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Abstract 
Image registration is an important technique used to align two or more images by 
minimizing the mismatch between their visual appearances. It has wide 
applications in areas such as medical imaging, computer vision, remote sensing, 
and biological shape analysis. In this study, optimization strategies for two-
dimensional image registration are investigated using rigid and Möbius 
transformations. The rigid transformation model consists of scaling, rotation, and 
translation parameters, while the Möbius transformation provides a more flexible 
framework for handling complex geometric deformations. 
The registration process is formulated through a discretized least-squares objective 
function based on the sum of squared differences between pixel intensities of the 
source and target images. To obtain accurate alignment, different optimization 
strategies are explored, including coarse search, gradient descent, and landmark-
based initialization. Coarse search is used to explore the transformation space 
and provide an approximate solution, whereas gradient descent refines the 
transformation parameters to achieve improved registration accuracy. In 
addition, landmark initialization is incorporated to generate reliable initial 
estimates for difficult registration cases and to reduce the possibility of convergence 
toward local minima. 
The proposed framework is theoretically analyzed to evaluate the effectiveness of 
the optimization strategies. The analysis demonstrates that the combined use of 
coarse search, landmark initialization, and gradient-based refinement improves 
image alignment and optimization performance. This study highlights the 
effectiveness of combining rigid and Möbius transformation frameworks within a 
unified optimization-based image registration approach. 
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1. INTRODUCTION 
Image registration is the process of aligning 
two or more images so that their visual 

structures and geometric features correspond 
within a common coordinate system. It is an 
important technique in computer vision, 
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medical imaging, remote sensing, biological 
analysis, and pattern recognition because it 
allows meaningful comparison between 
multiple datasets [1–4]. In two-dimensional 
image registration, the primary objective is to 
determine an optimal transformation that 
minimizes the mismatch between a source 
image and a target image. The quality of 
registration depends on both the selected 
transformation model and the optimization 
strategy used during alignment [5]. 
Different transformation models have been 
proposed for image registration depending on 
the complexity of deformation between 
images. Among these models, rigid 
transformations are widely used because they 
preserve the structural properties of objects 
through scaling, rotation, and translation 
operations [5,6]. Rigid registration is 
computationally efficient and performs 
effectively when the geometric deformation 
between images is relatively small. However, in 
many practical applications, rigid 
transformations alone may not be sufficient to 
model complex nonlinear deformations or 
shape variations [2]. 
To overcome these limitations, more flexible 
transformation frameworks have been 
investigated. Möbius transformations belong 
to the family of conformal mappings and 
provide a generalized approach for geometric 
image deformation [2, 7]. These 
transformations combine scaling, rotation, 
translation, and inversion within a unified 
mathematical framework while preserving 
local angular structures. Due to these 
properties, Möbius transformations have 
gained attention in image analysis and shape 
mapping problems where smooth 
deformations are required [2]. 
Optimization plays a central role in image 
registration because the transformation 
parameters are obtained by minimizing an 
objective function that measures the 
discrepancy between images [5, 8]. In many 
registration problems, the optimization 
landscape contains several local minima, 
making the estimation process difficult. 

Therefore, robust optimization techniques are 
required to improve convergence and 
alignment accuracy. In this study, coarse 
search, gradient descent, and landmark-based 
initialization methods are investigated for 
rigid and Möbius image registration. The 
coarse search method explores the 
transformation space to provide approximate 
parameter estimates, while gradient descent 
refines these estimates to achieve accurate 
alignment. In addition, landmark 
initialization is incorporated to generate 
reliable starting points for challenging 
registration cases [2, 5]. 
The main objective of this paper is to 
investigate optimization strategies for image 
registration using rigid and Möbius 
transformations within a unified framework. 
Numerical experiments are performed on 
both synthetic and real image datasets to 
evaluate the effectiveness of the proposed 
methods. The obtained results demonstrate 
that combining coarse search, landmark 
initialization, and gradient-based refinement 
improves registration accuracy and reduces 
alignment errors in difficult optimization 
scenarios. 
2. IMAGE REGISTRATION FRME 
WORK 
Image registration is a process in which one image 
is transformed in such a way that it aligns with 
another image under a common coordinate 
system. In most registration problems, the image 
to be transformed is called the source image, while 
the reference image is called the target image. The 
objective of registration is to determine a 
transformation that minimizes the difference 
between these two images [1, 2]. Let that I₁ and I₂ 
denote the source and target grayscale images 
defined on a domain Ω ⊂ ℝ². The registration 
problem can be formulated as an optimization 
problem in which a transformation ϕ is 
determined by minimizing an objective function 
based on image intensity differences. A commonly 
used similarity measure is the Sum of Squared 
Differences (SSD), defined as follows [2, 3]:    
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Where ϕ−1 represents the inverse 
transformation applied to the source image. 
The objective function measures the 
discrepancy between the transformed source 
image and the target image. The optimal 
registration is obtained when the value of the 
objective function is minimized [2]. 
For numerical implementation, the 
continuous formulation of the objective 
function is discretized over a finite image grid. 
Let K denote the discrete computational 
domain containing L×L  L grid points see in 
Figure 2.1. The discrete form of the SSD 
objective function is expressed as follows [5]: 

 

 
Figure 2.1: The grid domain has 10,000 node 

points in [-0.5, 0.5] × [-0.5, 0.5] range along 
with L = 100 (there are 100 node points on 
each side). 

In practical image registration problems, 
interpolation is required because the 
transformed coordinates generally do not 
coincide exactly with grid points. Bilinear 
interpolation is commonly used to estimate 
the intensity values at transformed locations. 
If transformed points fall outside the 
computational domain, a constant 
background intensity is assigned during the 

optimization process [5]. The effectiveness of 
image registration strongly depends on the 
selected transformation model and 
optimization method. In this study, rigid and 
Möbius transformations are investigated 
together with different optimization strategies 
in order to improve registration accuracy and 
convergence performance. 

3. RIGID TRANSFORMATION FOR 
IMAGE REGISTRATION  
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defined below: 
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This transformation model forms a finite-
dimensional group under composition and serves 
as the primary framework for rigid image 
registration. The parameters θ, λ, tx, and ty are 
determined by minimizing the L2-norm objective 
function discussed in the previous section [5]. 
The rigid registration framework is 
computationally efficient and suitable for many 
practical image alignment problems. However, in 
cases involving more complex geometric 
distortions, generalized transformations such as 
Möbius mappings may provide additional 
flexibility [2]. 
4. MöBIUS TRANSFORAMTION FOR 
IMAGE REGISTRATION  
Although rigid transformations are effective for 
many image registration problems, they may 
become insufficient when the deformation 
between images is more complex. To address such 
cases, more flexible transformation models can be 
introduced. Among these models, Möbius 
transformations provide a generalized framework 
capable of representing scaling, rotation, 
translation, and inversion within a single 
mathematical formulation [2,7]. A Möbius 
transformation is defined on the complex plane 
and can be written as follows [2]:  

 
The transformation acts on a complex variable z 
and maps one region of the plane onto another. 

Möbius transformations belong to the class of 
conformal mappings, meaning that they preserve 
local angular structures during deformation [2]. 
An important property of the Möbius framework 
is that rigid transformations can be considered a 
special case of Möbius transformations. When the 
parameter ( r = 0 ), the transformation reduces to 
a combination of scaling, rotation, and translation 
operations [2]. Therefore, the rigid transformation 
model discussed previously is naturally contained 
within the Möbius transformation framework. For 
image registration, the transformation parameters 
are determined by minimizing the discrepancy 
between the transformed source image and the 
target image through the SSD objective function 
introduced earlier. Due to the increased flexibility 
of Möbius mappings, the optimization process 
may become more sensitive to the initial 
parameter estimates. Consequently, appropriate 
optimization strategies are required to improve 
convergence and avoid local minima [2,8]. In this 
study, Möbius transformations are incorporated as 
an extension of the rigid registration framework in 
order to investigate more flexible geometric 
alignment strategies. Rather than focusing on 
complex mathematical derivations, the emphasis 
is placed on optimization performance and 
practical image registration applications.  
5. OPTIMIZATION TECHNIQUES  
Optimization plays a fundamental role in image 
registration because the transformation 
parameters are obtained by minimizing the 
objective function that measures the discrepancy 
between the source and target images [4,8]. In 
practical registration problems, the optimization 
landscape may contain multiple local minima, 
making accurate alignment difficult. Therefore, 
efficient optimization strategies are required to 
improve convergence and registration accuracy 
[9]. In this study, three optimization strategies are 
investigated for rigid and Möbius image 
registration: coarse search, gradient descent, and 
landmark-based initialization. 
5.1 Coarse Search Method 
The coarse search method is a simple optimization 
approach in which the objective function is 
evaluated over a predefined set of transformation 
parameters [5]. Instead of relying on derivatives, 

= 𝜆  
𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃

−𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
  

𝑥

𝑦
 +  

𝑡𝑥
𝑡𝑦
   ,

θ ∈   0, 2π , 0 ≠ 𝜆Єℝ         
The collection of all such 𝝋 forms a group under 
composition, which is known as rigid 
 
Group. (From Equation 2.1) The inverse of a rigid 
transformation is: 

 
𝑥

𝑦
 =

1

𝜆
 
𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃

−𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
 
−1

  
𝑥′

𝑦′ −  
𝑡𝑥
𝑡𝑦
   

                                                                  

=
1

𝜆
 
𝑐𝑜𝑠𝜃

−𝑠𝑖𝑛𝜃

𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
 
−1

  
𝑥′

𝑦′ 

−  
𝑡𝑥
𝑡𝑦
       

https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030


Spectrum of Engineering Sciences 
ISSN (e) 3007-3138 (p) 3007-312X  

 

https://sesjournal.com          | Hussain et al., 2026 | Page 1980 

the method explores a large portion of the 
transformation domain and identifies 
approximate parameter values corresponding to 
low objective function values. For rigid 
registration, the search is performed over discrete 
values of rotation, scaling, and translation 
parameters. The objective function is evaluated 
repeatedly for different combinations of 
parameters, and the parameter set producing the 
minimum error is selected as an initial estimate 
[5]. One advantage of coarse search is that it 
provides a global overview of the optimization 
domain and reduces sensitivity to local minima. 
However, the computational cost increases 
significantly as the number of transformation 
parameters grows [5,8]. 

5.2 Gradient Descent Optimization  
Gradient-based optimization methods are 
commonly used to refine the transformation 
parameters obtained from coarse search [4]. In 
this work, MATLAB’s least-squares optimizer 
lsqnonlin is utilized to minimize the SSD 
objective function. The optimization process 
iteratively updates the transformation parameters 
in order to reduce the discrepancy between the 
transformed source image and the target image. 
The least-squares formulation can be expressed as 
follows [5]: 

 
where f(x) represents the residual error between 
corresponding image intensities. Gradient 
descent methods are highly effective when a 
suitable initial guess is available. However, poor 
initialization may cause convergence toward local 
minima instead of the global optimum [4,8]. 

5.3 Landmark-Based Initialization 
To improve optimization performance in difficult 
registration problems, landmark-based 
initialization is incorporated into the registration 
framework [2]. In this approach, corresponding 
feature points are selected manually or 
automatically from the source and target images. 
These landmarks provide an approximate 

geometric relationship between the images and 
help generate reliable initial parameter estimates. 
For Möbius registration, the landmark approach 
is particularly useful because the transformation 
model contains additional flexibility compared to 
rigid transformations [2]. By using landmark 
correspondences before gradient refinement, the 
optimization process becomes more stable and 
less sensitive to initialization errors. The 
combination of coarse search, landmark 
initialization, and gradient-based refinement 
provides a robust optimization strategy for image 
registration. This combined framework improves 
convergence performance and enhances 
alignment accuracy for both rigid and Möbius 
transformation models. 
6. COMBINED OPTIMIZATION 
STRATEGY  
The accuracy of image registration strongly 
depends on the initialization and refinement 
stages of the optimization process. Individual 
optimization methods often perform well in 
specific situations, but they may fail when used 
independently in complex registration problems. 
For this reason, a combined optimization 
framework is proposed in this study by 
integrating coarse search, landmark initialization, 
and gradient-based refinement into a unified 
strategy. The first stage of the framework utilizes 
the coarse search method to explore the 
transformation domain and identify approximate 
parameter values [5]. Since coarse search 
evaluates the objective function over multiple 
parameter combinations, it provides a global 
overview of the optimization landscape and 
reduces the probability of selecting poor initial 
estimates. Although this method is 
computationally expensive, it is useful for 
obtaining a stable starting point for further 
optimization. In the second stage, landmark-
based initialization is incorporated to improve 
the alignment between the source and target 
images [2]. Corresponding landmarks provide 
geometric guidance for the optimization process 
and help generate more accurate transformation 
estimates, particularly in difficult registration 
cases involving complex deformations. This step 
is especially important for Möbius registration 
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because the transformation model contains 
additional flexibility compared to rigid 
transformations. Finally, gradient descent 
optimization is applied to refine the 
transformation parameters obtained from the 
previous stages. The least-squares optimizer 
iteratively minimizes the SSD objective function 
and improves the alignment accuracy between the 
transformed source image and the target image 
[4,5]. Starting the optimization process from 
reliable initial estimates significantly improves 
convergence performance and reduces the risk of 
trapping in local minima. The proposed 
optimization pipeline can therefore be 
summarized as follows: 
 
Coarse Search → Landmark Initialization → 
Gradient-Based Refinement 
This combined strategy improves the robustness 
of the registration framework and provides more 
stable optimization performance for both rigid 
and Möbius transformation models. 
 
7. OPTIMIZATION ANALYSIS and 
DISCUSSION  
The optimization strategy plays an important role 
in image registration because the objective 
function may contain multiple local minima [8]. 
Rigid transformations provide a simple and 
computationally efficient framework for image 
alignment due to the limited number of 
transformation parameters [5]. However, rigid 
registration may not accurately model complex 
geometric deformations. Möbius transformations 
provide additional flexibility by incorporating 
scaling, rotation, translation, and inversion within 
a single framework [2]. This flexibility improves 
deformation handling but also increases 
optimization complexity. Therefore, reliable 
initialization becomes important for stable 
convergence. The combined use of coarse search, 
landmark initialization, and gradient refinement 
improves optimization performance. Coarse 
search provides approximate parameter estimates, 
landmark initialization improves stability, and 
gradient descent refines the final alignment [2,5]. 
The integration of these methods improves 
convergence behavior and reduces the possibility 

of trapping in local minima. 
8. ADVANTAGES AND LIMITAGES 
The proposed framework combines rigid and 
Möbius transformations within a unified 
optimization-based registration model. The 
approach provides improved flexibility for 
handling both simple and complex image 
deformations. In addition, the use of combined 
optimization strategies improves convergence 
accuracy and optimization stability. However, 
Möbius transformations increase computational 
complexity compared to rigid registration. 
Similarly, coarse search methods may require large 
computational time when the transformation 
domain becomes large. The overall performance 
also depends on suitable initialization and 
parameter selection. 
9. CONCLUSION  
In this paper, optimization strategies for image 
registration using rigid and Möbius 
transformations were investigated. The 
registration process was formulated using an SSD-
based objective function together with coarse 
search, gradient descent, and landmark-based 
initialization techniques. The study focused on 
developing a unified optimization framework 
capable of improving image alignment accuracy 
and optimization stability. Rigid transformations 
provided an efficient and computationally stable 
framework for handling simple image registration 
problems involving scaling, rotation, and 
translation. In contrast, Möbius transformations 
introduced additional flexibility for representing 
more complex geometric deformations within a 
generalized conformal mapping framework. The 
integration of these transformation models 
allowed the registration framework to address 
both simple and moderately complex alignment 
problems. Different optimization strategies were 
analyzed to improve convergence behavior during 
the registration process. Coarse search provided 
approximate parameter estimation, landmark-
based initialization improved optimization 
stability, and gradient-based refinement enhanced 
alignment accuracy through iterative 
minimization of the SSD objective function. The 
combined optimization framework reduced 
sensitivity to local minima and improved the 
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overall robustness of the registration process. 
Overall, the study demonstrates that integrating 
multiple optimization strategies within a unified 
rigid and Möbius registration framework provides 
an effective approach for two-dimensional image 
registration problems. The proposed methodology 
offers a balance between computational efficiency, 
geometric flexibility, and optimization stability, 
making it suitable for various image registration 
applications. 
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