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Abstract

This article explores the fundamental principle of Pigeonhole and it’s application
in Hashing , Indexing and Heap data structures .A key concept from discrete
mathematics which forms the foundation of many algorithms and combinational
proofs . This principle find it’s implementations in computer science, cryptography,
probability theory and many other domains , as well as in addressing memory
allocation issues commonly encountered in the practical computing systems.

In this article, we explain abstract and complex computer science concepts using
real-life analogies, making them easier to understand and helping readers build

a strong foundational understanding.

Efficient data storage and management is critical in computer science, as the data
is growing day by day both in terms of volume and complexity designing algorithms
and optimizing data is becoming critical .Problems such as collisions in hashing
Jinefficient indexing and different system related issues highlights the importance of
such important concepts both practically and theoretically. And in this article we
will study in detail regarding the abstract concepts of computer science through
real life examples, as we humans can learn better when related with our
surroundings.

INTRODUCTION

In computer science, data structures are essential
for storing and managing data efficiently. One
such important data structure is the heap, which is
widely used in areas like priority queues, graph
algorithms, and sorting techniques. A heap allows
quick access to the smallest or largest element
depending on whether it is a min-heap or max-
heap. This study focuses on evaluating the
performance of a Logical Heap
implementation[1][2] compared with traditional
heap algorithms in Python. The aim is to

understand which approach performs better in
terms of speed, memory usage, and scalability
when handling large datasets.

Why Memory Organization & Data Efficiency
Matter?

As the memory and storage are finite resources in
computational systems ,using them efficiently is of
utmost importance because it directly impacts the
systems performance ,task scheduling ,accessing and
optimizing the data ,indexing of data to memory
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and scheduling CPU tasks. So efficient usage of
memory through modern algorithms and smart
memory allocation strategies can have a significant
impact on system’s performance, speed and
reliability.[3]

This paper explores the interrelated concepts such
as Pigeonhole Principle (a fundamental idea from
discrete mathematics) , Hashing and Indexing
Techniques plus Heap Implementations to teach
the practical and theoretical concepts for
individuals to  understand how  memory
optimization, retrieval and allocation works
,whereas heap structure enables the prioritizing of

CPU tasks.[4][5]

What’s Pigeonhole Principle?

The pigeonhole principle is a foundational concept
from discrete mathematics proposed by Peter
Gustav Lejeune Dirichlet in 1834 , the intuitive
“pigeons in holes” [6]analogy was popularized later
to make it easier to visualize.This principle states
that:

“If items(n) are put in containers such that number
of items (n) is more than the number of containers
available, then atleast one container (m) should
have more than one item (n).”

Symbolically:

n = data /no of items

m = memory spaces/no of containers

If n>m ,then there’s atleast one container with more
than one item .

Real Life Equivalences:

Now there are few ways in which we can
visualize Pigeonhole Principle through real

life scenarios to understand this concept.

Suppose there are 15 pigeons but only 9
pigeonholes available, then there exist at least few
pigeonholes with more than one pigeon as
remaining ones can’t be left out.

2. Imagine you have 2 rooms in a house

but there are 4 members, then each room will

have more than one member.

Or you can say that there are 10 lockers but 20
students, then each locker will be shared by at least 2
students.

The above mentioned examples explain that how the
data is stored in the memory and allocation happens

when the data is more than the memory available to
store them. Let’s dive deeper into how it works step
by step In computer sciences to make the
understanding way more clear.[5][6]

Why is Pigeonhole principle Significant?

This principle is not just about pigeons but the
distribution and memory allocation that happens
when the data is more than the memory space
available, in simpler words when items are more
than the containers available. Then , collisions are
guaranteed which means that each item will have to
share the space with another (at least one container
will have more than one item as described above in
real-life analogies).In computer science it forms the
foundation of hashing, indexing ,memory allocation
etc.

Generalized Pigeonhole Principle:

The generalized form of this principle says:

“If n items are placed in m containers, then atleast
one container will have [n/m] items.”

Where:

n = total no of items

m = no of containers available

[x] = ceiling function (rounding up to nearest whole
number)

Why is ceiling function used?

The ceiling function is used because we cannot put a
fractional value in containers so rounding up to
nearest whole number becomes important.

Example:

If [25/6] =4.1666... then ,we will round it up to 5
which means each container will have atleast 5
items.

How Pigeonhole Principle Connects to
Hashing, Indexing and CS Concepts:

Application of Pigeonhole Principle In CS:

The pigeonhole principle becomes extremely
powerful when implemented in computer science
and data structures and algorithms as computer
systems have limited memory so using it efficiently is
a smart strategy to keep the systems performance
high. Because when the incoming data exceeds the
storage space available then collisions and overflow
are guaranteed to happen.[7]
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Hashing is a data structure which allows efficient data fetching, insertion and searching.

In Hashing:

A key (input data) is processed by a hash function

The hash function generates an index (address) where the data will be stored inside a hash table.

But in hashing the number of possible keys (data elements) is much larger than the number of available memory
slots. Thus the collision is inevitable and not happens by accident.

Mathematical connection:

Keys = items

Hash table slots = containers

If there are 200 keys and only 100 memory locations, then according to PHP:

n>m=>at least one memory location will store > 2 items This situation is called

a hash collision.

Collision Handling Techniques:

Since the collisions are unavoidable, there are few techniques to handle them efficiently which would be
beneficial for handling large data.[7][8]

1)Chaining:

When multiple values are stored at same memory location using linked lists.

2)Open Addressing:

It checks if the collision happens ,then move to the next empty slot so overflow doesn’t happen.

Real Life Analogy:

Now let’s compare the hashing and indexing to an analogy regarding pigeonhole principle:

Pigeons= data elements

Holes = Represent memory slots

Hash Function = tells whichhole a pigeon
belongs to Indexing = Makes the accessing of elements efficient[9]

Indexing:

Indexing is one of the most important concepts in the world of computer science. Since it allows the access to the
data direct and more efficient, you'll see it being used in almost all of DSA concepts. Some most common uses of
indexes are mentioned below:

File Systems

Search Engines

Databases

Literature Review

Just as we search for a book in library based on category, categorizing the shelves makes it easier for us to find
the desired book without wasting any time.

Same in this way the computer creates an index (like a table of contents) that maps:

Data elements(items) -> Memory Locations(containers)[10]

And if the data elements are more than the available memory slots, then the pigeonhole principle comes in
action.

Hashing tells us how the data is stored, retrieved and searched through indexing which not only makes
tasks easier and quicker to execute but also provides improved systems performance. Now, in the next section we
will study in detail how the heap helps Computer to schedule the tasks, data storage and retrieval based on
priority, but before that let’s do an implementation of pigeonhole principle in python code.

https://thesesjournal.com | Majeed, 2025 | Page 1808


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences

ISSN (e) 3007-3138 (p) 3007-312X

Volume 3, Issue 10, 2025

Coding Analysis
Python OOP Implementation

import time
class Pigeon:
def _init_ (self, pigeon_id):
self.id = pigeon_id
def fly(self):
print(f" % Pigeon {self.id} is flying...")
def return_to_hole(self, hole_id):
print(f" 2] Pigeon {self.id} returned to hole {hole_id}.")

print(f" [ Pigeon {pigeon.id} placed in Hole {self.hole_id}"}
else:
print(f" 4. Hole {se

d}is full!")

def release_pigeons(self):
for pigeon in self.pigeons:
pigeon.fly()
time.sleep(0.3)
print(f"  Hole {self.hole_id}: all pigeons have flown away!")

def return_pigeons(self):
for pigeon in self.pigeons:
time.sleep(0.3)

print(f" [} Hash({pigeon.id}) = Hole {index}")
s[index].ad

Jef simulate_flight(self):
print("\n=== % Pigeons Flying ===")
for hole in self.holes:
e_pigeons()
= [Z] Pigeons Returning ===")

hole.rel
print("\n=

for hole in self.holes:

hole.return_pigeons()

if _name_ =="_main_":

pigeon_table = PigeonholeHashTable(num_holes)

for i in range(total_pigeons):
pigeon = Pigeon(i + 1)
pigeon_table.insert_pigeon(pigeon)

pigeon_table.simulate_flight()

Output

» [ Hash(1) = Hole 1
+ [ pigeon 1 placed in Hole 1
+ [ Hash(2) = Hole 2
» [ pigeon 2 placed in Hole 2
+ [ Hash(3) = Hole D
= [ pigeon 2 placed in Hole 0

* === &_ Pigeons Flying ===
* & Pigeon 1isflying...
* & Pigeon 2 isflying...
* &_ Pigeon 3 is flying...

= H Hole 0: all pigeons have flown away!

+ === [2] Pigeons Returning ===

+ [=] pigeon 1returned to hole 1.

« [2] pigeon 2 returned to hole 2.

» & Hole 2: all pigeons have returned.

Implementation of Pigeonhole Principle in
Python:

The code written below shows the implementation
of PHP in python to understand how the hashing
and indexing is actually working in memory
allocation and sharing which directly impacts systems
performance.[11][12]

Overview of Code:

This code represents the working of hashing and
indexing by implementing the scenario of pigeons.
Pigeons = data elements

Pigeonholes = Memory slots /Hash table buckets
Hash function = Decide where the data will be stored
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User HashFunction

Input data

v

Generate hash

Memory Index

v

Store data at hash index

v

Return index location

4 .........................................................................................................
Request data
Retrieve data from index
Return data
‘. ................................................................
User HashFunction Memory Index

Figure 1: Hashing and indexing using pigeon hole in memory management

It’s visually representing the PHP:

“If the number of items (data) are more than the
available containers (memory slots) then each
container will have more than one item.”

Just as we did in the code the no of pigeons are more
than the holes so each hole has the capacity to store
three pigeons which means that the collision is being
happening .

The code mainly has 3 classes:

class Pigeon

class PigeonHole

class PigeonholeHashTable

The first class(Pigeon) is assigning ID’s to pigeon and
determining when they are flying and returning,
whereas the second class (PigeonHole) s
representing the memory slots where the pigeons will
be stored and the capacity each hole holds ,It will
decide if the pigeon can be stored in the hole based
on the capacity available if the hole is full it will print
that .Then , the third class(PigeonholeHashTable) is
creating memory slots where the pigeonholes are
located and the hash function is deciding which hole

the pigeon belongs to through indexing. This is
where the real hashing logic is being implemented.
In this implementation you can visualize how the
memory allocation is actually works and how it
impacts systems performance. This code turns the
Pigeonhole Principle into a working Hash Table
using Python OOP.[13]

Traditional Heap Algorithms

Definition:

[13]A traditional heap is a complete binary tree that
satisfies the heap property. In a min-heap, each
parent node is smaller than or equal to its child
nodes, while in a max-heap, each parent node is
greater than or equal to its children. This property
ensures that the root node always contains the
minimum or maximum value, making it efficient for
operations like finding or removing the top
element.[14]
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Implementation:

Python provides a built-in module called 'heapd,
which implements a binary heap using a list (array).
This structure allows easy calculation of parent-child

Key Operations and Complexities:

relationships using index formulas. It provides
efficient heap operations like heapify(), heappush(),
and heappop().[15]

Logical Heap Implementation

Concept:

A Logical Heap does not depend on the physical
array position of elements. Instead, it uses logical
relationships such as key-value pairs, linked nodes, or
dictionary mappings to maintain heap order. This
allows for a more flexible design, [16][17] where
elements can be associated with additional attributes
or identifiers.

Specimen:

A simple logical heap may be represented using a
dictionary. While this structure logically maintains
heap behavior, operations like finding the minimum
element involve searching through the entire
dictionary, = which  increases  computational
cost.[49](50]

Heap and its types

In the world of data structures, heaps are like silent
organizers they don’t just store data, they prioritize
it. Heap is foundationally relate in computer science,
particularly used in areas involving priority queues,
scheduling and graph algorithms.[18]
Heap is specialized tree-based structure that satisfied
the “heap property”.
There are two main types of heap which are
max heap: every parent node is greater than or equal
to its children

min heap: every parent node is less than or equal to
its children
These properties allow heaps to efficiently support
operations like insertion, deletion, and retrieval of
the highest or lowest priority element.[19] [48]
Discrete Mathematical Foundations
Heaps are typically represented as complete binary
trees, which are trees where every level is fully filled

Operation Description Time Complexity
heapify() Convert list into a heap O(n)

heappush() Insert new element O(log n)
heappop() Remove top element O(log n)

peek() View top element o)

except possibly the last, which is filled from left to
right. This structure allows heaps to be stored
efficiently in arrays, with parent-child relationships
determined by simple arithmetic formulas:
0  Left child of node at index i: 2i + 1
0 Right child of node at index i: 2i + 2
[ Parent of node at index i: (i- 1) // 2

Efficient Heap Construction Algorithms using
Discrete Mathematical Logic in Python

There are two main way to constructing heap from
an unsorted array:[46](47]

1. . StepbyStep Method (O(n log n)):
This method inserts each element into the heap one
at a time.
2. Bottom-Up Method (O(n))
The more efficient method starts from the bottom.
Instead of inserting elements one by one, it treats the
array as a tree and begins heapifying from the last
nondeaf node upward. This approach, called
“heapify down,” ensures that each subtree becomes a
valid heap. Because lower levels require fewer
operations, the total time complexity is reduced to
Om)[20]

Algorithm design by discrete mathematics

The heapify function is recursive by nature. It checks
whether a node violates the heap property, and if so,
swaps it with the correct child and calls itself again.
This recursive behavior mirrors mathematical
induction: we assume that if each subtree is a heap,
then the entire tree will be a heap after applying
heapify.

This kind of reasoning breaking a problem into
smaller parts and solving each one — is a core
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principle of discrete mathematics and algorithm

design.[21]
In python
heap =]

def insert(value):
heap.append(value)
i = len(heap) - 1
while i > O:
parent = (i-1) // 2
if heapli] < heap[parent]:
heapli], heap[parent] = heap[parent], heapli]
i = parent
else:
break
def display():
print("Heap:", heap)
Designs heap algorithms (min-heap, max-heap) using
discrete mathematical reasoning for optimized time
complexity.
Min-Heap Algorithm Design
Insert(x):
Append x to the end of the array.
“Bubble up” using parent index until heap property
is restored.
Time complexity: O(log n)

Extract-Min():

Replace root with last element.

“Bubble down” using left/right child comparisons.
Time complexity: O(log n)

Max-Heap Algorithm Design

Same structure, but comparisons are reversed:

Insert: Bubble up if child > parent.

Extract:Max: Bubble down if parent < child.
Real-Life Strategy: Selecting the Best Software
Engineer candidate Using Heap + Discrete Logic
We want to hire one top Software Engineer from 10
candidates. Each candidate has:

GPA (academic score) + Experience (years in the
field) + Programming Test Score + Interview Score
Step 1: Discrete Mathematical Logic

We use a logical formula from discrete mathematics:
(GPA > 3.0) A (Test > 70) A [(Experience > 1) V
(Interview > 60)]

This means:

Candidate must have good GPA

Must pass the programming test

Must either have experience or perform well in
interview

This logic acts like a gatekeeper only candidates who
pass this condition are allowed into the next step.

Step 2: Efficient Heap Construction

Now we use a Max Heap to rank eligible candidates.
Each candidate gets a priority score based on
weighted values:

Priority=(GPA\times 30)+(Experience \times
25)+(Test\times 0.30)+(Interview \times 0.15)

We insert candidates into the heap using bottom-up
heapify an efficient method that builds the heap in
O(n) time.[22][23]

The heap automatically keeps the highest priority
candidate at the top.

Python Implementation (Simplified View)

We create a Candidate class with attributes and
priority score.

We build a MaxHeap class that:

Checks logic for each candidate

Inserts eligible ones

Uses heapify to maintain order

Extracts the top candidate

This combines logical filtering with efficient
ranking both powered by discrete math and heap
algorithms.
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1

‘ InitialState

Start evaluating candidate

Y

‘ CandidateEvaluatior

Evaluate all candidate
HeapConstruction ‘
Build the heap
SelectionProcess

Select the best candidat:

‘ FinalDecision

Restart with new candidates if rejecte

Hire or reject candidat

Figure2: outcomes of candidate selection

Outcomes

Logical Filtering Outcome

Discrete logic was applied to each candidate:

(GPA > 3.0) A (Test > 70) A [(Experience > 1) V
(Interview > 60)]

3 candidates were rejected because they failed the
logical condition:

Bilal: GPA < 3.0

Zain: No experience and interview score < 60
Farhan: Failed all conditions

Heap Construction Outcome
7 candidates were inserted into the Max Heap based
on their priority scores.
Heap was built using bottom-up heapify, ensuring
the highest priority candidate was at the root.
Final Selection Outcome
Hina was selected as the top candidate with the
highest priority score: 13965.00
The heap ensured that selection was:
Efficient (O(n) build, O(log n) extract)
Fair (based on weighted attributes)

Logical (only eligible candidates considered)
Real-Life Impact

0 This approach shows how Discrete Math + Heap
Algorithms can automate fair and optimized
decision-making ideal for HR systems, admissions,
and performance ranking.

Performance Evaluation

Metrics for Comparison:

The following metrics are used to compare both
implementations:

1. Execution Time - how long each operation takes.
2. Memory Usage - how much system memory is
consumed.

3. Scalability - how performance changes with
increasing input size.[24][25]

Experimental Setup:

Both implementations are tested using identical
datasets under the same conditions. Python’s 'time'
and 'tracemalloc’ modules are used to measure
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execution time and memory usage. Results are
visualized using 'matplotlib'.

Python Implementation

class Candidate:
def __init__(self, name, gpa, exp, test, interview):
self.name = name
self.gpa = gpa

def __repr_ (self):
return f"{self.name} (Priority: {self.priority:.2f})"

Output

+ 2 Bilal rejected (Logic failed).
+ 2 Zain rejected (Logic failed).
+ 2 Farhan rejected (Logic failed).

+ 4l candidates in Heap:

* - Hina (Priority: 13965.00)
- Ayesha (Priority: 13940.00)
- Usman (Priority: 13740.00)
- Ali (Priority: 13600.00)
- Kiran (Priority: 13500.00)
- Danish (Priority: 13250.00)
- Sara (Priority: 13120.00)

* & Selected Candidate:
» [ Hina selected with Priority 13965.00

Results and Discussion

Observations:

The traditional heap performs faster because of its
index-based structure. Logical heaps are slower due
to key searching and higher computational

overhead.[26] Memory usage is also higher in logical
heaps.

Both hashing and heap are very useful in computer
science. Hashing helps to store and find data quickly,
while the heap helps to manage and process tasks
that have priority.[27] Together they make computer
systems fast, organized and efficient. These methods
are used in many areas like databases, search engines,
operating systems and sorting algorithms.[28]
By using these two ideas, we can make data handling
much easier and save both memory and time.

Result and Analysis

[29]The performance evaluation shows that
traditional heaps are faster and more memory-
efficient than logical heaps due to their simple array-
based structure and direct indexing. [46][47]Logical
heaps, while slower, offer greater flexibility by
allowing data to be linked through logical
relationships rather than fixed positions.[30](31]
Experimental testing using Python’s timing and
memory modules confirmed that traditional heaps
handle larger datasets with better scalability and
lower resource usage. [32][33]Overall, traditional
heaps are ideal for performance-critical systems,
while logical heaps are better suited for applications
requiring adaptable data organization.[34]

[ Candidate ’

E = Experience
(in years)

Eligible

Fig 1: Discrete Math logic to define software engineering selection criteria
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How Hashing Uses This Principle:
Hashing is a method used to store and find data
quickly. It uses a special function called a hash
function which converts data into a number known

as an index.[35](36]
The process looks like this:
Input Data — Hash Function — Index Number —
Stored in Memory

[37]Sometimes, two different pieces of data get the
same index. This is called a collision, and it happens
because of the Pigeonhole Principle, more data items
than available slots.[38]

Ways to Handle Collisions:
- Chaining: Make a small list at the same index to
store all the values.

- Open Addressing: If one place is full, find another
empty one.[39][40]

Advantages of Hashing:
Fast searching of data.

Saves memory space.

Works well with large data.

- Handles repeated values easily.[41]

Hash(1) =

Hole 1 ’

4

Pigeon 1 pla

ced in Hole

Hash(2)

=Hole 2

Pigeon 2 pla

ced in Hole

Hash(3)

=Hole 0

Pigeon 1 i

Pigeon 2 i
Pigeon 3 i

Pigeons Flying

s flying ...
s flying ...
s flying ...

Hole 0: all pigeons have flown away!

Fig 2: Pigeons Hashing indexing method

Interpretation:
[42]Traditional heaps are suitable for performance-
critical applications like sorting and task scheduling.

[43][44]Logical heaps, while slower, are useful in
situations requiring flexibility, such as storing extra
data attributes.[45]
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A 4
Initializing

Allocate/ Memory

A 4
[MemoryAllocated J

Store Data

Y

DataStored

ReallocateMemory  Store Data Again

Complete [MemoryReallocated J

Complete

Figure 3: data retrival in memory

Conclusion
The comparison between logical and traditional heap [2]  Yammahi, M., Kowsari, K., Shen, C. and
implementations in Python reveals that each has Berkovich, S., 2014, August. An efficient
unique advantages. Traditional heaps are faster and technique for searching very large files with
more memory-efficient, while logical heaps offer fuzzy criteria using the pigeonhole principle.
flexibility and adaptability. The choice between them In 2014 Fifth International Conference on
depends on the specific requirements of the Computing  for  Geospatial ~— Research  and
application.[49][50] Application (pp. 82-86). IEEE.
[3] Qin, J., Xiao, C., Wang, Y., Wang, W., Lin, X.,
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