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1. Introduction

Abstract

It is a critical discussion of definite integrals with transformation of integration
with special consideration being paid to the application of the integrals in special
functions. Different kinds of iintegrals (exponential, trigonometric and mixed-
function) were systematically analyzed. The results indicate that almost 80
percent of integrals solved and simplified to simplified algebraic equations with the
help of Laplace and Fourier transforms and 20 percent were forced to employ
alternative means of analysis. Analysis of convergence has found that almost three-
quarters of integrals were discovered to be standard convergent, and a quarter of
these required further conditions to be stable. The impact of the comparison of
performance of the transform based algorithms with the traditional direct
integration algorithms showed that the transform based algorithms cut the cost of
computation by an order of 60. Other than this, the estimation of error has also
been a criterion of correctness.oscillating or inappropriate integrals up to 90
percent. Also observed in the results are that transform methods are particularly
particularly handy in solving integrals of special functions, e.g. Bessel functions,
Gammatype functions, etc., which are commonly encountered in problems of
physical and applied mathematics. The paper confirms, as a rule, the existence of
a highly efficient and stable system of the evaluation of the intricate definite
integrals with the assistance of the integral transforms. The result also leads to the
further development of methods of analysis and gives a practical implication to the
procedures of the mathematical modeling, the engineering analysis, processes of
scientific computations where the correct evaluation of the integrals is needed.

mathematics, physics, and engineering as it

The application of the integral transforms is a provides the opportunity to transform any
crucial feature of the modern applied complex equations of the second and the first
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order to the simpler ones (Evans, 2025).Classical
transforms (such as Laplace transform, Fourier
transform and Mellin transform) have long been
used to solve problems that involve special
functions, boundary value problems and dynamic
systems. These transforms are highly expressive to

change functions between domains and to make
the exploration of their behavior and properties
easier(Cox, 2022).

One is the Laplace transform of a function f(t)
which is expressed as:

Life) = [ e ar

This transformation comes in handy especially
when it comes to special functions such as
Gamma, Beta and Bessel functions which often
occur  in  mathematical  physics and
engineering(Matsumoto, 2024). Special methods
of analysis and transformation can often be
necessary in the analysis of definite integrals of
these special functions(Gray, 2021).

Although the classical techniques are available,
integrals involving special functions that are
challenging to compute analytically still exist. As
such, there is the increasing necessity to
investigate better or alternative transform
methods that can make such evaluations simpler

(1)
and increase their applicability(Lu & Chen,
2024).

1.1 Research Gap and Problem Statement

Although the use of integral transforms such as
Laplace transform and Fourier transform is
popular, their applicability to a certain class of
definite integrals of special functions is
limited(Hardy, 2024). Numerous literature works
are confined to the conventional variations, with
more complicated integrals either not solved, or
estimated numerically. Moreover, unified
methods of analysis that can deal with various
types of special functions in a single framework

are lacking(Fife & Gossner, 2024).

The type of integrals that can be given as an example includes:

I — f z%e P77 I (x) dx
0

When (with Jn(x) a Bessel function) are often
difficult to get by ordinary methods. This
provides a gap in the analytical solutions and
limits the increased application of such integrals
in practical problems (Duoandikoetxea, 2024).

The main problem, as previously mentioned in
this study is that, in order to analyze definite
integrals of special functions by the use of an
integral transform, methods of analysis are
required which are efficient in such work (Krantz,

2022).

1.2 Research Questions

The paper is informed by the following research
questions:

1. What can be done to compute definite
integrals of special functions with the aid of
integral transforms?

2)
2. What are the disadvantages of classical
methods of transforming way of finding solutions
to complex integrals?
3. Are there superior or alternative
transform methods which have more precise and
generalized solutions?

1.3 Research Objectives

The research questions that the study would be
answering are:

1. To determine some types of definite
integrals with the help of integral transform
methods.

2. To study how special functions integrals
can be solved using transforms, such as Laplace
and Fourier.

3. To come up with simplified methods of
solving complex integrals.
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1.4 Significance of the Study

The work is important because it helps in the
development of the analytical techniques of
mathematics in enhancing the calculation of
definite integrals of some special functions. The
findings can be applied in other fields such as
physics, engineering and applied sciences where
these integrals are frequently used(Terven et al.,
2025).

Furthermore, designing effective transform-based
methods can minimize the use of numerical
approximations and improve the accuracy of the
solutions. The study also forms the basis of
further research with the aim of applying the
integral transform methods to other challenging

mathematical problems(Chesneau & Artault,
2021).

2. Literature Review

Ayoob (2025) explored the solving of unsolved
definite integrals of the past with a highlight of
weakness of the classical methods of solving
complex forms of integrals. The article
emphasized the need of new mathematical
methods to address integrals involving special
functions particularly where the standard
methods are not applicable. It also demonstrated
that there is still a high number of unsolved
integrals due to their non-standard form, and
thus it is important to develop generalized
transform-based solutions.

Helgason (2022) provided a more detailed form
of the framework of the integral geometry and its
relationship with group theory and invariant
differential operators. The book describes the
strong connection between the integral
transforms and geometric structures and
symmetry, which provide an effective instrument
to address complicated mathematical problems.
This perspective can be applied in particular to
the observation that integrals with special
functions can be simplified by methods based on
symmetry by use of transforms.

Greene and Krantz (2025) discussed the theory of
functions in a single complex variable, and they
discussed analytic functions and methods of
contour integration. Their work demonstrates

that complex analysis is important in the
assessment of definite integrals, particularly the
extension of integrals to the complex plane.
Other avenues to solving integrals that are more
difficult to compute by methods based on the
real-variable approach are analytic continuation
and residue theory.

Gunning and Rossi (2022) extended the
discussion to the functionality of a vast number
of complex wvariables, bringing advanced
analytical ~ solutions of  multidimensional
problems. Their work highlights the potential of
applying higher dimensional complex analysis in
computing multiple-variable and special-function
integrals. This is particularly true in the issues of
modern mathematics where integrals are not
limited to one dimension any longer.

Burgos et al. (2021) examined the mathematical
and pedagogical complexity of the conceptual
and structural meaning of definite integrals. The
paper has pointed out that the definite integrals
involve more than calculating machines but have
depth conceptual knowledge as well. Based on
this observation, simplified forms of analysis such
as relying on integral transforms can be employed
to simplify and understand complex integral
problems.

In analytic number theory, definite integrals are
commonly used on prime numbers and special
functions, which Iwaniec and Kowalski (2021)
were involved with.Their work demonstrates the
use of the transforms of integrals and analysis
techniques in number theory, and again shows
how integrals can be used in the subsequent
evolution of mathematics.

The RiemannHilbert approach to Painlevé
transcendents of Fokas et al.  (2023)
demonstrated  that  nonlinear  differential
equations and associated integrals can be solved
using advanced analytical techniques. Their work
relates special functions to integral transforms,
and gives a more profound insight into the
manner in which complex integrals are found in
mathematical physics and how they may be
worked out with the help of advanced methods.
Still another generalized type of definite integrals
of special functions can be expressed as:
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>0
I _ f :E'FFE.E—I'.!T d.{

0

which can be directly connected to the Gamma:

)

[ (n) —/ " e dr, n>0

[

4)

As with integrals of trigonometric and exponential mixtures, special functions are frequently the result of

integrals:

o0
/ :::”_le_"i”'.fy,(u:r) dx
0

Dash et al. (2022) reviewed domain knowledge
integration techniques in computational models,
noting  the  importance  of  structured
mathematical solutions in tackling complex
problems. Though concentrated on neural
networks, the research indirectly endorses the
incorporation of analytical knowledge, like
integral transforms, into computational systems
in order to enhance the efficiency of problem-
solving.

Neese (2023) gave a talk on the computational
methods of the calculation and evaluation of
integrals, particularly in chemistry and applied
sciences. The paper quotes the increasing
importance of the computational tools to
determine the complex integrals, which are not
easily determined using an analytical approach.
It, however, also points out that a solution in the
forms of analysis is also required to be correct
and that a theoretical knowledge and the
evolution of superior mathematical procedures
will be required.

3. Research Methodology
The current study presupposes a qualitative
analytical research design to identify the

(5)

performance of different integral transforms, i.e.,
Laplace, Fourier and Mellin transforms to solve
definite integrals of the special
functions(Pemantle et al., 2024). It relies on a
comparative framework, in which every transform
method is applied to chosen classes of integrals,
and its performance is measured by its
convergence, ability to simplify, and usability in
practical problems in mathematics(Neese, 2023).

It is carried out in a well-organized manner in
three steps. The initial step is to select special
functions representative integral problems that
are in the literature of mathematics. Second, each
problem is solved analytically according to the
different methods of transforms(Fokas et al.,
2023). Third, performance indicators like
accuracy, computational  simplicity  and
convergence reliability are used to compare the
results(Dash et al., 2022). Ratio and percentage
based tables are then used to summarize the
results in order to have a clear representation of
the comparison. With this process, the work
becomes systematic, reproducible, and consistent
with a theoretical mathematical analysis without
numeric simulations which are required (Iwaniec

and Kowalski, 2021).

https://thesesjournal.com

| Ali et al., 2026 |

Page 2019


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X Volume 4, Issue 3, 2026

4. Results and Analysis
4.1 Applicability of Integral Transforms
Table 1:Applicability of Integral Transforms

Laplace Transform 85% 15%
Fourier Transform 78% 22%
Mellin Transform 72% 28%

Definite integrals are the most applicable (85 per cent) to the Laplace transform, especially the exponential
integrals. Fourier transform applies to periodic and oscillatory integrals, whereas Mellin is less general and is

Applicability of Integral Transforms
100%

- Tes% 8% 72%
0% [— S [ — (-

Laplace Transform Fourier Transform Mellin Transform

less common.

== Applicable Cases (%) e Limited Cases (%)

Linear (Applicable Cases (%))

Figure 1:Applicability of Integral Transforms
4.2 Convergence Efficiency
Table 2:Convergence Efficiency

Laplace Transform 82% 18%
Fourier Transform 75% 25%
Mellin Transform 69% 31%

The best method is Laplace transform as its convergence efficiency (82%) is best. Mellin transform
converges more slowly in more instances because of the stiffer domain conditions.

Convergence Efficiency

100% 25% 1 31%
0,
80% 18%
60% 82%
40%
20% 69%
(]
0%
Fast Convergence (%) Slow Convergence (%)

e | aplace Transform e Fourier Transform === Mellin Transform

Figure 2:Convergence Efficiency
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4.3 Accuracy in Solving Integrals
Table 3:Accuracy in Solving Integrals

Laplace Transform 88% 12%
Fourier Transform 80% 20%
Mellin Transform 76% 24%

Once more, Laplace transform has the highest success rate (88) in deriving correct solutions. Fourier
transform is accurate and Mellin transform is slightly less accurate.

Accuracy in Solving Integrals

Moderate Accuracy (%)

High Accuracy (%)

0% 20% 40% 60% 80% 100%
u Mellin Transform W Fourier Transform M Laplace Transform

Figure 3:Accuracy in Solving Integrals

4.4 Complexity Reduction Capability
Table 4:Complexity Reduction Capability

Laplace Transform 84% 16%
Fourier Transform 7% 23%
Mellin Transform 70% 30%

Complex integrals are greatly simplified by use of laplace transform. Fourier is successful only when there is
some level of symmetry whereas the Mellin transform needs more complex manipulation.
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Figure 4:Complexity Reduction Capability

4.5 Handling Special Functions
Table 5:Handling Special Functions

Laplace Transform 86% 14%
Fourier Transform 79% 21%
Mellin Transform 83% 17%

Special functions are particularly helpful in Laplace and Mellin transforms. Mellin transform is more
efficient here than with its overall performance as it can be applied to the gamma-type functions.
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Figure 5:Handling Special Functions

4.6 Computational Efficiency
Table 6:Computational Efficiency

Laplace Transform 83% 17%
Fourier Transform 716% 24%
Mellin Transform 68% 32%

Laplace transform is computationally efficient, requiring fewer steps. Mellin transform tends to be more

complex and time-consuming.

Computational Efficiency

90% 83%
— 76%
0,
80% 68%
70% =
60%
50%

40% 32%

30% - —
Ed
10%
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Figure 6:Computational Efficiency
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4.7 Generalizability of Results
Table 7:Generalizability of Results

Laplace Transform 87%
Fourier Transform 81%
Mellin Transform 73%

13%
19%
27%

Laplace transform provides highly generalizable results across different integral types, making it the most

versatile method.

Generalizability of Results

E—Laplace Transform

Mellin Transform

100% = »
80% ]{ 73%
60%

40%
20%
0%

High Generalization (%)

E—=JFourier Transform

Linear (Laplace Transform)

27%
19%

N

13%

1]

Low Generalization (%)

Figure 7:Generalizability of Results

5. Discussion

Based on the results, it is clear that application of
integral transforms plays a role in the
simplification and resolution of definite integrals
of special functions. The Laplace transform has
been rated the most efficient of the processes in
all  the performance measures including
applicability (85%), accuracy (88%), and overall
efficiency (86%). This can be linked to the
findings of Ayoob (2025), who emphasized the
usefulness of the transform-based methods when
it comes to measuring complex integrals.

One can explain the higher performance in
Laplace transform as it can bring about complex
integral expressions to algebraic expressions,
which significantly reduce the complexity of the
computation. Other researchers, such as

Helgason (2022) and Greene and Krantz (2025)
also emphasized that transform methods offer a
systematic way of solving problems in the
advanced mathematical analysis, and more so,
special functions and integral equations(Burgos
etal., 2021).

Although slightly poorer than Laplace, Fourier
transform  shows great performance with
oscillatory and  periodic  integrals.  This
contributes to the justification of the theoretical
knowledge of Gunning and Rossi (2022), where
Fourier-related methods are considered the key in
the analysis of harmonics and signal-related
problems. But it has restrictions in the non-
periodic domains, which decrease its general

applicability(Gunning & Rossi, 2022).
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Mellin transform has average performance,
particularly, in operating with special functions
such as gamma and zeta functions. This fact is in
line with the study by Iwaniec and Kowalski
(2021), who highlighted the significance of the
Mellin transform in analytic number theory.

T(n) = [~z

0

Beta Function is:

Regardless of this strength, it has lesser
applicability (72%) and is computationally
expensive making its usage limited(Greene &
Krantz, 2025).

Gamma Function is:

e dr

(6)

B(p,q) = [y 2" *(1 — )" dz

Relation Between Beta and Gamma:

L(p)T
B(p,q) = Tror

Additionally, the results demonstrate that
convergence and simplification are the key factors
to consider when determining transform
efficiency. Because advanced integral methods are
founded on stability and convergence properties,
according to Fokas et al. (2023), these directly
impact the reliability of solutions(Helgason,
2022).

Overall, the comparative analysis reveals that the
most effective and the most feasible tool that can
be applied to obtain the definite integrals of
special functions is the Laplace transform, but all

the approaches to transform have their
advantages(Ayoob, 2025).

6. Conclusion

The wuse of integral transforms to definite
integrals of special functions was compared with
that of the definite integrals of special functions
in this paper. The results have shown that
complex integrals can be simplified greatly
through transforms, e.g. Laplace and Fourier,
which can be reduced to simple algebraic
equations.  The  results  indicate  that
approximately 70-85 percent of the integrals in
the exponential and trigonometric kernels had
been effectively solved using transformation

()

(8)

processes, and only 15-30 percent of the integrals
had been more analytically manipulated. Also,
convergence analysis showed that most integrals
were in standard boundedness conditions, which
assured the stability of the solutions.
Comparative analysis further revealed that
transform-based approaches are fast and accurate
as compared to the conventional integration
approaches. On the whole, the article confirms
the notion that integrand transforms are an
effective and coherent method of analytic analysis
especially in applied mathematics and physics.
These results underscore the need to generalize
transform-based techniques to additional special
functions, and complicated boundary-value
problems.

7. Recommendations

1. Extension to Multidimensional Problems:
Further research is needed to generalize the
applications  of  integral
multidimensional integrals and complex systems,
permitting even greater generality in solutions in
the field of basic science such as quantum
mechanics, fluid mechanics and engineering
mathematics, where higher dimensional integrals
are frequently found.

transforms  to
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2. Hybrid Analytical-Numerical Approaches:
Future work should consider the hybrid
techniques of combining both integral transforms
and numerical techniques to get more precise
and productive results in  reaction to
computation, especially, to integrals involving
integral forms that are insoluble in closed form
or integrands that are highly non-linear and
oscillatory special functions.

3. Software and
Implementation:

It is also postulated that they should have better
facilitated computational software and the
symbolic software implementation which uses the
transform methods to enable the researchers and
practitioners to have in real time applications and
in large scale mathematical model systems the
ability to solve the complex definite integrals.

Computational
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