delay

s eessssse=sssssE=E==h K[H—C]U[H—C]

-T 0O T 20 3T S eE T

1—

Fig 2.7: Time delayed by ‘c’ units
Consider x[n — clu[n —c] ,that is delayed ‘¢’ units, ¢ >0. Also, we truncate the sequence at n=0.

Here u[n —a] denotes unitstep function that describes delay and is stated as;

0, n<
- {15 =

Now, applying Z-transform

Zx[n—clu[n—c]l= Zz_n (x[n —cluln _C])

n=0
z " (x[n—cluln— c])+Zz (x[n—cluln—c])
From (2.8) u[n—c]=0for n < ¢, which yields

Zlx[n—cluln—c]l= Zx[n_c]z_n (2.10)

n=c

By taking n—c = p, (2.10)

Z[x[n—clu[n—cll= ZZ POy :chzx[p]zfp

p=0 p=0
VA [x[n—c]u[n—c]]=Z[x[n]] (2.11)

This shows the negative increment of ‘c’ units at power of variable z.
Similarly, for a function defined as x[n —c]u[#], also delayed by ‘¢’ units,

Now applying Z-transform on x[n — cJu[n]

ZIx[n-c] uln]]= i z" (x[n - c]u[n]) =»z" (x[n - c]u[n]) + Zz‘" (x[n - c]u[n])

By (2.11) we have u[n]=0 for n < c, so we get

Z [xin—clufn)]- 2,2 " (x[n—cluln])
n=0

Letn—c=p
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(p+c)
2 (n—clulnl - Y. 2 Ox{p] = ZZ x[p
p=—c
Now to start the summation at O, we subtract the first terms then add these terms again

-1
ZIxn—cluln]l=2 ZZ x[p ZZ xp +Zczz_px[p]
p=—c

—C

=z Z'x[-plez ) zPxp] -z Zsz[—p] +27° X
p=l p=0 p=l

Thus,
ZIxn—cluln]l=z < X+ z< D, 2"x[~p]
p=1

2.9.4 Time Advance
Consider x{n+cJu[n] ,i-e., advanced ‘c’ units, c>0. Also, truncate sequence at n=0.

C

anteEEELELEREE xfnfufn]

$ | afntefuln]

3T 2T T 0 T a3 4S50

I —
Fig 2.8: time advanced by ‘c’ units
Here u[n] is unitstep function, given by;
0,n<O0
un={1 13 (2.12)
Applying transformation
Z[x[n+cluln]l= ZZ x[n+clu ZZ x[n+clu ]) (2.13)

n=0
In first term of (2.13) replace n by n+c

Z[x[n+c]u n] Zz ! n+c]u[n] + Lzl: z" x[n +c]u[n])
From (2.8) o

Z[x[n+a]u[n]]—zz x[n+c] —zzz "x[p],

p=0
where p=n+c
c-1 0
Zxin+clulnll=2° Y2 "x[pl+z°) 27 x{ p]
p=0 p=0
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This implies
ZIxn+cluln]l=-z* 0,2 "M pl+ 2 X (2.14)
2.9.5 Modulation

We consider a signal of form a"y[n]u[n], multiplied by a scalar of form a”, a>0 and truncate the

sequence at. Now applying Z-transform

Zla" yinluln1l- 2.2 " (a"y[n]uln])

n=0
Zla" yinluin]l- Y@ "'2)" yn] (2.15)
Let r =a 'z, now from the power seriesn;),
Z r <1 (2.16)

By using (2.16) in (2.15), we get

Z[a" y[nlu[n]]= Z(a z)"yln ‘a z‘<1

n=0

V4
Zla" y[nlu[n]l= Y (;j

zZ
which shows that in domain of z, ¥’ (_j has zero for z =0 and pole for point Z=a .
a

2.9.6 Convolution

Convolution defines the multiplication of any two sequences in a complex domain. Advantage of
Convolution is that it figures out an output sequence by the help of input signal and a transfer function, both
of which are given in the time domain.

Considering convolution between two functions that are s[p] and t[p], both are truncated at p=0. Then their

convolution is given as

o0

(sH[plulpl= D slqllp —qlulp] (2.17)

g=—0

By the help of (2.12) we write (2.17) as,
(s plulpl= D slqltlp—q]
g=—0

Now apply Z-transform as

o0

Z[s0lplulp]] Z[ pis ]r[p—q]j =i(zpws[q]t[p—q]J

p=0 q=0 p
As s[q]is independent of P so we can take it out of summation as
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Z[(e)nluln]] = i(x[m]iz"y[n —m]j

m=0 n=0

From (2.12),
Z[(solplulpl) =Y (slg1= T(2)) = T3 (slg1=)
ZU s plul pl = ST (2)

s

Conjugation
Consider a sequence with conjugation and is truncated at n=0 as s*[n]. Applying Z-transform

2.9.7
Z[s*[n]]:iz_”s*[n]= i > sin] _1

n—O(S[n]((Z*)n n=0 (Z*)n

n=0

This implies
Z[S*[n]] =S5*(z%).

2.9.8 First Difference

Taking difference in a discrete time signal is likewise taking differential in a continues signal. Suppose we
have difference y[p]— [ p —1]of two sequences y[p] and y[p—1]. Apply Ztransform,

Z[Mpl-yp-1]= Dz Hpl-D z "yp-1]

From (2.12) we get,
Z[ylPl-ylp-11]=Y() —(;j Y(2)

Z[Mpl-yp—11]= Y(z)[l —é)

So, it changes the power of z variable respectively and subtracts it from units’ difference of both functions

2.9.9 Impulse
=
-
lg
T 0 T 2T 3T 4T ST 6T 7T
1 =

Fig 2.9: Discrete Impulse Signal

To study the pattern or behaviour of any discrete-time signal we analyse it through the impulse but in sense

of discrete signals. Such an impulse is given by,
Page 2891
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Apply Z-transform on x[n]
X(2)= Zz_"x[n] +1
n=1

As the impulse is only generated at 7 = 0 and it is O everywhere else, so
X(z)=1,

which is a similar form of Laplace transform of any continues impulse function.

2.9.10 n-Scaled

Consider a discrete-time function as previous one

0,n<0
x[n] =
na",n=>0

Apply Z-transform and use unit step function given in (2.9)

na I/l Zl’ld

X(2)=az'+2a°z7 +3a’27 +... (2.18)
By multiply both sides of (2.18) by az™", we get
az' X(z2)=a’z" +2a’z” +3a’z"™ (2.19)

Now we subtract (2.19) from (2. 18)
X(z)—az ' X(2) = az '+ 2a°z72 430’z ) a’z? +2a’z” +3a’z _4...)

e[S
aEERe abs

Bce)

Zlna"u[n]]= ——— , where |Z| >a (2.20)

(z-a)

N
N

N\Q
N—

N

It follows that
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2.9.11 Exponential

) —s
\
.

e

1T

0
-T 0 T 2T 3T 4T ST 6T 7T

t—s

Fig 2.10: Discrete exponential function

. . . . . —anT o
Consider an exponential as well as discrete-time function € " u[n] and start the variation from n=0.
Apply Z-transform along with unit step function

0 0
—anT —anT _— —aT _-1\"
X(z):Z[e “ u[n]]:Ze " :Z(e “z )
n= n=0
VA

_T?
z—¢e"

X(z)=

—aT
z|>e"

2.9.12 Cosine

T o T Jr 3T 4T Sr 6T 7T

Fig 2.11: Discrete Cosine function
Consider the Cosine function cos(wnT )u[n] along with the unite step function and start the variation from

n =0 .Where, @ is the frequency and @T is the initial frequency.
Now apply the Z-transform along with the definition of unit step function

X (2) = Z[cos(wnT)u[n]]

= Zcos(a)nT).z_”
n=0
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Use here the exponent form of cosine function as

cosf=——
2

This implies

0 ionT —ionT
X(z)= ZZ*" (&J
n=0
o0 o0
Zz—neiwnT + Zz—ne—iwnTj

n=0

| =
=
I
(=)

Il
N | =
[
—_
|
g
5
~—
B
+
[
—_
N
L
L
g
S
B
N—

z? —zcos(wT)
22—2isin(a)T)+1’

2.9.13 Sine
The Z-transform of Sine function Sin(@nT )u[n] is similar that of Cosine function.

] —

onl

in(

P |
T 0 T 2T 3Ir i[r 6T 7T

t—s

Fig 2.12: Discrete-time Sine function

ionT —ionT
We use the exponential form of sine function here as sin @ = ;e
i
Then,
© ei(unT . e*ia)nT [ 1 j
X(z)= —
=35z
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n

ey g )

n=

1 o0 [ee]
_ - Zz—neza)nT ZZ ne—mmT
21 n=0
[ee]

z| >‘ei“’T‘=1

)
21- 1 _ Z*lei(uT 1 _ Z*lefia)T 2

Zsin(T)

X =
@) z? —22isin(coT)+1 ’

2.9.14 Initial Value Theorem
. . (1
If T(z) represents Z-transformation of t[n]. Then,{0] =1im7(z) and T(z)= hnol(_j
Z—0 z—> Z

Proof
Consider a discrete time function as {[n] where n < 0.

T(z)= (zlj

Z—>® Z—)(X)

2 1&2@
o Zote 7

n=

This implies
(0]=lim7(z).

2.9.16 Final Value theorem
If T(z) shows Ztransform of t[n]. Then, #[o0] =lin11(z—1)T (z) . Consider difference of a discrete time

function with its own time advance function and take the delay of 1 step only
fn+1]1—tn] 2.21)

Transformation gives

Z[fn+1]-t[n]] i(t[”“]_’[”]j

n=0

Applying limit for z —>1
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1inl1(z [n—1]-1[n]]) = lln}(i(MD = i(t[n +1]- t[n])hnll(inj
z—> z—> =0 Z =0 z—> Z

lim (Z[dn—11—[n1]) = lim (A1]+ 421+ ..+ dn =11+ 2n]+ fin+ 1] =01~ 1]~ 2] ~...~ln 1]~ [n])
= lim {[n] - £[0] (2.22)

Apply the Z-transform on (2.21) but this time utilize the time delay property. Also applying limit for z —> 1
lirrllZ[t[n +1]-#n]] = linll(z(T(z) —1[0])-T(2))

= lirrll (ZT(Z) —zt[0]— T(Z))
= lirrll (T(2)(z-1))- linll zt[0]
limZ [(ln+1]1—-1[n]]= lirrll(T(z)(z —-1))—10] (2.23)

Now equate equation (2.22) and (2.23)
lirrll(T(z)(z — 1)) —[0] =1lim[n]—1[0]

lim f[n] = lim ((z=DT(2))

which shows that for the final value we will require the transformed function of given discrete signal.

Chapter-3

3.1 Ztransform and Difference Equations

3.1.1 Definition

An equation that is expressed in the terms of a function of one or more than one independent variable along
with the finite differences of the function, is called a difference equation.

A difference equation depicts parallel discrete form of differential equation, as it contains finite or discrete
differences instead of derivatives.

3.2 Solution of famous difference equations
3.2.1 Fibonacci Recursion Expression
F =F

n v B, Fy=0, F =1
If F, is represented by y(n), then y(1) =1and y(0) =0 ,that gives the following
y(n) = y(=1+n)+ y(-2+n) (3.1)
Applying Z-transform on (3.1), we obtain
Zly(m)]=Z[y(-1+n)]+Z[y(-2+n)]

Y() Y@+ y(-D

Y(z)=y(-2)+y(-D+ 2 . (3.2)
By using the initial conditions in (3.1), we get

Y2)+y(=1D)=0 (3.3)

(D=1 (3.4)
Using (3.3) and (3.4), we get

y(-D=1and y(-2)=-1 (3.5)

using (3.5), (3.2), gives
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Y (z)

Y(z2)= (Y( )+1)

Y(2)= Y(z)[l %j
pofi-1- 1)L
z z z

8
(zz—z—l)(zlz)

z

Y(z)=

Yz)=————
@) —1-z+Z7*

V5 V5

From denominator we have z=14+—,z=1-——

2
V5 J5

Leta=1+— and b=1—— then,
2 2

Y e
i (z- a)(z b)

Y(z):(a—b)‘l(—szJr = j

Z—a

By partial fraction we have,

Here the ROC is determined to be |Z| >a ,where Z=4a and z = b are the simple poles. Now apply the Z-

inverse transform as,

b a

2 r()]=2" [(a—b)l [_Z_b N

n-1 n—l

-b hm(z b)

y(n) = [a lim(z —a)—

(z-a) (z-b)

1 B an _bn
a-b a-b

yUﬂz(aa”l—bb%ﬂ

F _ al‘l _bn

B

, >0,

5 5

where @ =1+ — and b=1——.
2 2

above is the compact form of Fibonacci Recursion relation.

zZ—a

a->b
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3.2.2 Chebyshev’s Polynomials
Consider the recursion relation of Chebyshev’s polynomials as

F,(x) =2xF,_,(x)—F,_,(x) (3.6)

E(x)=1, B(x)=x. (3.7)
Let us replace 7 (x) by y(n). Then (3.6) and (3.7) become

y(n) =—y(-2+n)+2x y(—1+n), (3.8)

y(0)=1, (1) =x. (3.9)

Applying Z-transform, we have
Y(2)=2x(z"Y(2)+ (=)= (2 7Y (2) + (-2 + 2 'y(-1))
By using (3.9) in (3.8),

y=h=x
y(=2)=2x"-1.
This implies
Y(z)=2x(x+Y(Z))—(2x2—1+y(zz)+£)
z z z
(z—x)z
Y(z)= ="M=
@) 1-2xz+2°
z(z—Xx) >
Y(z)=—22 P L and =x—r 1.
(2) - a=x+Vx" -1 and f=x-+x"-1
Applying inverse Z-transform as
7y Escigerd z2(z-x) }
o) Lz—a)(z—ﬂ)

Here & and S are the simple poles so,

y(n) = Residue(Y(2)z"™",a) + Residue(Y (z)z" ", B)

. Z'(=x+ . Z'(—x+

() = lim ¥ D) gy 2 X F2)
=B (—a+z) e (=f+2)
(a—x)a" —(-x)p"

(a-p)
As we know that x =cos @, implies that & = e’ and ﬂ =e , which gives,
1 inf —inf
n)y=—\e +e
ym == )

y(n)=cos(n0)
P,(cos8) =cos(nd) , n>0.

Above is the compact form of Chebyshev’s recursion relation.

y(n)=
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3.2.3 Legendre Difference Equation
The Legendre Polynomial p (x) gives difference equation as

(A+m)p,,(x)=2n+Dxp,(x)+(n-1)p, ,(x) =0, (3.10)
with py(x)=1and p,(x)=x.
Let y(n) = p,(x) express the nth term in (3.10) as
ny(n)=Cn—Dxy(n—-H—-—m-DHyn-2),
By using ¥(0) = p,(x) =land y(1) = p,(x) =X, we obtain
y(=2)=xand y(-1)=1 (3.11)
Apply Z-transform on (3.10)
1 y(n) x(=1+2n) y(-1+n) (=1+n)y(-2+n)
; Zn ,,Z(; Zn Z z

—2Y(z)=—x| -p(-D)+2Y(2)-Y(2)z" + y(—l)z*2 } +9(2)+Y'(2)z " =Y (2)z
By using (3.11), we have following simplified form

n

| 1
(—Z+2Z——jY’(2)+[—2—£jY(Z)=0 (3.12)
z V4 z
After simplification, equation (3.12) gives

az

NZP=2xz+1

To find the value of a, substitute y/(0) =1 in equation (3.13),

o
ZZ —2n-1 n Zaz
n=0

Y(z)= (3.13)

Comparing coefficient of z" , we obtain
a= Z—2n—l (3'14)
Substitute (3.14) in (3.13) and simplify,

—2n
z

Nz =2xz+1

Applying inverse z-transform and theorem 2.5, we obtain

R

27i |y \1-2xz+ 2°

Y(2)=

where c is any positive oriented closed contour surrounding at the point z=0 and lying inside the disk |Z | <r

.Ultimately, we can write Legendre polynomial P, (x) = y[n] in the form given below

—nl

p.(x)= 2mc_f> ,—_ZL d=,

Preceding equation is the solution for (3.10).
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3.2.4 Second Order Deterministic Difference Equation
Consider #(n) =3+ 0.92(—1+n) —0.2¢(=2 +n)

(3.14)

£0) = 0,£(1) = 2.
By using (3.15) in (3.14), we have

34+0.9/(~1)—0.2(=2) = 0

3+0.94(0)—0.2¢(—1) = 2

by solving (3.16) and (3.17) simultaneously, we have

H(=1)=5
H(=2)=375
Applying Z-transform on (3.14), we get
T()=> >+ O.9(t(—1) +
z

n=0

After simplification, we obtain

j—O.Z(t(—2)+t(_—l)+ T(Z)j

z

2Z(Z+1j
2

(3.15)

(3.16)
(3.17)

(3.18)
(3.19)

2
z z

T(z)=

Apply inverse transformation, we have

tny=2"

(02-0.9z+27)(z-1)

2z(z+lj
2

(—1+2)(-0.4 + 2)(-0.5 + z)

t(n) = Residue (T (z)z"",1) + Residue (T (2)z"",0.4) + Residue(T(z)z"",0.5)

That implies

t(n) =10—40(0.5)" —30(0.4)"

Conclusion

This paper presented a detailed study of the Z-
transform as an effective analytical framework for
discrete-time  signals and  systems. The
fundamental concepts of the Z-transform,
including its definition, Region of Convergence
(ROCQ), and essential properties, were thoroughly
investigated. The ROC was shown to play a central
role in determining the existence, stability, and
causality of discrete-time systems, thereby
providing valuable insight into system behavior in
the complex domain.

Particular emphasis was placed on the inverse Z-
transform and its computation through the
Cauchy Residue Theorem. By employing complex
variable techniques, inverse transformations were
obtained in a systematic and mathematically
rigorous manner. The residue approach proved to

be a powerful tool for recovering discrete-time
sequences from their transformed representations
and for simplifying the analysis of systems
described by difference equations.

The applicability of the developed theory was
demonstrated through the solution of several
important recursive relations and difference
equations. Compact closed-form expressions were
obtained for the Fibonacci recursion, Chebyshev
polynomials, Legendre difference equations, and
second-order deterministic difference equations.
These examples illustrate the effectiveness of the
Z+transform in converting complex recurrence
relations into algebraic expressions that can be
solved efficiently in the transformed domain.

The results of this study confirm that the Z-
transform is one of the most versatile tools for the
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analysis of discrete-time systems. Its ability to
characterize system properties, simplify
computations, and generate compact solutions to
recursive relations makes it indispensable in
mathematics, signal processing, communication
systems, and control theory. Future work may
focus on extending these techniques to nonlinear
difference equations, multidimensional discrete
systems, and modern applications in digital signal
processing and computational mathematics.
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