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1. Introduction:

The progress in mathematical inequalities has
continued to grow rapidly since nineteenth century.
Holder, Minkowski, Hadamard, Hardy, Schwartz,
and Cauchy are famous mathematicians known for
their work in inequalities. To highlight the History
of inequalities, we quote from [5]. A Ukrainian
Mathematician, Alexandar Markowich Ostrowski ,
in 1938 discovered an interesting integral inequality
called Ostrowski inequality in [8]. Ostrowski type
inequalities are used to estimate the absolute
deviation of functional value from integral mean. It
also has powerful applications in operator theory,
statistics, special means, and integral numerical
methods. Ostrowski inequality is derived by using
Montgomery identity. The famous Montgomery
identity in the original form can be seen in [9, p-
565]. A generalization of Ostrowski inequality has
been established by introducing weighted integrals
[9,11]. Integration of function with weight is used in
many mathematical problems like spectral analysis,
approximation theory and statistical analysis [19].
The theory of time scales, which has recently
received a lot of attention, was introduced by Stefan
Hilger in his PhD thesis [5] in 1988. Nowadays,
most of the development of time scale theory

is based on the unification of discrete and
continuous analytical methods. At this point, the
effectiveness of various dynamic derivative
formulae, such as the standard A (delta) and V
(nabla) derivatives, in approximating functions and
solutions of non-linear differential equations have
been investigated in [1,5]. It has been seen in many
research papers such as [6,7] in which it is suggested
that the Diamond- @ derivative is defined as a
convex combination, of the A and the V dynamic
derivatives and gives an exact approximation to the
conventional derivative. In 2006, Henderson,
Sheng,

Davis and Fadag, were the first

mathematicians who combined ¢, dynamic
integral (resp. derivative) as a linear combination of
the V and A dynamic integral (resp. derivative) on
time scales [7]. From the perspective of
computational applications diamond- & derivatives
offer better approximations. In [3], Thomas
Matthews and Martin Bohner established Ostrowski
inequalities on time scales using only delta calculus.
The present article aims to generalize some results
from Mathematical Analysis known as Montgomery
identity and Ostrowski inequality by using diamond-
a calculus on arbitrary time scales.

This manuscript is organized as follows. In Section
1, we present the important notions of (Vand A)
and diamond- @ calculus on time scales. It also
provides a brief survey of literature on Ostrowski
inequalities and their weighted version developed
on arbitrary time scales. Section 2 is dedicated to our
main results. In this part, we first established
diamond- @ Montgomery identity on time scales
and utilized it to drive diamond a Ostrowski
inequality and their weighted versions on
generalized time scales. The results are new and
important for the further study of Ostrowski and
Ostrowski-type inequalities on diamond- & calculus.
Throughout this article, we take over all
considerable integrals exist and finite, and time scale
is denoted by T, therefore, l,,l, € T, with [, < I,
and [lg, lplt = [lg, ] N'T.

2. Preliminaries:

A time scale T is defined to be an arbitrary closed
subset of the real numbers R, with the standard
inherited topology. The forward jump operator and
the backward jump operator are defined by o(t): =
inf{s € T:s > t}, and p(t):=sup{s € T:s < t}
respectively, where inf¢p = supT and sup¢p =
infT.

2046


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X

Volume 4, Issue 3, 2026

The forward and backward graininess functions are
defined by the mappings: u: T — [0,00) and
1: T — [0, ) respectively as
p=o()—tv:==t—p()
for t € T. The delta derivative of the function
m: T = R denoted by 2. The nabla derivative of 7
denoted by mV. The symbol Cpq or Cpq(T) or
Crq(T,R) and the symbol Cjz or Cq(T) or
Cq“ (T,R) defined to be the set of rd-continuous
and ld-continuous functions respectively.
Furthermore, the basic notions of delta and nabla
anti derivatives with their properties and details can
be seen in [1,2], although we state some important
results here which we used in our main results.
Theorem 2.1. Every regulated function on a
compact interval is bounded.
The next result is presented in [1, 2, 18] which
shows the equivalence of delta and nebla integrals.
Theorem 2.2. If the function m:T - R is
continuous, then for all I, 1, € T with [, < I}, we

have
lp lp
f (At = f n(p(£))Vt and
lg lg
lp lp
f n(t)Vt=f n(o(t))At (2.0.1)
ly lg

The following useful notions are also used in this
article.

Definition 2.3. For t, 8 € T define the functions
ho(t,0) = go(t,0) = h"(t,0) = g (t,0) =1
and the recursive relations for hy, gn, h ", g "n are

given as follows
t

hns1(t,0) = f h,(®,0)AD,
6

t
G (6,6) = fg In(0 (@), )AD

t
B a1 (6,6) = f B (D, 6)V,
9
t
9 nin(6,6) = f 97 (p(®), )V
0

forn € N,,.
Theorem 2.4. The functions g, and h,, satisfy the
relationship
hn(t,0) = (=1)"gn(6,1)

forallt € Tand all @ € T¥".
2.1. Diamond-Alpha Calculus
For a detailed introduction of the diamond- a
calculus on time scales we refer [6, 7, 12]. In this
section, we give properties and related notions of
Oy caleulus.
Definition 2.5. If m is both nabla and delta
differentiable at t € T, then m is Diamond-alpha
differentiable at t and

%) = ar® () + 1 —a)n"(6),0 < a < 1
Definition 2.6. Let lg, 1, € T with I, <lj, and
: T - R. Then, the Diamond- a integral from [,

to [, of the function 7 is given by

lp lp
f T(t)Out = af T(t)At + (1 — a)
l l

a a la

0<ac<l,
if there exists nabla and delta integrals of 7w on T.
Remark 2.7. If ¢« =1, then the diamond- «

derivative and diamond- & integral reduces to the

lp

w(t)Vt,

delta derivative and delta integral respectively. If
a =0, then the diamond- a derivative and
diamond- a integral coincides with the nabla

derivative and nabla integral respectively.

Remark 2.8. If we take T = R, we get

L L
j T(t)Out = j w(t)dt, wherea,b € R
l l

a a
and for T = Z, we obtain
Ip—1

lp
f ()0 t = Z [an(t) + (1 — @) (t + 1)]
la t=lq

Theorem 2.9. Take a € [0,1] and g, € C(T, R).
Ifly, 1y, l. € Twithl, <. <1, and B € R, then

L[ +g0]0at = [," m(®)0at +
NI
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2. [P BH®Ot = BS," T(E)0at

3. flla”n(t)oat = —fllb“n(t)oat

4. flibn(t)Oat = fl:n(t)Oat +
[0t

5. flian(t)Oat =0

6. m(t) = 0forallt € [ly,[p], then
()0t 2 0

7. w(t) < g(t)forallt € [lg, 1], then
[lm)0at < [,2 g(0)0at;

l l
8. |/ n(®)0at| < [, 1m(®)[0at
Theorem 2.10. (Diamond- @ Holder inequality) If
g,u: T - Rare O4-integrable on [Ig, 1], then

lp
fl u(g(D)]0g t <

a
1 1

lp p /[ rlp q
( | |u(t)|ﬁ<>at> ( | |g(t)|q<>at> 21.2)
ly lg
wherep > land g = ﬁ

Definition 2.11. Take a € [0,1] and T be a time
scale, for 8,t € T and n € N° define the functions
h™,(t,0) = ah,(t,0) + (1 —a)h",(t,0)(2.1.3)
g~n(t' 0) = agn(t' 9) + (1 - (X)g An(tt 9)(2-1-4)
2.2. Ostrowski
Identity

Inequality and Montgomery

The classical Ostrowski's inequality presented in
[11], states that for all t € [lg, ], if derivative 7’
exists and is bounded on (I, l}), then

lp
f n(O)dt —1(6) Uy — o)
l

a

<

o+ 1)\ 1
[(t_ er b) +Z(lb_la)2] In'lle (2.2.1)

where
[[t™" ||_o0 = sup +~(t € (lLa,l_b))|n"' (t)]
< oo

The classical Montgomery identity in [9] states that
if m: [lg, 1] = R be differentiable on [lg, ], and
':[lg, 1] = R be integrable on [lg, [], then the
following identity holds

(t) =

lb a
where
6—-1, <6<t
p(t.0)={g L, t<6<l,
In 2008, M. Bohner and T. Methews in [3]
developed the Montgomery identity using only delta
calculus on arbitrary time scales and utilized it to
establish Ostrowski and weighted Ostrowski
inequalities on time scales. The corresponding
discrete version of these inequalities has also been
discussed in the same article.
3. The Dynamic Ostrowski's Inequality
In this section, we drive Montgomery identity and
Ostrowski Inequality along with a weighted version
on generalized time scales by using only nabla
derivatives (resp. integral). Furthermore, we extend
these dynamic inequalities by using diamond- a
derivatives (resp. integral), which is a convex
combination of delta and nabla derivatives (resp.
integral) on time scales.
3.1. Montgomery Identity
Theorem 3.1. (Nabla Montgomery Identity). Let
lg, 1y, 0,t €T, 1, <l and m:[ly, L]y > R be
nabla differentiable. Then

lp
- P
n(t) lb_lafla P (6)Veo +lb_la
where
(0=l lp=<6<t
p(t'g)_{e—l,,, t<o<l,

2048

1 by 1 by
f n(t)do + f p(t,0)1’ (6)d6 (2.2.2)
l la lb_la la

lp
f p(t,0)r’(0)VO (3.1.1)
lg


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X

Volume 4, Issue 3, 2026

Proof. Using integration by parts formula for nabla

integrals [1,2], for the interval [ [, t ], we have

t(e — 1 )" (0)ve

la

t
=(t—1)n(t) — f P (0)Veo
la
and similarly for [t, [, ], we get
lp
6 —1,)nv(6)ve
t
Ip

= (l, —tO)m(t) — j nP(8)Vo

t
Therefore

1
L — L,

1
L — L,

lp lp
f 7P (9)VO + f p(t,0)77(8) VO
lg la

lb a

Ip
[(lb —l)n(t) — -[1 np(G)VH]

a

lp
j P (6)VO +
la

lb_la

= n(t)

Remark 3.2. (Continuous version) Taking T = R.,

we get

n(t) =

1
lb_la

J;:bn(H)dH

1

Lo

lp
f p(t, 0)' (8)d0
lg

The above result is known as the classical version of
Montgomery identity. (see [9])

Remark 3.3. (Discrete version) Taking T = Z. Let
lo=0,l, =n,0 =s,t =tand n(k) = x; then

n n
1 1
X = EZ p(t,s)Vxs + ;Zl xs—1  (3.1.2)
S= S=

1 n 17’1—1
Xy = EZ p(t,s)Vxs + EZO X (3.1.3)
Ss= S=

where

p(t,0)=0
p(l,s)=s—nforl<s<n-1
p(n,s) =sfor0<s<n-1
s, 0<s<t
p(t’s)_{s—n, t<s<n-—1.

3.2. Ostrowski Inequalities

Theorem 3.4. (Nabla Ostrowski inequality). Let
ly,l,,0,t €T, <l and m:[lg ]yt 2 R be
nabla differentiable. Then

1 Ly
(6) f P (0)V0
lp—lg lg

(h2(t 1) + h (1))

(3.1.4)

<

2.1

where
M = sup |7TV(t)|

1a<t<ly

and h ", is defined in remark (2.3).
Proof. By Montgomery identity (Theorem 3.1), we

have

w(t) — ;

.

= (h"5(t, 1) + h (5 1))

1 tp
f o (t, e)nV(e)ve|
lp—lg lg

t lp
<f 16— 1,]V0 + |9—lb|V6>
lg t

lp
@ —1,)ve >

b~ ta
M

<
lb_la

1 (b
lfnp(B)V9‘=
la

t
6 —1,)V0 +
lg t lp =g

M

lb - la
Od
Remark 3.5. (Continuous version) Taking T = R,

we get
la+lp\?
__1 (b _ u 1
JORT N n(6)d| < Ml za)[ | 322)
where
M= sup |n'(t)l
la<t<lp

Which coincides with classical Ostrowski inequality

(see [11]). O
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Remark 3.6. (Discrete version) Taking T = Z. Let

l,=0,l,=n,0 =s,t =t and m(k) = x;. Then

by using (1.24), we get

< %(h (1) + h (6 1)

LTINS I CE))

=%G(t—n)(t—n+ 1) +%t(t+ 1))
ne1)\2

[(t—Tl) +21 (323

Theorem 3.7. (Nabla Weighted Ostrowski

Inequality). Let I, 1y, 0,t,7 € T, l, <} and

1 [lg, Ip]T = R be differentiable, ¢ € Crjq “ (T).

Then

1 n
|xt - ;Zszl Xs

M n?-1

n

lp
f q° () |p(6) — t|MV9, (3.2.4)

la

lp
2(6) - f qp(B)np(H)VG‘ <
L

a

where

M= sup

la<t=p(lp)

7|

and

lp
f 4P (OO =1,q(6) = 0
l

a

Proof. We have

Ip
(t) —.[ qp(H)np(H)VH‘
l

a

Ip
fl a#©9) (n(0)

a

— n"(@))V@‘,

by property of nabla integral, we get

t
< f g?(6) [n(t) — 2P (6)|VO
l

a

lp
+ f 4°(6) |n(t) — P (6)|V6
t

< fl ()

a

t
f |T[V(T) |VTV9
p(6)

lp p(0)
+ f q”(0) f |TL’V(‘L’)|V‘L’V
t t

thus

2050

lp
q” () |p(0) —t|ve

la

Remark 3.8. (Continuous version). Taking T = R.

<M (3.2.5)

Then, we get

(t) —

lp
<M| q(6)]6—1t|d6(3.2.6)

la

lp

q(0)m(6)do

la
and flffq(e)de =1,q(6) = 0.

The above inequality is a classical version of the
weighted Ostrowski inequality (see [13]).

Remark 3.9. (Discrete version). Taking T = Z. Let
l,=0,l,=n0=s,t=t,t=k and n(k)=
X- Then Y71 q¢ = 1,q; = 0 and by (1.24), we get

n
Xi — Z qsXs
s=1

This is the Discrete version of weighted Ostrowski

n
< MZ Gls—tl (327
s=1

inequality.
Corollary 3.10. Let lg,1p,0,t,T € T, l, <1, and
7 [lg, Iyl @ R be differentiable, q €

€1g(T). Then for%+% =1,p > 1, we have

nabla

<

lp
(t) —f q”(0)rmP(6)Ve
l

a

1 1

lp

p/ q
M< lp(0) — tlpV9> <J; |qp(9)|qV9> (3.2.8)

where M and weight function q are same as in
Theorem 3.7.
Proof. Therefore gP(6) = 0. We have

lp lp
n(t) - f 7°(6) qP(8)V8] < f 4°(6) 1p(8) — t|MV6
l l

a a

la

lp
= | lg?(@®I1p(6) —t|Ve
la

hence, by using Holder's inequality on Nebla

integrals, we get

lp % lp
< M( lp(6) — 617 ve) (f (q°())’ ve)
lg Iy

1
q
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Remark 3.11. (Continuous version). Taking T = R.
Then flff q(0)d8 =1,q(0) = 0, then for%+ 3 =
1,p > 1, and by (1.21) we get
() - INIQLIOLE | <
M (f;"16 - tlPdo )% (f:(Q(H))qu )%
Remark 3.12. (Discrete version). Taking T = Z. Let

l,=0,l,=n0=st=t,t=k and n(k)=
X- Then Y 1—; q¢ = 1,q; = 0 and by (1.24), we get

1
n
- Z qsxs | <
s=1

(3.2.9)

n

M (Z qd )E <zn:|s —t|P )5 (3.2.10)
s=1

for

Ll s

“+-=1p

p q

Corollary 3.13. Let lg,1,,0,t,T€ T, 1, <!, and

TC: [la, lb]T - R be
Cld(T)' Then

lp
w(t) —

differentiable, q €

nabla

q° ()P (9)VO |

la

sup (qP(0)[g 2(t, 1) + g2 (t,1,)](3.2.11))

1g<6slp

<M

where where M and weight function q are same as
in Theorem 3.7.

Proof. we have

lp
7(t) —f qp(G)T[p(H)VH‘
l

a

Ip
M| q°@)lt—p(6)IVo
la

so the integral on the right side of this inequality can

) flfl (t—p(0))vo +
INNCIORDHI
J}* (p(6) — t)ve +>
o6
lail;ls)zbq ( )< ftlb (p(8) —t)ve

= Sup qp(e)[gZ (la' t) + gZ(lb: t)]

15<0<lp

Remark 3.14. (Continuous version). Taking T = R.
Then [;* q(6)d6 = 1,q(8) = 0, by (1.21), we get

be written as

[ qP@)Ip(8) —6IVE < sup q°(0

1q<0<lp

(&) [;” a@)m(0)ds| <
la+lb 2
(9 ) +1 2
M sup q(9) —1)2 1 (lb _la) (3212)
1a<0<ly

Remark 3.15. (Discrete version). Taking T = Z. Let
l,=0,l,=n0=st=t,t=k and n(k)=
Xj- Then Y7 1 q: =1,q; = 0 and by (1.24), we get

= | =[5

n? -1
4

+

] max q(s),
s=1..n
where

M = max |Vx;|

1<ksn-1

Corollary 3.16. Let lg,1,,0,t,T € T, 1, <, and

7 [lg, lp]ly @ R be nabla differentiable, q €
C14(T). Then
pUp)—lg
|7T(t) - le’ qp(e)np(e)v9| <M 2 (3.2.13)

|t _ la+P(lb)|
2

where M and weight function q are same as in

Theorem 3.7.

3.3. Diamond- @ Montgomery Identity

Theorem 3.17.
€[0,1] and

Ly, ]l = R .

continuous on T® and T, respectively. Then

[ o (0)P(8,6)040 +

a? le’ 79(0)A0
+(1 - ) [P nP(0)V0 | - a(1 - )G (6,1)

where

[Montgomery Identity] Consider

la,lb,g,tET,la<lb and

A

Let 2 and 7V exist and

1
m(®) = ()2 +(1-a)?](1p—1g)

p(t, ) = {g _ Zj i‘fge ;l: (33.1)
(s — 1) (n(o(®) +7(p(®))) -
G(6,t) = (3.3.1)

f: w(6)VO — jllb m(8)A0

a
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Proof. Using definitions ( 2.5 and 2.6), we have

t
=a? | (6 -1 )72(6)00 +

la

t
(0 = 1)m0(8)040
la

t
(1 - a)? f @ - 1)n"(8)ve
la

+a(1—a)l a ¢
ll f 0 — 1) (6)26
la

Using integration by parts formula for nabla and
delta [1,2] the

righthand side of the above expression can be

integrals and definition 2.6,

written as

¢ (& = Im(e)
=a?[(t = Lyn(©) = f; w7 ©)a0] + (1 - @)? [ ]

AN
[ 6 -1 (a®))ve +
[0 = tm?(p(0))0
L[ = ladm(e) - (&= 1)m(t) -

| Lo @)ne I m* ()ve ]
[ ¢t = l)n(a(®) -
f 7 (p(a@)70 + (¢~ () - J! n(o(p())6]

L la

, (t = ln(t) —

+a(l—a)

]+ ¢! —a)z[
+a(l—a)

] + (1= @)?[(e = 1) - [}, 7* (0)V6)

B A O
N (G (n(a(t))tn(p(t))) -|
fza n(8)Ve — fza n(0) A
Similarly,

t lp
f (6 — 1) 1%%(6)0q0 =a? [(lb —On(t) _f ””(G)Ae] ’
la t

(- a)? [(z,, — Om(e) - f lbnﬂ(e)ve]
Uy — ) (n(o(0) + n(p(®))) -

+a(l-— b b
«-o f ® (6)V6 — f ® (@)A8

Finally,
Iy

flb m%«(8)P(8,t)0,0 =a? [(lb —l)n(t) —
1

a la

n"(G)AH] +

L

1-a) [(lb =l n(t) -
+a(l - a)G(6,t)
which completes the proof.
Remark 3.18. When @ = 1, we get

brc" (G)VH]

la

[ t(e —1,)7b(6)Ve +]
.
|

|

1
L — 1,

(t) =

lp
f m?(6)A0
la

lp
+ f p(t,0)m2(6)A6
la

la
which is the Montgomery identity developed using

Iy —

delta calculus (see [3]).
When a = 0, we get

1 )
n(t) = — fl P (0)V0

lb_a

_|_

lp
f v (0)p(t,0)Ve

lp =g lg

which is the Montgomery identity developed using
nabla calculus (see (3.1.1)).

3.4. Diamond- a Ostrowski inequality via
Diamond- @ Montgomery identity
Theorem  3.19. Consider a €[0,1] and

la,lb,G, t e T, la < lb and 7 [la, lb]']l' - R. Let
2 and 7V exist and continuous on T® and T,,

respectively. Then

l
a? [" m°(6)A6 +
rOl@? + (- —g=| -~
bl (1= a)? [,7 mP(6)VE
—a(1 = )60, 01| < - (At 1) + R (61))
where G (0, t) is same as in Theorem 3.17 and
M= sup |n°@®)| (3.4.1)

1a<t<ly
Proof. Using diamond- @ Montgomery identity, we
have
2 (b
. a fla w7 (0)A0 +
p—1a) (1 - a)? leb TP (6)V6
1

Sl p(0)n«(0)0,6)|
[y, 16 = 1al0¢6 +
( 716 = 11040 )
fi, (6 =1)0q8 +
( fy 0= 15)040 )
= 2 (Ra(t 1) + ot 1))
Remark 3.20. When a = 1, we get

I t(O[(@)? + (1 - a)?]

+a(1—a)G(6,t) | = |

M

= ly—lq

_ M

Ip=lq
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lp

-,

M
< (hy(t, 1) + hy(t, 1)) R

a

n?(0)A0 ‘

’

which is Ostrowski inequality developed using delta
calculus (see [3]).

When a = 0, we get

l ~
|7T(t) - (lbfla) flabnp(B)V9| < (h"(t 1) +

G P

which is Ostrowski inequality developed using nabla
calculus [see (3.2.1)].

3.5. Diamond- & Weighted Ostrowski inequality
Theorem 3.21. Assume Iy, 1y, 0,t,7 € T with [, <

I, and m:[lg, ]y > R . Let m'e exist and
v

corresponding w#, ¥ are continuous on T® and

T,, respectively. Then the following inequality
afllab %(0)q°(0)0,0 +
(1= [," a?O)P(8)0a0
a,” q%10(8) = tl040 +
(1= a) [ a?1p(8) = t1040

will hold for a nonnegative continuous function

w(t) —
(3.5.1)

q: [la, ]l = R with the property that

L L
j 47 (6)040 = f 4P (0)040 =1
l l

a a

where

My= sup |f'(@)|My;= sup |7(2)|
la<t<p(lp) o(lg)st<ly

and

M = max{M,, M,}
Proof. Consider the left hand side of (3.5.1), which

can be written as

2053

lp
- C() qp (e)oue

la

lp
| (t) <af q°(0)0,60 + (1
la

(),

a

@)

m?(6)q°(0)0e0 + (1 —a) | q°(6)mP(6)0q0

la

>|.

1 — o

sa) a6 7:[5:()9) 06 +1-a)] a"(6)I (—npé()t)l 0ab
Iy t v .ft

<af| q°(0) f n(D)PAT| 0 + (1 —a) | qP(O)| Joo) [0ab
la o(6) fa n(7)"Ve

Iy Ip
< Mzaf ¢%10(6) — t10460 + (1 — a)le ¢?1p(8) — t1048
la lu

lp lp
< M(af a°10®) ~ 1008+ (1= ) [ a?1p(6) - t|<>a9)
la la
Remark 3.22. When a = 1, we get
|r(®) = [ a(6)n (6386 | < [* 47(6) | o(5) — ¢| M2 (352)
which the Weighted Ostrowski

developed using delta calculus (see [3]).

is inequality

When a = 0, we get

!
m(t) —

la

4P (0)7P (8)V0 |

lp
< fl 4P (©)1p(s) — tIMVE

a

which is Ostrowski inequality developed using nabla
calculus (see (3.2.4)).

Corollary 3.23. Assume I, 1p,0,t,7 € T with [; <
I, and m:[lg ]y > R . Let m'e exist and

\%

corresponding 2,7 are continuous on T® and

T,, respectively. Then the following inequality
@ [," 7 (0)q°(8) 0ab +

T[(t) - Ip
(1-a)J,’q?(0)mP(8) 0Oab

< M|a ([ lo(8) - tP oae)% (f:(qff(e))qoaef

1 1
+(1 =) ([,"1p(0) = t1P 0,6 ) (f;”|qp(e>|q<>aes)q]
will hold, where M, My, M, and the weight function

q are same as in Theorem 3.21
Proof. Since q%,qP = 0, so the right hand side of

(3.5.1) can be written as
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Iy
M(af 1479)] 10(8) — t1640
la

lp
+A-a)| lg?@)]p6) - tI<>a9>

la

now by using Holder's inequality (Theorem 2.10),

1
we can get the desired result. Where > + i =1,and

p>1
Remark 3.24. When a = 1, we get

lp

(t) —

7%(8)q° (0)A8 |

la
1

lp P lp %
sl( It—a(H)IpA9>< (q"(&))qA9>

M

la la

which is the Weighted Ostrowski inequality
developed using delta calculus (see [3]).

When a = 0, we get

| 7(6) - [, qP ()P ()70 ) | <

M (f,1p(6) — tIPV6 y (f;"|qp(9)|qves)3],

which is Weighted Ostrowski inequality developed
using nabla calculus (see (3.2.8)).

Corollary 3.25. Assume I, 1y, 0,t,T € T with [, <
I, and m:[lg, ]y > R . Let m'e exist and

AV

corresponding 2, " are continuous on T and

T,, respectively. Then the following inequality

lp
n(t) - (a f 79 (6)4° (6)040
l

a

lp

+(1-a) qp(H)ﬂp(H)O.x@)‘
la

< MM3[g 314, 0) + g 21, 0)
+a(l—a)H(6,t)]
will hold. Where

lp lp

H(0,t) = f 16:(0) — £|V6 + f 1p(6) — t|A8

la lg
Mz = sup q(6)

1as0<ly

M, M, M, and the weight function q are same as in

Theorem 3.21.

Proof. We have
a [ m7(0)q° (6)0a +

"o <(1 —a g q"(e)np(e)w) |

af,” q°(O)|o(6) — t]0a6 +
<(1 —a) [ ¢*(O)1p(9) - t|<>ae>
<M [aM3 (ff (t—0(6))0a0 + [[* (0(6) - t)oae)
+A—a)Ms ([ (£~ p@)0eb + [ (0(6) = )049)]

a ( [E (t=0a(0))86 + [ (a(6) - t)Ae) +
a( a-a)(f (t-o@®)ve

e o)A
+ftlb (a(8) —t)VH))+ (1-a) (a (fla (t p( )) +>

<M

=MM3

[ (p(6) - a6

+1=a) (J, (c=p@)¥6+ 1" (0(8) ~ 1)V))]

< MM;lal[g,(g,t) + g2, )] + (1 — a)[G2(lg, t) + G2(1p, 1)]

ra(l— ) ( fl; (t—o@®)VE + [ (a(6) - t)VH) +
a(l—a
(fzi (t—p(0))A6 + ftl” (p(6) — t)Ae)

= MM;[alg; (Lo, t) + g2 (L, )] + (1 = @) [§2(la, 1) + G2 (I, )]

+a(1 =) ([, () — tIve + [, 1p(6) — tla6)].
By applying the definition 2.11, we get the desired
result.

Remark 3.26. When a = 1, we get

lp
(t) —J; q°(6)m°(8)A0

a

< MM3[g,(la, ©) + g2 (L, )]
which is the Weighted Ostrowski inequality

developed using delta calculus ( see [3]).
When a = 0, we get

| () = f? 4P (@)mP ()70 ) |

< MM3[g *5 g, t) + g 21y, )]

which is Weighted Ostrowski inequality developed
using nabla calculus (see (3.2.11)).
Corollary 3.27. Assume I, 1}, 0,t,T € T with [; <
I, and m: [l L]y > R . Let m¥e exist and

\%

corresponding 72,V are continuous on T® and

T,, respectively. Then the following inequality
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® @ [/ q7(O)m7 (8)040 +
w(t) — @
!
1-a) fl; q?(0)P(0)040
lp—a(a) lpta(a)

<M a( 2 +|t_ 2 )+
= ) ~lq lgt+p(l

1oy (2 | s

will hold, where M, My, M, and the weight function
q are same as in Theorem 3.21.

Proof. We have

a > q7(O)m? (00,0 +
(1 -a) [[” qP(0)P(6)0at
a .’ a7 (©)|o(0) = t]0q0 +

(1-a) ;" 47 (O)1p(6) = t1040
a sup {|lo(8)—t|}+

w(t) —

las6<ly
<M
(1—-a) sup {|p(6) —tl}
1q<0<ly
a(w+ t_w)+
=M o)t * |
b) " ta a b
(1—a)( 2 +|_t+ 2 |)

Remark 3.28. When a = 1, we get

lp
() — fl 4°(0)° (0)10

a

<M (lb —o(a)
2
‘t to(@ )
2
which is the Weighted Ostrowski inequality
developed using delta calculus (see [3]).
When a = 0, we get
| n(6) — [, a?(©)nP (6)V0 ) ‘
<M (p(lb) - la
2
la + p(lb)

+ |-t +
o)

which is Weighted Ostrowski inequality developed

using nabla calculus [see(3.2.13)].

Conclusion

In this paper, we have introduced and rigorously
developed Diamond- @ Ostrowski-type inequalities
within the framework of time scales, leveraging the
unified approach of delta and nabla calculus. The
results extend classical inequalities by incorporating
the dynamic nature of time scales, thus bridging
discrete and continuous cases. Specifically, the
generalization of the Montgomery identity
(Theorem 3.17, Eq. (3.3.1)) through Diamond- a
calculus has allowed for the derivation of both
standard and weighted Ostrowski inequalities
(Theorems 3.19 and 3.21, Egs. (3.4.1) and (3.5.1)),
presenting these as specialized forms for specific

time scales, suchas T = Rand T = Z.
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