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Trihybrid particles, Engine oil, The dynamics of nanoparticleladen flows play a crucial role in solar energy

Exponentially, Permeable medium. ~ devices, thermal systems, and energy conversion applications. Motivated by
these technological prospects, the present work examines the heat transfer
behavior of spherical Ti-MgO-Cu nanoparticles suspended in engine oil,

. . represented as a ternary hybrid non-Newtonian Maxwell fluid. The fluid
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motion is —analyzed over an exponentially stretching flexible sheet,
incorporating wall suction in a porous medium and influenced by
magnetohydrodynamic (MHD) forces. The governing partial differential
equations are reduced to ordinary differential equations wvia similarity
transformations and solved numerically using the bvp4c solver. The outcomes

Copyright @Author indicate that the fluid wvelocity rises with the exponential stretching rate,
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Corresponding Author: Maxwell fluid parameter, and suction intensity, while it diminishes under
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increasing magnetic and porous medium effects. In contrast, the temperature
distribution intensifies with stronger magnetic and porous influences, whereas
suction suppresses thermal levels. These results underscore the promise of
ternary hybrid nanofluids for improved thermal performance in advanced
engineering systems.

1. INTRODUCTION

A ternary hybrid nanofluid represents an thermophysical and electrochemical properties.

advanced type of nanofluid created by dispersing
three distinct nanoparticle species within a base
fluid, which can include water, ethylene glycol,
kerosene, or even biological fluids like blood.
These nanoparticles may consist of metals, metal
oxides, or carbon-based structures such as
graphene, each selected to improve specific

The combined action of the three nanoparticles
boosts thermal conductivity, heat transfer
performance, and overall fluid stability,
surpassing the capabilities of conventional or
binary nanofluids. Ternary hybrid nanofluids are
attracting growing attention for use in high-
efficiency cooling systems, renewable energy
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devices, and various industrial operations,
offering enhanced performance and lower
energy demands. Nonetheless, issues such as
particle  stability, fluid compatibility, and
economic feasibility must be overcome to fully
exploit their practical potential.

Recent years have seen a growing interest in
ternary hybrid nanofluids (THNFs) due to their
potential to significantly enhance thermal
performance over mono- and binary systems.
Momin and Nwaokocha [1] demonstrated
improved thermophysical properties in water-
based ternary composite nanofluids combining
MgO, ZnO, and MWCNTs, showing enhanced
thermal conductivity and electrical conductivity
with temperature rise. Khashi'ie et al. [2]
investigated the Blasius flow and heat transfer
characteristics of a Cu-Al,O3-TiO,/water
ternary hybrid nanofluid over a moving plate,
highlighting dual solutions and notable heat
transfer increases relative to binary counterparts.
Sarwar et al. [3] proposed theoretical models for
ternary nanoparticles enhancing heat transfer in
MHD non-Newtonian fluid flows, emphasizing
the combined influence of distinct particle types
on energy transport. Ahmed et al. [4] conducted
experimental assessments of Al,O3-TiO,-
ZnO/DW  ternary composite  nanofluids,
reporting substantial increases in heat transfer
coefficients and Nusselt numbers at elevated
Reynolds numbers and nanoparticle loadings.
Computational analyses have further expanded
the field’s scope: Sadiya and Sucharitha [5]
examined MHD ternary hybrid nanofluid flow
with thermochemical reactions in porous media
over rotating stretching sheets, observing
enhanced heat and mass transfer profiles.
Theoretical investigations by authors [6-8] in
Heliyon detailed magnetohydrodynamic ternary
hybrid nanoliquid  flows over complex
geometries, reinforcing that THNFs outperform
conventional single nanofluids in energy
transport tasks. Experimentally, RSC Advances
outlined the thermal conductivity behavior of
graphene-CNT-Ag nanoparticle ternary hybrid
nanofluids, elucidating how nanoparticle synergy
influences transport enhancements and empirical
correlation development. Tri-hybrid nanofluid

studies have also explored stability and predictive
modelling, where machine learning and advanced
predictive techniques were used to evaluate
thermo-hydraulic properties across compositions
and conditions. Shinwari et al. [9] analyzed water-
based ternary hybrid nanomaterials on
stretchable curved surfaces, reinforcing their
suitability for electronic cooling and heat
exchange applications. Thermal Science research
on micropolar MHD ternary hybrid nanofluid
flows with activation energy has revealed nuanced
dynamics of velocity, temperature, and
concentration fields, underscoring  the
importance of thermophysical interactions in
applied heat transfer scenarios in [10].
Additionally, Scientific Reports presented heat
transfer analysis of Maxwell tri-hybridized
nanofluid through a Riga wedge, showing that
ternary compositions can elevate thermal
conductivity in boundary layer problems
compared to simpler fluid models. A recent
comparative study using RSM-based [11]
optimization techniques examined heat transfer
of nano, hybrid, and ternary nanofluids under
Cattaneo-Christov heat flux in porous media,
emphasizing the distinct behaviors imparted by
multi-component nanoparticle
Collectively, these works illustrate how ternary
and tri-hybrid nanofluid systems [12] can achieve
superior thermal transport, optimized flow
dynamics, and enhanced heat transfer efficiency
in both experimental and numerical contexts,
marking them as promising candidates for
advanced energy systems, heat exchangers, and
industrial thermal management.

systems.

1.1. The primary target of the recently
proposed framework

The present study aims to analyze the thermal
performance of Ti-MgO-Cu nanomaterials
dispersed in engine oil under the influence of
magnetohydrodynamic (MHD) Maxwell fluid
flow. The investigation considers the effects of
inclined stretching sheets with porous suction
and employs a ternary hybrid non-Newtonian
Maxwell fluid model to explore how spherical
nanoparticles impact the heat transfer
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characteristics of the base fluid. Key control
parameters examined include mass flux, porosity,
electromagnetic field strength, relaxation time,
time- dependent relaxation coefficient, and
convection effects. The results of this analysis
provide insights into the role of these parameters
in enhancing the thermal efficiency of engine oil
embedded with hybrid nanoparticles.

du v

2. Underlying Mathematical Theory

A steady, two-dimensional laminar flow past a
stretching sheet with suction within a porous
medium is analyzed for an
Maxwell ternary hybrid nanofluid, subjected to a
constant transverse magnetic field. The governing
equations describing this flow problem are

electro-viscous

presented as follows

oy =0 (1)

(ua_u n 176_u) _ Uenng 3*u B (uz 9%u 42 %u + 2w azu) _ 9B thns (T-T.,) + Ithnf pa, _ Vihnf )
9x 3y) " ptuns 0¥*  pinns ox? ay? 9xdy Pthnf @7 pthnf © Ko 2)

aT aT 92T
(pcp)thnf (ua + U@) = kthnf W (3)
Here (1-3) expressions are suspended with boundary constraints as follows;
u(x,0) =U,(x) = Uge** ,v=-v,,T(x,00)=T,,C(x,0)=C, aty= 0,} 4)
u—-0T->T,C - Cg,.

In this context, x and y represent the velocity
components, while T, Ty, Teo, C, Cy, and Coo
denote the bulk temperature, wall (or surface)
temperature, surrounding fluid temperature,
solute concentration, surface concentration, and

ambient concentration, respectively.

3. Numerical Solution Strategy

In this section, the complete methodology of
solution is presented, detailing how expressions
(1- 3) under the fluid flow conditions in (4) are
addressed. The following subsections outline the

U
= U 11w = — [ ) 4 ng )

¥ = [2vLUse/? f (),

T
o) =

To

procedure by which the PDEs (1-3) with
conditions (4) are transformed into ODEs.
Additionally, the approach employed to solve the
resulting ODEs is described.

3.1 Change-of-variables method

In this part, the similarity transformation
discussed in (5) will be helpful to reduce the
coupled system and nonlinear PDEs described in
(1-3), under the flow conditions given in (4), into
a set of ODEs. The corresponding of variables
are introduced given below:

5)
~-T, U,

_Too’n = mye

x/2L

By introducing the similarity variables from (5) into (1-4) renders (1) identically satisfied, with the residual

expressed as follows;
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Considered boundary constraints

, (8)
f=Sf=10=1, atn=0}

f'>0,06-0 asn—- o

Where, 41 = "E_E 1s viscoelastic relaxation parameter, with [ as relaxation parameter of time,

af
glfﬁ-rl AT . . . ;Euz.'_.
= c;’: 15 thermal buovancy coefficient with AT = (T, — Tew). M =JU =
: 0PF
L . . . . ’E
number, K =-:IJ is dimensionless porosity parameter, Pr = * is thermal boundary layer
oo ef i
number with @ = —X— as heat penetration rate, § = —2— is negative flux parameter (v >
(pCp s VOovgjar ?

15 Lorentz

A

0). Here, 1 be known as variable of similarity.

3.2. Principal engineering parameters

The fundamental key parameters under consideration include the skin friction coefficient and Nusselt number,

expressed as
¢ = % 1/2vLUye*/Lf"(0), Nu, = x /%ye"/“ (=6'(0)) ©)

Using equation (5), in (9), and doing basic algebraic steps, we have
x
Re;/sz — ”thnf f”(o), Re;l/zNux - _ = 9/(0)
2Pthnf Venns 2L (10)

Table 1: Thermal-physical attributes

Properties p(Kg/m) Cp (JKg—'K-! k (Wm~—'K-") B *x 10-°K-!
Base fluid (Engine Oil) 884.0 1910.0 0.144 70.0
Ti(s1) 4510 540 209 0.9
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MO (s)) 3560.0

955.0

45.0 1.26

8933

Cu (s3)

385.0

400.0 5.1

3.3. Computational Strategy

The expressions (7-8) with boundary constraints
shown in (9) are estimated by applying built-in
numerical solver bvp4c. Then equations (7-8)

with B. Cds discussed in (9) are firstly converted
into ODEs system of primary order and then
replace into said technique for numerical fallout.
The procedure is given below:

W) =£¢@)=f¢B)=f",{(4) =0,{(5)=¢ (11)
( (Pﬁr)hnf Opnf \l
22— ¢(4E) + 2 (@%@ + 20 @(EW) + e DN B)] - ~2EDE 30— T yg(2) + s ko)
Phnf Prnf phnf Ky
1o pr [ Py
= Fnnf R (12)
Pl = = (G + ()
e Pr
Pr(fo0' —0f")
(=-—F—
hnf
LT (13)
(PCP)hnf
(pCp)y
Boundary conditions
(=53¢ =14¢4) =1, at77=0} (14)
{(2)—»0,{(4) >0, asn—> o0 )
4. Results and Discussion thermal boundary layer parameter Pr,
Here, the conclusion of the discussed technique dimensionless porosity K, and aspiration

produced by main numerical solver technique
shown tabular  and  visualized
representation. Results for f' and 6 are graphed,
where f' and 6 are known as velocity and
temperature representations, the wall drags
coefficient Re"*C f convective heat transfer

are in

coefficient ratio Re—"? Nu are visualized with
tables as well. The analyzed outcomes are
computed with respect to several parameters:
Maxwell fluid parameter A;,, Lorentz
parameter M, buoyancy affected number A,

force

parameter S (S > 0).

Figs. 1-2 are visualized the rise or downfall in
velocity component f’ and temperature
component 6 under according the
observation of magnetic number M. Basically,
the visualized effects shown changing in M
affected to velocity get low and temperature get
high for both Ti/engine oil and Ti
MgO/engine oil cases. It is due to fact that
increment in M, causes to produce higher
impedance, thereby impeding and
diminishing thermal rise. Noticeable point, is

to

flow

https://thesesjournal.com

| Rehman et al., 2026 |

Page 942


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X

Volume 4, Issue 2, 2026

magnitudes of curves of velocity for Ti/engine oil — —

are larger than Ti — MgO/engine oil.
Furthermore, the phenomenon for 6 s
completely reverse. The augmentation of f’ with
the effects of relaxation time parameter Aare
shown in Fig. 3. As A,, rise, f' is increases
accordingly. Moreover, graphs for Ti/engine
oil are higher than that of Ti — Mg0O/engine
oil. Fig. 4, is highlighting the involvement of
angle of inclination ¢ on f'. The visualized
effects are showing that as & is changed from

f=0.0,%,§, to m/2, f' is reinforced.

Permeable medium K effects on f' and 6 are
presented in Figs. 5-6

It is viewed that as K is enhanced, f’ goes to
decline. Moreover, curves of f’ for Ti/engine
oil are more than that of Ti — Mg0/engine oil.
But, for 6 reverse attitudes are found. Figs. 5-6,
are generated to visualized the behavior of f" and

6 physically in contrast with distinct values for
parameter of suction S (S > 0), respectively. As, S
raised, f is increased and 6 is decreased. It is
worthy to note that for Al,0;/kerosene oil, the
curves of f'"are much stronger than that of Ti —
MgO/engine oil. But, for the case of 8 entire
opposite phenomenon is seen.

In Table 2, the conclusions for permeable
parameter K on wall shear coefficient Re"*C f
and thermal boundary layer number Re—"’Nu
are visualized. It is noted that as K is enhanced
the wall shear coefficient gets enhanced too but
thermal boundary layer number is minimized. In

Table 3, the behavior of Rel/sz and Re~"’Nu

under effects by number of Prandtl is addressed.
As Pr is intensified Reme is risen and Re—"*

Nu is reduced gradually.

1 T T T T
0.9
0.8

0.7

! M=0.1,1.1

—

=
— 05|
Y
0.4 f
03 |
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1 1 1
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Fig. 1: Visualized Effectsin f’ on contrasted with M Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K=
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;
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Fig. 2: Visualized Effectsin 0 on contrasted with M Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K =
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;

Fig. 3: Visualized Effects in f' on contrasted with A1 Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K =
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;

https://thesesjournal.com | Rehman et al., 2026 | Page 944


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X Volume 4, Issue 2, 2026

09 r =1

0.8 - =1

0.7 =

0.6 - 1

0.4 1

03 +1

0.2 r 1

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

n

Fig. 4: Visualized Effects in f’ on contrasted with § Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K =
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;

K=1.1,21

0.4 .

0.3 T

0.2

0.1 g

Fig. 5: Visualized Effects in f’ on contrasted with K Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K=
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;
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Fig. 6: Visualized Effects in 8 on contrasted with K Pr=7.2, M=1.25; B = 0.15; Gr=0.15; K =
1.25; S=0.0; Ec=0.15; L1=0.15; Re=0.15; Rd=1.25;

Table 2: Numerical Values of a) Re'/2C¢b) Re='/2Nu for M = 1.6,Pr =7.0,,¢; = ¢p =
0.01,1; =01,4=01¢= T .5 = 0.2 against several values of Pr
6

K Rell?C, Re 12 Nu
1.125 -1.454 2.6895
2.125 -1.7302 2.6424
3.125 -1.9743 2.6017
4125 -2.1932 2.5655
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Table 3: Numerical Values of a) Rel/2C;b) Re™1/2Nu for M = 075K =1.1,¢; = ¢, =
0.01,4; =01,A=0.1,¢ = T 5=02 against several values of Pr
&

Pr Rell?C, Re 12Nu
1.01 2085 301
501 2085 4209
701 2085 4541
10.01 2085 4939
Conclusion
In this study, the influence of suction and REFERENCES

magnetohydrodynamic effects on three- particle
nanofluid flow and transportation of heat,
modeled through a Non-newtonian electrically
conducting fluid over an exponential stretching
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number.
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prescribed boundary conditions and approach
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