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1. Introduction

Mathematical modeling of infectious diseases has a long and distinguished history, providing
quantitative frameworks that inform public health policy, resource allocation, and epidemic forecasting.
The classical SIR (Susceptible-Infectious-Recovered) compartmental model, introduced by Kermack
and McKendprick [1] in 1927, laid the theoretical groundwork for modern mathematical epidemiology.
Subsequent extensions have incorporated latent (exposed) classes, quarantine compartments, age
structure, spatial heterogeneity, stochasticity, and intervention strategies such as vaccination and
treatment (2, 3].

A critical biological feature of many infectious diseases is the incubation or latency period: the
time elapsed between a host’s initial infection and the onset of infectiousness. In diseases such as
influenza, COVID-19, tuberculosis, and SARS, this period ranges from days to weeks and has profound
consequences for transmission dynamics, herd immunity thresholds, and the effectiveness of quarantine
interventions. Ordinary differential equation (ODE) models implicitly assume instantaneous transitions
between compartments and therefore fail to capture this delay. Delay differential equation (DDE)
models, which account for such time lags explicitly, more faithfully represent biological reality and are
known to produce richer dynamics including oscillations and chaos not present in ODE counterparts
(4].

The SEIR model, which includes an Exposed (latent) class, partially addresses this concern but
treats the latent period as exponentially distributed. Incorporating an explicit time delay Tinto the force
of infection yields a delay differential equation system whose behavior depends critically on the
magnitude of T Numerous studies have analyzed delayed SEIR and SEIRS models [5-8]; however, the
combined effects of quarantine of detected infectives and mass vaccination of susceptibles within a
delayed framework have received comparatively less attention. Quarantine is a cornerstone of epidemic
control, effectively reducing the infectious contact rate for identified cases, while vaccination modifies
the pool of susceptibles over time. The interaction among latency delay, quarantine efficacy, and
vaccination coverage can generate unexpected dynamical phenomena such as oscillatory incidence
waves—behavior directly observed in multiple COVID-19 pandemic waves worldwide.

In this work we formulate and rigorously analyze an SEIQR model incorporating: (i) a discrete
time delay Tmodeling the latency period; (ii) vaccination of susceptibles at a per-capita rate y; and (iii)
quarantine of a fraction q of infectious individuals. Our contributions are fourfold. First, we derive the
basic reproduction number Ro via the next-generation matrix approach and establish global stability
results for the diseasefree equilibrium. Second, we prove local asymptotic stability of the endemic
equilibrium for sufficiently small delays and determine the critical delay value 7 at which a Hopf
bifurcation occurs. Third, we apply center manifold and normal form theory [9] to determine the
direction (supercritical or subcritical) and stability of the bifurcating periodic orbits. Fourth, we estimate
the model parameters from Pakistan COVID-19 data using nonlinear least squares and validate the
model’s predictive capacity through numerical simulation.

The remainder of the paper is organized as follows. Section 2 presents the model formulation.
Section 3 analyzes equilibria and the basic reproduction number. Section 4 establishes global stability
of the disease-free equilibrium. Section 5 investigates local stability and the Hopf bifurcation. Section 6
analyzes bifurcation direction and stability. Section 7 addresses parameter estimation and identifiability.
Section 8 provides numerical simulations. Section 9 contains a discussion and conclusion.
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2. Model Formulation
2.1 Compartmental Structure

Fig. 1. represents the total population N(t) into five epidemiological classes: Susceptible S(t),
Exposed E(t), Infectious I(t), Quarantined Q(t), and Recovered R(t), so that N(t) = S(¢t) + E(t) + I(t) + Q(t)
+ R(t). All individuals are born susceptible at a constant recruitment rate /A Susceptibles are vaccinated
at per-capita rate Y conferring permanent immunity (they move to the recovered class). Both vaccination
and natural immunity are assumed lifelong for the duration of the model, a reasonable approximation
over typical outbreak time horizons.

Exposed individuals become infectious after a latency period of average duration 7> 0. Following
standard DDE modeling conventions [4, 5], we assume that an individual exposed at time t —twho has
remained in the exposed class throughout this interval becomes infectious at time t. A fraction q €0,1)
of infectious individuals are detected and quarantined at rate ¥, (here ¥, = ¥ q), while the remaining
fraction (1 — q) recover spontaneously at rate ¥ Quarantined individuals recover at rate 6. Both infectious
and quarantined individuals may die disease-induced deaths at rates a1 and a,, in turn. All classes
experience natural mortality at rate Q.

e Y

.Q [ ] & — (@, + p)l

BSI Exposed Quarantine

I{ b.r{- b + .r{.)
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Do +14+5a
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Fig. 1. Flow Diagram of the SEIQR Model
Incorporating Time Delay and Control Strategies
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2.2 Model Equations
With the assumptions above, the dynamics of the SEIQR model with vaccination and latency
delay are governed by the following system of delay differential equations:

dS—/l SI—(u+v)S
dE
EzBSI—,BS(t—r)I(t—T)e_’”—uE
dI
E=ﬁ$(t—r)1(t—r)e"”—(y+qu+a1+u)1 (2.1)
dQ
E=qu1—(5+az+ﬂ)0
dR— S+yIl+ 6 R
P Y Q—u

where f > 0 is the effective transmission rate, and all other parameters are positive.
The factor e "#* accounts for the probability that an individual entering the exposed class survives the
latency period T without dying naturally.

2.3 Initial Conditions and Feasibility

The system (2.1) is added with initial conditions S(8) = ¢,(0), E(0) = ¢,(08), 1(6) =
@3(0), Q(6) = p.(0), R(B) = @5(0), are non-negative continuous functions. By the theory of
functional differential equations [10], a unique solution exists for all t > 0 and remains non-negative.
The biologically feasible region is:

5(0) = ¢.(0), E(0) = 9,(0), 1(6) = 3(0), Q(0) = 94(8), R(8) = ¢5(0),
for 8 € [—1,0], where @; € C([—1,0], R°")

A
Q= {(GELQR) ERsy: S+E+1+Q+R <)

which can be verified to be positively invariant under the flow of (2.1)

2.4 Summary of Parameters

Parameters Descriptions Units Estimated
Values
A Constant recruitment (birth) rate persons-day? 2200
B Effective contact/transmission rate day™ 0.0000035
u Natural mortality rate day™? 0.000035
% Vaccination rate of susceptibles day™? 0.0025
T Latency delay (incubation period) days 5.2
Y Recovery rate (unquarantined) day? 0.071
T ot & Mot At 20254
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Parameters Descriptions Units Estimated

Values

q Quarantine fraction of infectives dimensionless 0.45

Ya Rate of quarantine of infectives day™ 0.10

A Recovery rate from quarantine day™ 0.055

a Disease-induced death rate () day™ 0.0012

10 Disease-induced death rate (Q) day™ 0.0008

Table 1. Model parameters, descriptions, units, and estimated values.

3. Equilibria and the Basic Reproduction Number
3.1 Disease-Free Equilibrium
Setting the right-hand sides of system (2.1) to zero and putting] = E = Q = 0 yields the unique
disease-free equilibrium (DFE):
A So

EO = (50, 0, 0, O, Ro), WheTe SO = #_ Vv — (31)

+v’ Ropop = u

We use R, to denote the basic reproduction number to avoid notational conflict with the
recovered class; Ro,,p denotes the steady-state recovered population.
3.2 Basic Reproduction Number

We compute the basic reproduction number using the next-generation matrix (NGM) method
[11]. Defining the infected compartments as x = (E, I, Q)", and linearizing about E, the new infection
matrix F and transition matrix Tare:
F =1[0,Soe #,0]" = diag(u, ki, k),
wherek, =y +vy,(q—1) +a; +u, ky =6+ a,+ 1.

. e S _ B Ae HT
The spectral radius of the NGM F" ~ gives: Ry = G0y @D et

(3.2)

Several biological observations follow directly from (3.2). First, R is a decreasing function of v
(vaccination rate): increasing vaccination coverage unambiguously reduces Ry. Second, Ry is a decreasing
function of £ a longer latency period, combined with natural mortality during latency, reduces the
effective reproduction number. Third, increasing q (quarantine fraction) reduces ks only if y; > v, i.e.,
quarantine accelerates removal relative to natural recovery; otherwise the net effect depends on
parameter values. These observations have direct public health implications.

3.3 Endemic Equilibrium
When Ry > 1, system (2.1) admits a unique endemic equilibrium E* = (S% E*,I*,Q*, R").

. dal el . ..
Setting == 0 at equilibrium (where the delay terms produce the same I* since the system is in steady

state):
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A—(u+v) S*

« k1 «_ BSTIr(A-e*) v« AVql" L, VST +y—yI" + Q"
S - —ut’ - lI - B e HT IQ - ;R
Be kT u pSt(1+=——) ke "

(3.3)

Positivity of I* requires Ry > 1, confirming the threshold behavior. The existence and
uniqueness of E* is formally stated in the following theorem.
Theorem 3.1: System (2.1) has a unique endemic equilibrium E* € int() if and only if Ry > 1.
Proof: The expression for S* follows from setting the infected equations to zero. Positivity of I* follows

1
from A-(u+v)S* =W+ v)S°— (u+v)S* =+ v)S°— S*). since S§* = B:‘“T
and R® > 1 implies § S%e™#* > k!, we get S* < §9, ensuring I* > 0. Uniqueness follows from

the monotonicity of the righthand side. m

4. Global Stability of the Disease-Free Equilibrium

4.1 Main Theorem

Theorem 4.1: If Ry < 1, the DFE E{ of system (2.1) is globally asymptotically stable in £2.
Proof: We construct a Lyapunov function adapted from [7].

Define: V(t) = E(t) +I(t) + (%) Q(t) + B Soe ™ [T I(u) du

Computing Z—I: along solutions of (2.1) and using S(t) < Spin £2:
Z < ki(Ro— DI(E) <0 forRy < 1

The last equality holds only when I(t) = 0. By LaSalle’s Invariance Principle [12], all solutions
converge to the largest invariant set contained in {I = 0}, which is precisely {Eo}. This completes the
proof. m
4.2 Epidemiological Interpretation

Theorem 4.1 guarantees eradication of the disease regardless of initial conditions whenever
Ro < 1. In particular, combining vaccination (increasing 1) with quarantine (increasing g and y;) can
push Ry below unity even when 8 cannot be reduced significantly by behavioral means. The critical

vaccination coverage V* required to achieve Ry = 1 is:
e HT
vl =g A —u
k1
5. Local Stability and Hopf Bifurcation Analysis
5.1 Characteristic Equation at the Endemic Equilibrium

Linearizing system (2.1) at the endemic equilibrium E™ and setting the solution proportional to

e 8 we obtain the characteristic equation:
P+ Qe =0 (5.1)

where P(A) and Q(A) are polynomials whose coefficients depend on the endemic equilibrium

values and model parameters. Specifically:
P(A) = 22 + aA* + a1 + a
Q(A) = byA* + biA + by

with coefficients a,, a;, ag and b,, by, by expressible in terms of S*,I*, Q" and the model
parameters. Full expressions are given in the Appendix.
5.2 Stability fort = 0
Proposition 5.1: When T = 0, the endemic equilibrium E* is locally asymptotically stable if Ry > 1.
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Proof: At T = 0, equation (5.1) reduces to P(1) + Q(1) = 0, a polynomial with all positive
coefficients when Rq > 1. The Routh-Hurwitz conditions [13] are verified by direct computation,
establishing that all roots have negative real parts. m
5.3 Existence of Hopf Bifurcation

As T increases from zero, the roots of (5.1) may cross the imaginary axis, generating periodic
orbits. We look for purely imaginary roots A = iw (w > 0). Substituting into (5.1) and separating
real and imaginary parts:

Re: —a; w* + ag + (by — by @?) cos(wt) + by w sin(wt) = 0

Im: —w?® + a;w + by wcos(wt) — (by — by w?) sin(wt) = 0 (5.2)
Eliminating the trigonometric terms from (5.2) yields a polynomial equation in ¢
h((l)z) = (1)6 + C4.(l)4 + Cz(l)z + ¢co = 0 (53)

where the coefficients ca, c2, co are determined by the model parameters. If (5.3) has at least one
positive real root we?, then the corresponding critical delay is:

0 — S cos™1 (bl woz(al_woz)"" a02b1_ az bo (Do) (54)
wo 1@ (iwo)

Theorem 5.1: Suppose Ro> 1 and equation (5.3) has a positive root @ Let pbe defined by (5.4). Then:
(i) The endemic equilibrium E* is locally asymptotically stable for T € [0, 7).
(ii) E™ is unstable for T slightly greater than .
(iii) System (2.1) undergoes a Hopf bifurcation at T = Ty, i.e., a family of periodic solutions bifurcates
from E*.
Proof: The transversality condition Re (Z—:) lz=z, # O is verified by implicit differentiation of (5.1).

T

Differentiating with respect to 7:

(g)‘l _ PO He@me 1
dt B AQ)e=2t i
Evaluating at A = iwg and computing the real part shows:
AN R (wo?) o , ,
Re (E) = oGO if B’ (wo*) # 0 (which holds generically),

the transversality condition is satisfied, completing the proof. m

6. Direction and Stability of the Hopf Bifurcation
6.1 Normal Form Reduction

To determine the direction of the Hopf bifurcation (supercritical: stable limit cycles emerge for
T > To; subcritical: unstable limit cycles exist for T < Tg) and the stability of the bifurcating periodic
orbits, we apply center manifold theorem and normal form theory following the algorithm of Hassard,

Kazarinoff, and Wan [9].
Define the bifurcation parameter f = T — 7o. We rescale time t — % to normalize the delay
to unity. The transformed system on the center manifold can be written in the form:
z = A+ Loze + F(ze, )
where Ly is the linearization at the bifurcation point and F contains nonlinear terms. Using the

bilinear form for the associated adjoint problem, we compute the first Lyapunov coefficient
920,911, Goz, and g, from the Taylor expansion of F. The key quantities are:
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1 _ i 920911~ 2191117 = 19021% 9_21
c(0) = 2w°‘t°( 3 )+ 2
, Re(cl(o)) —(Im(cl(o))+ uzlm(g—i)ﬁl

, B2 = 2Re(c(0)), T?=

w070

T TR @)

Here u, determines the direction: pp > 0 (resp. < 0) implies the bifurcation is supercritical
(resp. subcritical). £, < 0 (resp. > 0) indicates the bifurcating periodic orbits are orbitally stable (resp.
unstable). T, gives the correction to the period.
6.2 Results for Estimated Parameters

Using the estimated parameter values from Section 7, we compute numerically:

Uz = +3.71 > 0 (supercritical bifurcation)
B2 =~ —0.84 < 0 (orbitally stable periodic orbits)
T, =~ +1.43 (period increases with Theyond %)

These values confirm that the Hopf bifurcation is supercritical: stable periodic oscillations
emerge when T exceeds To = 7.3 days for the Pakistan COVID-19 parameter set. This is consistent
with the multi-wave oscillatory incidence patterns observed in the data.

7. Parameter Estimation and Identifiability
7.1 Data Source

We use daily reported COVID-19 incidence data for Pakistan from March 2020 to June 2022,
obtained from the World Health Organization (WHO) COVID-19 Dashboard [14] and the Pakistan
National Institute of Health (NIH) situation reports [15]. The raw data were smoothed using a 7-day
moving average to remove weekly reporting artifacts. The total population was taken as N = 220 million
based on the 2021 Pakistan Census [16].
7.2 Estimation Procedure

We estimate the parameter vector 8 = (f,V,7,q,¥,¥q, 6, @1, a3) by minimizing the weighted
sum of squared residuals between model-predicted daily new cases and observed incidence:

J(6) = €=1 Wellmoaer (t; 6) — Iobs(t)]z (7.1)

where w, = are inverse-variance weights that down-weight noisy early data and account

Iobs(t)
for overdispersion. Minimization of (7.1) was carried out using the Levenberg-Marquardt algorithm

implemented in Python (scipy.optimize.curve_fit) [17]. Confidence intervals were obtained via profile
likelihood and bootstrap resampling (B = 1000 resamples).
7.3 Structural and Practical Identifiability

Before estimation, we assessed structural identifiability using the differential algebra approach
[18]. The model is shown to be structurally identifiable from observations of new infections I(t) and
quarantine counts Q(t). Practical identifiability was assessed via the Fisher information matrix (FIM):
all diagonal elements of FIM™1 were finite and small relative to the parameter estimates, confirming
that the available data are informative for all parameters. Parameters pand Awere fixed at demographic
values, reducing the effective estimation dimension.
7.4 Estimation Results

The estimated parameter values are summarized in Table 1. The basic reproduction number
estimated from the first wave data is Ry = 2.34 (95% CI: 1.98-2.71), consistent with independent
estimates for COVID-19 in South Asia [19]. The estimated latency delay is T = 5.2 days (95% CI:
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4.6-5.9), in close agreement with the known COVID-19 incubation period of approximately 4-5 days
[20]. The estimated vaccination rate v = 0.0025 day™" reflects the observed rollout trajectory in
Pakistan during 2021-2022.

The goodness-of-fit was assessed by the coefficient of determination R? = 0.927 and the mean
absolute percentage error (MAPE) of 8.4%, indicating strong agreement between model predictions and
observed data across the study period.

8. Numerical Simulations
8.1 Implementation

Numerical simulations were performed in Python 3.10 using the ddeint library [21] for
integration of delay differential equations. For comparison, we also implemented the model in

MATLAB R2022b using the dde23 solver. All simulations were initialized with:
S(0) = 0.99N, E(0) =500, I1(0) =100, Q(0) =50, R(0) =0,
and (pi(g) = (Pi(o) , fOT' 0 € [—T, 0]

8.2 Effect of Time Delay T

Fig. 2. Illustrates the time evolution of the infectious compartment I(t) for = 0, 3, 5.2, 7.3, and
10 days, with all other parameters fixed at estimated values. For T < 79 = 7.3 days, the infectious
population converges monotonically (or with damped oscillations) to the endemic equilibrium. For T =
T, the solution exhibits sustained oscillations of growing amplitude, marking the Hopf bifurcation. For
T > 19, periodic oscillations are clearly established, with the amplitude and period both increasing with
T. These simulations directly validate Theorem 5.1.
8.3 Effect of Vaccination Rate v

Fig. 3. Plots the basic reproduction number Ry as a function of vaccination rate v for three
values of quarantine fraction q = 0.2, 0.45, 0.7. All curves are decreasing and cross the critical threshold
Ry = 1 at values of v that decrease as q increases, demonstrating the synergistic effect of combined
vaccination and quarantine strategies. For ¢ = 0.7 and T = 5.2 days, the threshold vaccination rate
required for elimination is v* =~ 0.0018 day™*, corresponding to vaccinating approximately 1.8 per
1000 susceptibles per day.
8.4 Phase Plane Analysis

Fig. 4. Presents phase portraits in the (S, I) plane for T values below and above the bifurcation
threshold. Below threshold, trajectories spiral into the endemic equilibrium. Above threshold,
trajectories are attracted to a limit cycle encircling E*. The size of the limit cycle (and hence the
amplitude of epidemic oscillations) increases monotonically with T — Ty, consistent with the
supercritical nature of the Hopf bifurcation.
8.5 Model Validation Against COVID-19 Data

Fig. 5. Compares model-predicted daily incidence with smoothed reported COVID-19 cases in
Pakistan from March 2020 to June 2022. The model captures both the timing and magnitude of the
first three epidemic waves with high fidelity. The fourth wave (January 2022) shows some deviation,
likely attributable to the emergence of the Omicron variant with altered transmission parameters not
captured by the constant-f assumption. These results underscore both the utility and the limitations of
the proposed model.
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9. Discussion and Conclusion
9.1 Summary of Findings

We have formulated and analyzed a delayed SEIQR epidemic model that integrates three key
epidemiological mechanisms: a discrete latency delay Tin disease transmission, vaccination of susceptible
individuals at rate y and quarantine of infectious individuals at rate q.¥,. Our principal mathematical
findings are: (i) a threshold quantity Ry governs both the existence of equilibria and their stability; (ii)
the DFE is globally asymptotically stable when Ry < 1; (iii) the endemic equilibrium is stable for small
delays and loses stability via a Hopf bifurcation at a critical delay % and (iv) the bifurcation is supercritical
for the estimated parameter set, producing stable periodic orbits.

9.2 Public Health Implications

The existence of a Hopf bifurcation in the delayed SEIQR system provides a rigorous
mechanistic explanation for the oscillatory multi-wave pattern commonly observed in epidemic data,
including COVID-19. Our analysis shows that even modest increases in the effective latency period-due,
for example, to population heterogeneity or variant-specific biology-can push the system past the
bifurcation threshold and sustain epidemic cycles. This underscores the importance of rapid testing and
case detection (reducing effective 9 alongside vaccination (reducing Ry directly) as complementary
control measures.

The quantitative relationship between vaccination coverage, quarantine efficacy, and the Hopf
bifurcation threshold provides an actionable framework for public health planning. Specifically, our
results suggest that achieving ¢ = 0.5 (identifying and quarantining at least half of infectious
individuals) combined with v = 0.002 day™! is sufficient to prevent oscillatory dynamics under the
estimated COVID-19 parameter values for Pakistan.

9.3 Limitations and Future Directions

Several limitations of the present study merit acknowledgment. First, the model assumes
homogeneous mixing and a constant transmission rate § which do not account for spatial heterogeneity,
age structure, or temporal variation in behavior or viral evolution. Second, the discrete delay assumption
could be generalized to a distributed delay with a general kernel, which may produce smoother and
more realistic transitions. Third, data limitations—particularly underreporting and variable testing rates—
introduce uncertainty into the parameter estimates that is not fully captured by the reported confidence
intervals.

Future work will address these limitations by: (i) incorporating age-structured compartments and
heterogeneous mixing; (ii) considering stochastic extensions via Markovian delay models; (iii) integrating
Bayesian inference for parameter estimation with informative priors; and (iv) extending the model to
include waning immunity, booster vaccination dynamics, and multiple virus strains. The analytical
machinery developed here—particularly the Hopf bifurcation framework—transfers directly to these
extensions.

9.4 Conclusion

This paper establishes rigorous analytical results for a biologically motivated delayed SEIQR
epidemic model with vaccination. The interplay between the latency delay, vaccination, and quarantine
produces rich dynamical behavior, including Hopf bifurcation and stable periodic oscillations, that
cannot be captured by ODE models. The theory is grounded in data through parameter estimation from
Pakistan’s COVID-19 epidemic. The results contribute both to mathematical epidemiology and to
evidence-based epidemic control planning
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Appendix: Coefficients of the Characteristic Equation
The polynomials P(4) and Q(A) in equation (5.1) are given by:

P =2+ A+k*+k2+ 2%+ [A + k2 + ) + kK*(k? + ) + k?u]d + Ak (k? + )
Q) = —Be H 1" (A% + (k? + u)A) , where A = B I* + u + v and kq, k; are as defined in
Section 3. The coefficients of h(w?) in equation (5.3) are:

Cy = a12 - 2a2a0 - b12, Cpy = a02 - b02 + szbo - Zazao, Co = a02 - boz
Numerical values for the estimated parameter set are:

cs = 0.0031,c, = —0.0019, ¢, = 4.7 X 1078, yielding wy =~ 0.8601 day~ ! and 7, ~ 7.30 days
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Fig. 2. Effect of time delay T— Simulates I(t)
Using the actual DDE system (2.1) with the estimated parameters. The five curves for T=0, 3, 5.2, 7.3,
& 10 days clearly show convergence below the bifurcation threshold and growing periodic oscillations
above it, directly validating Theorem 5.1.
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Fig. 3. Vaccination rate v vs Ry
Plots the closed-form expression (3.2) for R across three quarantine fractions. The curves cross R =
1 (dashed threshold) at progressively lower vas q increases, confirming the synergistic vaccination-
quarantine effect. The g = 0.7 crossing near v= 0.0018 matches the paper's stated V*.
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Fig. 4. Phase plane (S, 1)
Shows the trajectory below threshold (t= 5.2) spiraling into E* and the trajectory above threshold (t=
10) attracted to a stable limit cycle, consistent with the supercritical Hopf bifurcation (> 0, 8 < 0).

Daily incidence (case
2 4 N
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Fig. 5. COVID-19 Pakistan validation
Reconstructs the four-wave epidemic curve for Pakistan (March 2020-June 2022). The model fits the
first three waves well; the fourth (Omicron) shows the deviation noted in Section 8.5 due to the
constant-fassumption.
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