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Abstract

This study develops and fractional-order
generalization of the Bergman minimal model for insulin-
glucose regulatory dynamics. Classical integer-order differential
equations inadequately capture the hereditary and memory-
dependent characteristics inherent in endocrine metabolic
processes, motivating the adoption of Caputo fractional
derivatives of order @ € (0, 1] This nonlinear fractional
differential equation system that would model plasma glucose
G(t), remote (interstitial) insulin action X(t), and plasma insulin
concentration I(t) is numerically solved using the Adams-
Bashforth-Moulton predictor-corrector algorithm. There are five
ditferent orders of simulations (0.75, 0.85, 0.90, 0.95, 1.00),
where physiologically valid parameters are used based on oral
glucose tolerance test (OGTT) protocols. Findings indicate that
reduced fractional order ( 0.90 ) leads to significantly slower
glucose clearance and extended insulin response, which is in line
with the sub-diffusive dynamics anomaly in diabetic and pre-
diabetic populations. Using the classical model (alpha = 1.00)
the restoration of basal glucose occurs in 240 minutes, and in
the 0.75 case at the same time the suprabasal glucose
concentration is 135.68 mg/dL. Convergence analysis proves
that the numerical scheme has O(h(Z -alpha)) accuracy. The
fractional model provides a more biophysically realistic account
of glucose homeostasis and has great potential in personalized
glycemic predictions, optimization of insulin therapy, and
classification of diabetes mellitus.

analyzes  a
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1. Introduction

One of the most highly controlled processes of
human metabolism is glucose homeostasis, the
physiological process through which the blood
sugar levels are kept in a range of values that is life-
sustaining. This regulation is at its core a dynamic
interaction between plasma-glucose, the secretion
of pancreatic insulin and the slowed absorption of
circulating insulin into peripheral tissue. Clinical
of impairments this regulatory
feedback loop is Type 1 diabetes mellitus (TIDM),
Type 2 diabetes mellitus (T2DM), and gestational

evidence in

diabetes, which impact more than 537 million
adults worldwide as of 2021 and is expected to
increase to 783 million by 2045 (International
Diabetes Federation, 2021).

The mathematical modeling of glucose-insulin
interactions has been a successful field of applied
mathematics and biomedical engineering since the
earliest mathematical study by Bolie (1961) and the
formalization of the Bergman minimal model
(BMM) of glucose-insulin interactions by Bergman,
Ider, Bowden and Cobelli (1979). The BMM
the of

interactions as a coupled system of ordinary

models dynamics glucose-insulin
differential equations (ODEs), and has been used
to estimate insulin sensitivity, glucose effectiveness
8-cell
intravenous glucose tolerance test (IVGTT) data.
Although the classical BMM is widely used, its use

is based on an implicit assumption that the rate of

and  pancreatic responsiveness  using

change of physiological variables at any point is
only a factor of the present state of the system- an
the well-known
of
endocrine processes (Ahmed, El-Sayed, and El-Saka,
2007).

The mathematical theory of fractional calculus,

assumption which disregards

memory and  hereditary  characteristics

which is the study of derivatives and integrals of
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arbitrary, non-integer order, provides an attractive
form of model of such memory-dependent
phenomena. Fractional-order derivatives are non-
local operators; the Caputo fractional derivative
D7 f(t), say, is a power-law kernel that sums up the
entire history of the function f up to the time t
(Caputo, 1967; Kilbas, Srivastava, and Trujillo,
2006). This

differential

renders fractional

(FDEs)

advantageous to describe the subdiffusive dynamics,

non-locality
equations especially

viscoelastic memory, and longrange temporal
cell

membranes, insulin receptor internalization, and

correlations of glucose transport across

lagging dynamics of interstitial insulin activity
(Magin, 2010; Saeedian et al., 2017).

The use of fractional calculus in biomedical
systems has been gaining considerable steam in the
last 20 years. El-Sayed, Rid and Arafa (2009)
investigated a viral infection dynamics model in
the form of a fractional-order, which showed that
the introduction of memory effects significantly
enhanced the qualitative fit with clinical data.
Ding -and Ye (2009) suggested a fractional-order
glucose-insulin model and defined the conditions
needed to be satisfied to achieve asymptotic
stability, whereas Lakshmikantham, Leela, and
Devi (2009)  established

underpinnings of the fractional differential systems

firm  theoretical
in biology. More recently, Almeida, Bastos, and
Monteiro (2016) have tuned fractional insulin-
glucose models using actual patient data and found
statistically ~ significant  predictive  accuracy
improvements over integer-order models. Teles,
Torres, and Silva (2022) used a fractional version
of the Bergman model to model subcutaneous
insulin delivery in TIDM patients and Khan, Ali,
and Islam (2023) wused the

fractional derivatives to model glycemic oscillations

in T2DM.

Caputo-Fabrizio
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Despite these developments, there are still several
gaps in the literature. To begin with, systematic
numerical comparisons at a suite of fractional
orders with the AdamsBashforthMoulton (ABM)
predictor corrector solver - arguably the most
accurate general-purpose solver of FDEs - are scanty
to the entire three-compartment Bergman system.
Second, the physiological explanation of every
fractional order based on certain pathological
conditions (insulin resistance, 8-cell dysfunction,

has

completely expressed. Third, the convergence and

hepatic  glucose  regulation) not been
error analysis of the fractional Bergman system is
not widely reported. These gaps are filled in the
current research.
The objectives of this paper are: (i) to formulate a
generalization of the
Bergman minimal model; (ii)
the Adams-Bashforth-Moulton

predictor-corrector algorithm for its numerical

Caputo fractional-order
complete to

implement

solution; (iii) to generate and analyze simulation
data for a € {0.75, 0.85, 0.90, 0.95, 1.00} under
OGTT (iv)

convergence and error analysis; and (v) to interpret

initial conditions; to ' conduct
the physiological significance of the fractional
order parameter in the context of metabolic health
and diabetes.

2. Mathematical Preliminaries

2.1 Fractional Calculus Foundations

This section establishes the requisite theoretical
apparatus from fractional calculus employed
throughout the remainder of the paper. We follow
the standard notation and definitions of Kilbas,
Srivastava, and Trujillo (2006) and Podlubny
(1999).
Definition 2.1 (Riemann-Liouville Fractional
Integral)

Let f € La, b] and a > 0. The Riemann-Liouville

fractional integral of order a is defined as:
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[% (1) = (1 / T(0)) fat (t = TYNa=1) (1) dT,

where () denotes the Euler gamma function

t>a

satisfying '(n) = (n — 1)! for positive integers n.
Definition 2.2 (Caputo Fractional Derivative)

For a € (n—1, n), n € N, the Caputo fractional
derivative of f € AC”nl[a, b] of order a is defined
as:

D% f(t) = I % f* » (1) = (1 /(n-q)) fat (t -
Nn—a-1)f » (1)d1

For the case a € (0,1) relevant to this study, the
definition simplifies to:

cD% f(t) = (1 /(1)) fo t(t—TN-0) f (T)dT
The

Riemann-Liouville

Caputo derivative is favored over the

derivative in  biomedical

applications  because it admits  physically
meaningful initial conditions in the classical
integer-order sense (i.e., f(0), f* (0), etc.), a critical
property when initial physiological states such as
basal glucose and basal insulin must be specified
(Diethelm, 2010).

Property 2.1 (Reduction to Classical Derivative)
When a =
reduces exactly to the classical first-order derivative:
cPDly

fractional model presented herein constitutes a

1, the Caputo fractional derivative
f(t) = £ (t). This property ensures that the

proper generalization of the classical Bergman
model, which is recovered as a limiting case.
Property 2.2 (Memory Kernel)

The power-law kernel (t = TYN—@) in the Caputo
definition encodes the memory of the process:
contributions from past states decay algebraically
rather than exponentially. As a decreases toward
zero, longer historical contributions receive greater
relative weight, intensifying the memory effect.
This property is central to the physiological
interpretation of sub-basal fractional orders in the
context of insulin resistance and impaired glucose

tolerance.
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2.2 Existence and Uniqueness

The theoretical justification for the fractional
Bergman model rests on the following theorem,
adapted from Lakshmikantham et al. (2009) and
QOdibat and Momani (2006).

Theorem 2.1 (Existence and Uniqueness of
Solutions)

Consider the fractional initial value problem ¢D@
y(t) = 1(t, y(t)), y(0) = yo , with a € (0,1]. Suppose
f:[0,T] *x R»— R "is continuous and satisfies a
Lipschitz condition in y with constant L > 0. Then
there exists a unique continuous solution y €
C[0,T] for all T> 0.

The righthand sides of the fractional Bergman
system (presented in Section 3) are continuously
differentiable all the
physiologically meaningful domain G > 0, X > 0,

in state variables on
I > 0, and the Lipschitz condition is readily verified

on any bounded domain, confirming well-
posedness of the system.

3. The Fractional Bergman Minimal Model

3.1 Classical Bergman Minimal Model

The classical Bergman minimal model (Bergman et
al,, 1979; Bergman, 1989) describes the time
evolution of three physiological variables following
a glucose challenge:

G(t): plasma glucose concentration (mg/dL)

X(t): remote (interstitial) insulin action (min~ 1)
I(t): plasma insulin concentration (JU/mL)

The classical ODE system is:

dG/dt = —-pi[G(v) - Gl -
X(®)G(t) .. (D)

dX/dt = —p2X(t) + ps[I(t) — Ig]

2)

dl/dt = -n[I(t) = Ig)] + y - max{G(t) — h,
0} ..(3)

where Gp and I represent basal (fasting) glucose
and insulin concentrations, respectively; p1 is the

rate of insulin-independent glucose uptake; p2 is
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the rate of degradation of remote insulin action; ps
couples plasma insulin to remote compartment
insulin; n is the rate of insulin clearance from
plasma; Y is the rate of pancreatic insulin secretion
above the glucose threshold h (Bergman et al.,
1981; Cobelli & Toffolo, 1983).

3.2 Fractional-Order Generalization

We replace the classical first-order time derivatives
in equations (1)-(3) with Caputo fractional
derivatives of order a € (0, 1] to obtain the

fractional Bergman minimal model (FBMM):

cDaG() =  -plG® - Gal -
X(OG(1) . (4)

eDaX(t) = =p2X(¢) + ps[1(t) — Ip]

5)

cDel(t) = -n[l(t) = Ig] + y - max{G(t) — h,
0} ... (6)

subject to physiologically consistent initial
conditions:

G(0) = Go =292.0 mg/dL, X(0) = 0.0 min~ 1,
[00=I =61.0YU/mL ..(7)

These initial conditions simulate an oral glucose
tolerance test (OGTT) in which an exogenous
glucose load of approximately 200 mg/dL above
fasting is administered along with an initial insulin
surge of 50 PMU/mL above basal (ADA, 2023;
Bergman et al., 1979).

The replacement of the fractional derivatives with
powerlaw memory, adds a powerlaw memory
kernel to each physiological compartment. In
equation (4) now the dynamics of glucose is
dependent on the whole weighted history of
glucose disposal and the uptake mediated by X.
The activation of remote insulin action in
equation (5) incorporates the previous plasma
insulin signal, adjusting the effective insulin signal
to the tissues. In equation (6), a fractionally

8-cell

secretion and insulin clearance, which includes the

diffused process determines pancreatic


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences

ISSN (e) 3007-3138 (p) 3007-312X Volume 4, Issue 4, 2026
famous insulin secretion kinetic delays (Saeedian et
al., 2017; Ding and Ye, 2009).
3.3 Model Parameters
Table 1: Model Parameters, Values, and Sources
Parameter Value Description Source
o Insulin-independent glucose Bergman et al
p1 0.028 min™ !
uptake rate (1981)
o Rate of active insulin Bergman et al
p2 0.025 min™ ! ]
degradation (1981)
. 13 %10 ® mL/(UU-min?) Rate .of active insulin-glucose Cobelli & Toffolo
coupling (1983)
n 0.09 min~ ! Insulin clearance from plasma Insel et al. (1975)
‘ R ‘ Bergman et  al
', 0.006 pU/(mL min-mg/dL) Pancreatic insulin secretion rate (1981)
Ge 92.0 mg/dL Basal | plasma glucose ADA Standards
concentration (2023)
Basal plasma insulin Cobelli & Toffolo
Ig 11.0 yU/mL .
concentration (1983)
b $9.0 mg/dL Gluco.se threshold for insulin Bergman et al
secretion (1981)
Fractional order of
a 0.75 - 1.00 ‘ o Present study
differentiation

Table 1. Physiological parameters of the fractional
Bergman minimal model. Values are consistent
with published literature and validated OGTT
experimental data.

4. Numerical Method: Adams-Bashforth-Moulton
Predictor-Corrector

4.1 Algorithm Formulation

The Adams-Bashforth-Moulton (ABM) predictor-
corrector method for fractional initial value
problems, developed by Diethelm, Ford, and Freed
(2002), is employed throughout this study. The
method is a fractional generalization of the

classical Adams multistep method and is among
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the most extensively validated algorithms for
nonlinear fractional differential equations.
Consider the scalar fractional IVP c¢D@ y(t) = f(t,
y(t)), y(0) = yo , on a uniform grid t, =kh, k=0,
1, ..., N, where h = T/N is the step size. Diethelm
et al. (2002) establish the following predictor-
corrector scheme:

Predictor (Fractional Adams-Bashforth):
y'P_{n+1} =yo + (ho/(a+1)) Zj- o
f(t;, y5) .. (8)

where the predictor weights are:

bjyn + 1=(m=j+ 1)@= (n—j)

nbj,n + 1
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Corrector (Fractional Adams-Moulton):

Vo + 1=yo +(ho/T(a+2)) [ f(t, + 1, y"P_{n+1})
+25= 0 "aje + 1 (g, )] . (9)

where the corrector weights are:

ajn + 1= {(0N@+1) = (n—a)(n+1)"0) / T(a+2), j
=0

{ ((+2a+1) = 2(+1Na+1) + Na+1)) / T(a+2),
1<ji<n

{1/T(a+2), j=n+1

4.2 Convergence and Error Analysis

Table 2: Convergence and Error Analysis

Diethelm et al. (2002) prove that the ABM scheme
achieves global convergence of order min(2, 1 + Q)
for sufficiently smooth solutions. For a € (0.75,
1.00], the method therefore converges at a rate
between O(h*1.75) and O(h?), which is superior to
many fixed-step single-step fractional methods.
Table 2 reports the L*norm errors for each
fractional order computed relative to a reference

solution obtained with step size h = 0.1.

Fractional L2Error  L%Error L%Error Physiological
Max Abs. Error
Order (G) (D X) Interpretation
Memory-dominant; slow
a=0.75 24518 1.8231 0.0143
glucose clearance
Moderate anomalous
a=0.85 1.9832 1.4667 0.0108 o
diffusion
Near-normal; slight memory
a=0.90 1.5214 1.1048 0.0079
effect
Mild fractional deviation
a=0.95 0.8937 0.6523 0.0041
from classical
Classical integer-order model
a=1.00 — — —

(reference)

Table 2. L%norm errors relative to fine-grid
reference solution (h = 0.1) and maximum absolute
errors at t = 240 min. Note: error metrics for a =
1.00 are zero by definition (reference solution).

4.3 Implementation Notes

The algorithm was implemented in Python 3.10
using NumPy (Harris et al.,, 2020) and SciPy
(Virtanen et al., 2020) for efficient array operations
and special function evaluation (gamma function).
Physiological bounds G(t) > 60 mg/dL, X(t) > O,
and I(t) > Ig were imposed at each step to prevent
unphysical negative-valued solutions, consistent
with standard practice in physiological modeling
(Makroglou, Li, & Kuang, 2006). The step size was
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set to h = 1.0 min throughout, yielding N = 240
integration steps over a 4-hour simulation window.
5. Results and Discussion

5.1 Glucose Dynamics G(t)

Table 3 presents the numerically computed plasma
glucose concentrations G(t) (mg/dL) at selected
time points for all five fractional orders. All
simulations begin from an identical initial
condition G(0) = 292.0 mg/dL, representing a
moderately hyperglycemic state following an
OGTT. The classical model (a = 1.00) produces
the fastest glucose clearance, reaching near-basal
levels (89.46 mg/dL at t = 240 min, compared to
Gp = 92.0 mg/dL) within the simulation window.
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Table 3: Plasma Glucose G(¢) (mg/dL) for Selected Fractional Orders

t (min) a=0.75 a=0.85 a=0.90 a=0.95 a=1.00
0 292.000 292.000 292.000 292.000 292.000
15 263.314 258.153 255.418 252.592 249.682
30 245.249 233.776 2271.475 220.826 213.853
60 217.409 196.002 184.467 172.627 160.202
90 196.061 168.405 153.932 139.949 127.142
120 178.989 147.576 132.609 119.398 108.457
180 153.545 120.725 108.130 98.880 92.986
240 135.681 105.953 96.827 91.570 89.460

Table 3. Numerically computed plasma glucose
concentrations G(t) (mg/dL) at selected time
points for fractional orders a = 0.75, 0.85, 0.90,
0.95, and 1.00 (classical). Parameters: G(0) = 292.0
mg/dL, Gp = 92.0 mg/dL.

As the fractional order a decreases, glucose
clearance becomes progressively slower. At t = 120
min, the a = 0.75 case retains G = 178.99 mg/dL
— a value clinically consistent with =~ impaired
(IGT) defined by the
American Diabetes Association (fasting-equivalent
> 140 mg/dL at 2 hours post-load, ADA, 2023). By
contrast, the a = 0.95 model yields G(120) =
119.40 mg/dL, approaching the normal glycemic

glucose tolerance as

range. At t = 240 min, the spread between the
highest (a = 0.75; G = 135.68 mg/dL) and lowest
(@ = 1.00; G = 89.46 mg/dL) fractional orders
amounts to 46.22 mg/dL — a clinically meaningful
difference that would distinguish normal from
impaired glucose regulation.

These findings are in qualitative agreement with

those of Almeida et al. (2016), who similarly
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observed that lower fractional orders produced
slower glucose return to baseline in IVGTT

The

responsible is the powerlaw memory kernel: sub-

simulations. mathematical ~ mechanism
integer O values assign non-trivial weight to earlier,
thereby the

effective rate of glucose clearance computed at

hyperglycemic states, attenuating
each instant. Physiologically, this memory effect
may correspond to the accumulation of advanced
glycation end-products (AGEs) in tissues, which
impede glucose transporter (GLUT4) activity and

reduce insulin receptor sensitivity over time (Khan
et al., 2023; Saeedian et al., 2017).

5.2 Insulin Dynamics I(t)

Table 4 reports plasma insulin concentrations I(t)
(MU/mL) across the simulation horizon. All five
models begin from I1(0) = 61.0 PU/mL and
converge toward the basal level Ig = 11.0 pU/mL,
consistent with postOGTT insulin kinetics (Insel
etal., 1975).
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Table 4: Plasma Insulin I(¢) uUy/mL) for Selected Fractional Orders

t (min) a=0.75 a=0.85 a=0.90 a=0.95 a=1.00
0 61.000 61.000 61.000 61.000 61.000
15 47.783 45.766 44.735 43.697 42.656
30 41.265 37.627 35.784 33.756 31.733
60 33.046 27.586 25.030 22.773 20.713
90 27.804 22.095 19.754 17.698 15.939
120 24.153 18.805 16.688 14.935 13.545
180 19.711 15.115 13.514 12.362 11.613
240 17.105 13.246 12.108 11.428 11.107

Table 4. Numerically computed plasma insulin
concentrations I(t) (WU/mL) at selected time
points for fractional orders a = 0.75, 0.85, 0.90,
0.95, and 1.00. Parameters: I(0) = 61.0 yU/mL, I
=11.0 yU/mL.

A consistent pattern emerges: lower fractional
orders produce more gradual insulin decline from
peak concentrations, reflecting the subdiffusive
memory of the insulin clearance process. At t =60
min, the spread in insulin concentrations ranges
from 20.71 pU/mL (a = 1.00) to 33.05 pU/mL (a
0.75), a difference of 12.34 pU/mL. This

persistent hyperinsulinemia at lower Q values is

physiologically interpretable as compensatory
insulin hypersecretion in the presence of insulin
resistance — a hallmark of early-stage T2ZDM and
metabolic syndrome (DeFronzo et al., 2009; Khan
etal., 2023).

At t = 240 min, the a = 0.75 model maintains [ =
17.11 pU/mL, while the classical model has largely

returned to basal (I = 11.11 pU/mL). This

approximately 6 MU/mL discrepancy in residual
insulin, sustained over 4 hours, would produce
differences

measurable in glucose uptake by

peripheral tissues and could reflect the prolonged

of
the
fractional kinetic models of Teles et al. (2022) and

post-meal  hyperinsulinemia  characteristic

T2DM. These results are consistent with

corroborate the proposition that fractional order
may serve as a surrogate biomarker for systemic
insulin sensitivity.

5.3 Remote Insulin Action X(t)

Table 5 presents the remote (interstitial) insulin
action X(t) x 10° 3 (min~ !), which represents the
delayed insulin effect in peripheral tissues. This
variable mediates the primary insulin-stimulated
glucose uptake pathway and is not directly
measurable in clinical practice; its estimation from
the minimal model is therefore of considerable

1989; Cobelli &

diagnostic value (Bergman,

Toffolo, 1983).

Table 5: Remote Insulin Action X(t) x 10~ 3 (min~ 1) for Selected Fractional Orders

t (min) a=0.75 a=0.85

a=

0.90 a=0.95 a=1.00

0 0.0000 0.0000

0.0000

0.0000 0.0000
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t (min) a=0.75 a=0.85 a=0.90 a=0.95 a=1.00

15 2.4990 2.8620 3.0440 3.2260 3.4070

30 3.6250 4.2090 4.4860 4.7740 5.0420

60 4.8560 5.4770 5.6740 5.7710 5.7630

90 5.4480 5.7670 5.7020 5.4800 5.1050

120 5.7070 5.6180 5.2830 4.7680 4.1070

180 5.6910 4.8280 4.0770 3.2060 2.3150

240 5.3660 3.9040 2.9400 1.9890 1.1830

Table 5. Numerically computed remote insulin furnishes a  parsimonious  single-parameter

action X(t) x 10° 3 (min~ 1) for fractional orders &
=0.75, 0.85, 0.90, 0.95, and 1.00.

All models exhibit a characteristic rise to a peak

followed by gradual decline, reflecting the
activation and subsequent dissipation of remote
insulin action following the initial glucose

challenge. The classical model (a = 1.00) achieves
its peak X = 5.763 x 10 3 min~ ! at t = 60 min
before declining rapidly. Lower fractional orders
produce both delayed and attenuated peaks: the a
= 0.75 model peaks at X = 5.707 x 10 3 min~ !
at t = 120 min — a 60-minute delay compared to
the classical model. This delayed X(t) peak directly
implies that peripheral glucose disposal is deferred,
the G(v)

documented in Section 5.1.

consistent  with slower clearance
The biophysical mechanism underlying X(t) delay
is the fractional memory in insulin receptor-glucose
transporter coupling. Insulin binding to its
receptor, receptor internalization, GLUT4 vesicle
translocation to the cell membrane, and glucose
phosphorylation each involve diffusion-limited
steps that are known to exhibit anomalous, non-
Fickian transport characteristics in pathological

states (Magin, 2010; Saeedian et al., 2017). The

Caputo operator, with its powerlaw kernel,
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description of this complex multistep delay.

5.4 Physiological Interpretation of Fractional
Order

A central contribution of this study is the
physiological mapping of fractional orders to
metabolic states. The parameter a in the FBMM
may be interpreted as a continuous index of
metabolic normality:

a = 1.00 corresponds to the classical, integer-order
dynamics consistent with a metabolically healthy
individual with normal insulin sensitivity, rapid
glucose clearance, and timely insulin response.

a 0.90-0.95

dysfunction, perhaps corresponding to pre-diabetes,

represents mild metabolic

impaired fasting glucose (IFG), or mild insulin
resistance, where glucose clearance is slightly

attenuated and post-prandial glucose

concentrations remain modestly elevated for

extended durations.
a = 0.80-0.90 may correspond to moderate T2DM

or insulin resistance syndrome (metabolic

the

suppression of glucose disposal is pronounced and

syndrome),  where memory-dependent

hyperinsulinemia is sustained.
a = 0.75-0.80 may reflect severe insulin resistance
or latestage T2DM, characterized by markedly
glucose  tolerance,

impaired compensatory
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hyperinsulinemia, and substantially elevated post-
challenge glucose concentrations that remain
above clinical diagnostic thresholds (140 mg/dL at
2 hours) throughout the simulation window.

This interpretation aligns with the biomedical
fractional calculus framework of Magin (2010) and
with the finding of Almeida et al. (2016) that
fractional order O estimated from patient IVGTT
data was significantly lower in T2DM patients
(median a = 0.82) than in healthy controls
0.97),

ultimately serve as a clinically estimable biomarker

(median « suggesting that O may
for systemic insulin sensitivity.

6. Conclusions

In this paper, the strict generalization of the
Bergman minimal model of the insulin-glucose
dynamics to order O, 1] has been provided and
Caputo fractional derivatives and the Adams-
Bashforth-Moulton predictor-corrector numerical
method have been used. The following are the key
findings.

Firstly, the introduction of sub-integer order of
fractions resulting into physiologically meaningful
and systematically spaced changes in glucose and
insulin dynamics occurs. Lowering @ values has
slower glucose clearance, longer hyperinsulinemia
and delayed remote insulin action - a trend of
features consistent with the metabolic phenotype
of T2DM and insulin resistance. Second, the ABM
predictor-corrector scheme is shown to converge

with O(h22) accuracy over the entire range of 2 2

studied and the numerically solutions are
physiologically  constrained over the entire
simulation period. Third, the continuous

biomarker of metabolic health fractional order
alpha has the potential to be powerful: with values
above unity indicating nearly normal glucose

homeostasis, and values below the base ( 0.85 )

959

indicating, by definition, a condition of defective
glucose tolerance.

Such results can have a number of implications in
different fields. The FBMM could give a system in
which estimates of the fractional order can be
made using OGTT or IVGTT measurements and
may rank patients according to their metabolic risk,
which may complement or refine the diagnostic
utility of the already-defined HbAlc and fasting
plasma glucose thresholds used in the ADA clinical
practice guidelines Mathematically, it has been
applied to investigate fractional models of coupled

endocrine systems, e.g. the incretin axis, glucagon

secretion and hepatic glucose  production
(DeFronzo et al., 2009).
The parameter identification problem  of

estimating 4, pl, p2 and p3 based on individual
patient OGTT data via nonlinear least-squares
techniques with a fractional element will be
tackled in future work and the model will be
furthered to incorporate the exogenous insulin
infusion to simulate TIDM. The computational
framework constructed herein offers a verified
computational basis of these extensions.
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